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Abstract. Non-homogeneous binary quadratic equation represents hyperbola given by

565 22 =− yx is analyzed for its non-zero distinct integer solutions. A few interesting 
relation between the solution of the given hyperbola, integer solutions for other choices 
of hyperbola and parabola are obtained. 
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1. Introduction 
The binary quadratic Diophantine equations of the form ( )0,,,22 ≠=− NbaNbyax  
are rich in variety and have been analyzed by many mathematicians for their respective 
integer solutions for particular values of ba, and N . In this context, one may refer [1-
13]. 
  This communication concerns with the problem of obtaining non-zero distinct 

integer solutions to the binary quadratic equation given by 565 22 =− yx  representing 
hyperbola. A few interesting relations among its solutions are presented. Knowing an 
integral solution of the given hyperbola, integer solutions for other choices of hyperbolas 
and parabolas are presented. Also, employing the solutions of the given equation, special 
Pythagorean triangle is constructed. 
 
2. Method of analysis 
The Diophantine equation under consideration is  

                                     565 22 =− yx                           (1) 
It is to be noted that (1) represent a hyperbola 
Taking TXx 6+= , TXy 5+=                          (2) 
In (1), it reduced to the equation 

530 22 −= TX                             (3) 
The smallest positive integer solution ),( 00 XT of (3) is 
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5,1 00 == XT  

To obtain, the other solutions of (3), consider the pellian equation 

16 22 += TX                  (4) 
whose  smallest positive integer solution is 

11
~
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~

00 == XT  

The general solution )
~

,
~

( nn XT of (4) is given by 
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Since, irrational roots occur in pairs, we have 
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From (5) and (6), solving for nn TX
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Applying  Brahmagupta lemma between the solutions ),( 00 XT and )
~

,
~

( nn XT , the 

general solution ),( 11 ++ nn XT of (3) is found to be 

nnn XTTXT
~~

001 +=+  

nnn TTXXX
~

30
~

001 +=+  

nnn fgT
2

1

302

5
1 +=⇒ +                (7) 

nnn gfX
2

30

2

5
1 +=+                (8) 

Using (7) and (8) in (2) we have 

nnnnn gfTXx 30
2

11
6 111 +=+= +++                           (9) 

nnnnn gfTXy
302

55
55 111 +=+= +++             (10) 

Thus, (9) and (10) represent the integer solutions of the hyperbola (1). 
A few numerical examples are given in the following table 1. 

Table 1: Examples 
n  

1+nx  1+ny  

   -1      11     10 
    0      241     220 
    1     5291     4830 



Observation on the Non-Homogeneous Binary Quadratic Diophantine Equation  
5x2-6y2=5 

69 
 

 
 
 
Recurrence relations for x and y are: 

.....1,0,1,022 123 −==+− +++ nxxx nnn   

 .....1,0,1,022 123 −==+− +++ nyyy nnn  

 
3. A few interesting relations among the solutions are given below 

1. 01211 212 =−− +++ nnn yxx  

2. 02641111 213 =−− +++ nnn yxx  

3. 01011 121 =+− +++ nnn xyy  

4. 022 =− ++ nn yy  

5. 02411011 213 =−− +++ nnn yxy  

6. 022 123 =+− +++ nnn xxx  

7. 01112 121 =+− +++ nnn xxy  

8. 01124112 123 =+− +++ nnn xxy  

9. 0264241 311 =−+ +++ nnn xyx  

10. 0241264 331 =−+ +++ nnn xyx  

11. 02411112 231 =+− +++ nnn xxy  

12. 01112 232 =+− +++ nnn xxy  

13. 01112 233 =+− +++ nnn xxy  

14. 01224111 123 =−− +++ nnn yxx  

15. 020 123 =−− +++ nnn yxy  

16. 01011 221 =+− +++ nnn xyy  

17. 01110 223 =−− +++ nnn yxy  

18. 01110241 132 =−− +++ nnn yxy  

19. 0220241 133 =−− +++ nnn yxy  

20. 020 321 =−+ +++ nnn yxy  

21. 01024111 321 =+− +++ nnn xyy  

22. 01011 233 =−− +++ nnn yxy  

23. 033 =− ++ nn yy  

24. 01022010 123 =+− +++ nnn yyy  

25. 0241220 131 =+− +++ nnn yyx  

 

    2    116161     106040 
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4. Each of the following expressions represents a cubical integer 

i. ( ) ( )[ ]214333 4883488
2

1
++++ −+− nnnn xxxx  

ii. ( ) ( )[ ]315333 41932341932
44

1
++++ −+− nnnn xxxx  

iii. ( ) ( )[ ]113333 1201103120110
5

1
++++ −+− nnnn yxyx  

iv. ( ) ( )[ ]214333 120241031202410
55

1
++++ −+− nnnn yxyx  

v. ( ) ( )[ ]315333 12052910312052910
1205

1
++++ −+− nnnn yxyx  

vi. ( ) ( )[ ]325343 8819323881932
2

1
++++ −+− nnnn xxxx  

vii. ( ) ( )[ ]123343 264011032640110
55

1
++++ −+− nnnn yxyx  

viii. ( ) ( )[ ]224343 26402410326402410
5

1
++++ −+− nnnn yxyx  

ix. ( ) ( )[ ]325343 2640529103264052910
55

1
++++ −+− nnnn yxyx  

x. ( ) ( )[ ]133353 57960110357960110
1205

1
++++ −+− nnnn yxyx  

xi. ( ) ( )[ ]234353 5796024103579602410
55

1
++++ −+− nnnn yxyx  

xii. ( ) ( )[ ]335353 579605291035796052910
5

1
++++ −+− nnnn yxyx  

xiii. ( ) ( )[ ]123343 241011032410110
50

1
++++ −+− nnnn yyyy  

xiv. ( ) ( )[ ]133353 52910110352910110
1100

1
++++ −+− nnnn yyyy  

xv. ( ) ( )[ ]234353 5291024103529102410
50

1
++++ −+− nnnn yyyy  

5. Each of the following expressions represents Nasty number: 

i. [ ]3222 2452824
2

1
++ −+ nn xx  

ii. [ ]4222 2411592528
44

1
++ −+ nn xx  
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iii. [ ]2222 72066060
5

1
++ −+ nn yx  

iv. [ ]3222 72014460660
55

1
++ −+ nn yx  

v. [ ]4222 72031746014460
1205

1
++ −+ nn yx  

vi. [ ]4232 5281159224
2

1
++ −+ nn xx  

vii. [ ]2232 15840660660
55

1
++ −+ nn yx  

viii. [ ]3232 158401446060
5

1
++ −+ nn yx  

ix. [ ]4232 15840317460660
55

1
++ −+ nn yx  

x. [ ]2242 34776066014460
1205

1
++ −+ nn yx  

xi. [ ]3242 34776014460660
55

1
++ −+ nn yx  

xii. [ ]4242 347760317460660
5

1
++ −+ nn yx  

xiii. [ ]2232 14460660660
50

1
++ −+ nn yy  

xiv. [ ]2242 31746066013200
1100

1
++ −+ nn yy  

 
6. Remarkable observations 
6.1.  Employing linear combinations among the solutions of (1), one may generate integer 
solutions for other choices of hyperbola which are presented in table 2 below  
   

Table 2: Hyperbola 

SL.N
o 

Hyperbola ( )nn YX ,  

1 48030 22 =− nn YX  ( ) ( )[ ]1221 48222,488 ++++ −− nnnn xxxx  

2 23232030 22 =− nn YX  ( ) ( )[ ]1331 1058222,41932 ++++ −− nnnn xxxx  

3 300030 22 =− nn YX  ( ) ( )[ ]1111 600660,120110 ++++ −− nnnn xyyx  
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6.2.  Employing linear combination among the solutions for other choices of parabola 
which are presented in table 3. 
 
6.3.  Consider yxp += , yq = .  Observe  that 0>> qp . Treat  qp, as  the generators 

of the  Pythagorean triangle ( )γβα ,,T  , 

pq2=α ,  22 qp −=β , 22 qp +=γ . 
 
     Then the following interesting relations are observed: 
a) 5235 −=−− γβα  

b) 51258 −=−
P

Aγα  

c) xy
P

A =2
 

 
 
 
 
 

4 36300030 22 =− nn YX  ( ) ( )[ ]1221 13200660,1202410 ++++ −− nnnn xyyx  

5 
17424300030 22 =− nn YX

 
( ) ( )[ ]1331 289800660,12052910 ++++ −− nnnn xyyx  

6 48030 22 =− nn YX  ( ) ( )[ ]2332 10582482,881932 ++++ −− nnnn xxxx  

7 36300030 22 =− nn YX  ( ) ( )[ ]2112 60014460,2640110 ++++ −− nnnn xyyx  

8 300030 22 =− nn YX  ( ) ( )[ ]2222 1320014460,26402410 ++++ −− nnnn xyyx  

9 36300030 22 =− nn YX  
( ) ( )[ 2332 28980014460,264052910 ++++ −− nnnn xyyx

 

10 
17424300030 22 =− nn YX

 
( ) ( )[ ]3113 600317460,57960110 ++++ −− nnnn xyyx  

11 36300030 22 =− nn YX  
( ) ( )[ 3223 13200317460,579602410 ++++ −− nnnn xyyx

 

12 300030 22 =− nn YX  
( ) ([ 333 289800317460,5796052910 +++ −− nnnn xyyx

 

13 30000030 22 =− nn YX  ( ) ( )[ ]2112 60013200,2410110 ++++ −− nnnn yyyy  

14 
14520000030 22 =− nn YX

 
( ) ( )[ ]3113 600289800,52910110 ++++ −− nnnn yyyy  

15 30000030 22 =− nn YX  
( ) ([ 3223 13200289800,529102410 ++++ −− nnnn yyyy
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Table 3: Parabola 
 

 
 
7. Conclusion 

In this paper, we have presented infinitely many integer solutions for the Diophantine 

equation, represented by hyperbola is given by 565 22 =− yx . As the binary quadratic 
Diophantine equations  are rich in variety, one may search for the other choices of 
equations and determine their integer solutions along with suitable properties.   
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