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Abstract. Non-homogeneous binary quadratic equation represents hyperbola given by
5x* - 6y? = 5is analyzed for its non-zero distinct integer solutions. A few interesting
relation between the solution of the given hyperbola, integer solutions for other choices
of hyperbola and parabola are obtained.
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1. Introduction

The binary quadratic Diophantine equations of the form ax? —by? = N, (a,b,N # 0)
are rich in variety and have been analyzed by many mathematicians for their respective
integer solutions for particular values of a,bandN . In this context, one may refer [1-
13].

] This communication concerns with the problem of obtaining non-zero distinct
integer solutions to the binary quadratic equation given by 5x* —6y* =5 representing
hyperbola. A few interesting relations among its solutions are presented. Knowing an
integral solution of the given hyperbola, integer solutions for other choices of hyperbolas

and parabolas are presented. Also, employing the solutions of the given equation, special
Pythagorean triangle is constructed.

2. Method of analysis
The Diophantine equation under consideration is

5x* -6y =5 (1)
It isto be noted that (1) represent a hyperbola
Takingx=X +6T,y=X +5T 2
In (1), it reduced to the equation
X2 =30T? -5 ©)

The smallest positive integer solution (T, X,) of (3) is
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T, =1 X, =5
To obtain, the other solutions of (3), consider the pellian equation

X? =6T%+1 (4
whose smallest positive integer solutionis

T,=2 X, =11
The general solution (Fn,in) of (4) isgiven by

X +4/30T, :(11+ 2@)"+1,n =012.... 5)
Since, irrational roots occur in pairs, we have

X, /30T, = [11-230)"" n=01.2... ©

From (5) and (6), solving for >Zn 'ITn ,we have

X, = %[(11+ 230" + {11~ 2@)““] = % f,

~ 1 n+1 n+1 1

T, :—[ 1+2430) -{11-2/30 }:— )
e e C N e C I vl

Applying Brahmagupta lemma between the solutions (T,, X,)and(T,, X,), the

genera solution (T,,;, X,,4+;) of (3) isfound to be

Tn+1 = XO-Fn +To)zn

X = Xo)zn +30T0:|:n

5 1
=>T,=—=09,+=1, @)
PN A
5 /30
X + :_fn+ n 8
=5 N g )
Using (7) and (8) in (2) we have
Xn+1 = xn+l+6Tn+l :1_21fn + ‘3ogn (9)
55
w1 = Xy +5T,,, =5, +——0, (20)
Yna 1 1 2@9

Thus, (9) and (10) represent the integer solutions of the hyperbola (1).
A few numerical examples are given inthe following table 1.

Table 1. Examples

n Xn +1 yn +1
-1 11 10
0 241 220
1 5291 4830
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| 2 | 116161 \ 106040 |

Recurrencerelationsfor xand y are:
Xug = 22X ., + X,y =0,Nn=-101.....

yn+3 - 22yn+2 + yn+]_ = 01 n= _:Lo,l .....

3. A few interesting relations among the solutions ar e given below
11x,, - X, —12y,., =0
11x,,, —11x,,, —264y,,, =0
11yn+1 Yo t 10Xn+1 =0
Ynez = Ynez =0
11y, ., —10x , —241y,,, =0
Xz — 22X, ¥ X,y =0
12y, = Xgup 11X, =0
12y, — 241x,,, +11x,, =0
241X, + 264y, —X,.; =0

. Xy T264y,,, - 241X, =0

.12y, —11x,, + 241X, ,, =0

.12y, = X T11X,, =0

.12y, 11X, + X, =0

. 11x,,, — 241%,,, —12y,,, =0

« Yoz = 20X, = Yoy =0

You _11yn+2 +10Xn+2 =0

Ynss 10X, 11y, =0

. 241y, —10x ., —11y,,, =0

. 241y, —220X,,3 — Y, =0

Yo 20X, = ¥ni3 =0

.11y, —241y,,, +10x ., =0

- 11y,,5 710X, 5 = Vi, =0

Yoz ™ Ynes =0

. 10y,,; — 220y,,,, +10y,,, =0

. 220X, ~ Yo T 241y, =0

© © N o a bk~ w DR

NN NNNNERERR R R R B P R
O 5 W NP O O 0w NO O M WDNIERO
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4. Each of thefollowing expressionsrepresentsa cubical integer

Vi.

Vii.

viii.

Xi.

Xii.

Xiii.

Xiv.

XV.

ol

1
E [(88X3n+3 - 4X3n+4) + 3(88Xn+1 - 4Xn+2 )]

i [(1932X3n+3 - 4X3n+5) + 3(1932Xn+1 ~ X )]

1
g [(110X3n+3 - 120y3n+3) + 3(110Xn+1 - 120yn+1 )]

5—15 [(2410x,,., —120y,,.,) +3(2410x,,, —120y,., )]

Flos[(szgloxm ~120y,,.5) + 3(52910x,,, ~120y,.,)]

% [(1932X3n+4 - 88X3n+5) + 3(1932Xn+2 ~88X,.5 )]

5—15 [(110x,,., - 2640y,,..) +3(110x,,, — 2640y, ., ]
%[(2410X3n+4 - 264Oy3n+4) + 3(2410Xn+2 - 264'Oyn+2 )]

oo [(62910x,., ~2640y,,.)+ A52910x,,, - 2640y,

F](-)S [(110X3n+5 - 57960y3n+3) + 3(:I':I'Oxn+3 - 57960yn+1 )]

= (2410x,., -57960y,,,,) + 42410, ~57960y,.. ]

é[(52910X3n+5 ~57960y,,.,5) + 3(52910x ,, — 57960y, ., )]

1
% [(110y3n+4 - 2410y3n+3) + 3(110yn+2 - 24:I'Oyn+l )]

1
1700 [(110y,,.; —52910y,,.,)+3(110y,,., — 52910y, )]

5—10 [(2410y,, ., —52910y,,.,) +3(2410y,,, — 52910y, , )|

. Each of thefollowing expressions r epresents Nasty number :

%[24 + 528X2n+2 - 24')(2n+3]

i [528+11592x,,,, — 24%,,..,]
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i, %[60 + 660Xy, — 720Y,,.5)

iv. 5—15 [660+14460x,, ., — 720y,,.,]
1
1205
Vi %[24 +11592X,, ., — 528%,.4]

[14460+ 317460x,,,, - 720y,,.,]

vii. 5—15[660+ 660X,,,; —15840Y,,,., ]
viii. %[60+14460x2n+3 ~15840y,,.,]

x. 5—15[66O+ 317460, ~15840y,,.,]
1
1205
il 5—15[660+14460X2n+4 - 347760y,,,,]

[14460+ 660x,,,, —347760y,,.,]

Xii. é[GGO +317460x,,,, — 347760y,,., ]
xiii. 5—10[660+ 660Y,,,5 —14460,,,,]

_ 1
. [13200+ 660y, —317460y,,.,]

6. Remarkable observations
6.1. Employing linear combinations among the solutions of (1), one may generate integer
solutions for other choices of hyperbola which are presented in table 2 below

Table 2: Hyperbola

§L'N Hyperbola (Xn,Yn)
1 30)(5 - Yn2 = 480 [(88Xn+1 - 4'Xn+2 )’ (22Xn+2 - 4'82Xn+1 )]

2 30X2-YZ?=232320 | [(1932x,,, —4x,.,;),(22x,,, —10582x,,, )]

3 30X 2 -Y? =3000 [(110x. ., —120y,.,),(660y,., — 600X, ., )]
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4 30X2-Y?=363000 | [(2410x,,, —120y,,,),(660y,,, —13200x,,, )]
5 | 30X; -, =17424300 (509105 ~120y.,),(660y,., - 289800x..,)
6 30X 2 -Y? =480 [(1932x,., - 88x,.., ), (482x,,, ~10582x,.,, )]
30X2 -Y? =363000 | [(110x,,, — 2640y, ., ),(14460y. ., — 600X, ., )]
30X 2 - Y2 =3000 [(2410x.., - 2640y, ),(14460y, ,, —13200x_, )|
9 30X2 —Y2 = 363000 [(52910x,., - 2640y, ),(14460y, ., — 289800x,
10 | 30%; Yy =174243001 1105 57960y, ,),(317460y. . — 600X, )]
11 | 30X7-Y? =363000 [(2410x,, —57960y, ., ),(317460y, ., —13200x,
12 | 30x2 -2 =3000 (52910x,., — 57960y, ., ), (317460y,,., — 289800x,
13 | 30X2-Y2=300000 | [(110y,,, - 2410y, ),(13200y,,, - 600y,., )]
14 | 30%; -Y; =14520000 1110y 52010y ,),(289800y. ., — 600y, . )]
15 | 30X2-YZ =300000 [(2410y, ., - 52910y, ,, ),(289800y, ,, —13200y, .,

6.2. Employing linear combination among the solutions for other choices of parabola
which are presented in table 3.

6.3. Consider p=x+Yy, q=Yy. Observe that p>q>0. Treat p,qas the generators
of the Pythagorean triangle T(a',,B, y) ,

a=2pq, B=p°-q°, y=p*+q°.

Then the following interesting relations are observed:
a 5a-36-2y=-5

b) 8a -5y

2A _

C) P

A

=12—-5
P
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5x*-6y°=5
Table 3: Parabola
S1.NO | Parabola (E, }’n:]
1 60X, — ¥} = 480 [(4+88x,,., — 4%, (22x,., —482x,., )]
E 1320X%, - ¥, = 232320 [(88 +1932x,, , —4x,, , ).(22x,.. —10582x,;)]
3 150X, —F. = 3000 [10+110x,,., —120y,,.,).(660y,., —600x,., )|
4 330X, -1 =363000 [110+2410x,,, -120y,,_,).(660y,., —13200x, )]
5 36150X, — T} =174243000 | [(2410 +52910x,,., —120y,,_,).(660y,. — 289800, , )]
6 60X, -T2 =480 [(4+1932x, . —88x,,,).(482x,_, —10582x,_,)]
7 1650X, — ¥, = 363000 [110+110x;, , —2640y,, ., ).(14460y,, —600x,_, )]
8 30X, T =3000 [10+2410x,_, — 2640y, .).(14460y,, —13200x,_, )]
9 1650X, —F2 = 363000 [110+52910x,, , — 2640y, , ).(14460y, _, —289800x,_, )|
10 36150X, — T =174243000 | [(2410+110x;,., — 57960y, ).(317460y,,,, —600x,; )]
11 1650X, — 7,2 = 363000 [110+2410x,, ., —57960y,,.,).(317460y, , —13200x, , )]
12 150X, —F. =3000 [10+52910x,,., —57960y,,.,).(317460y, , —289800x,_, )|
13 1500X, —F,) = 300000 [hoo+110y,,, —2410y,,.,).(13200y, , — 600y, )]
14 33000X, — ¥ =145200000 | [(2200 +110y,, , —52910y,, , ).(289800y., — 600y, )|
15 1500%, — ¥, = 300000 [100+2410y,,., —52910y,,.,).(289800y, , —13200y,., )|
7. Conclusion

In this paper, we have presented infinitely many integer solutions for the Diophantine
equation, represented by hyperbola is given by 5x* —6y? =5. As the binary quadratic

Diophantine equations are rich in variety, one may search for the other choices of
equations and determine their integer solutions along with suitable properties.
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