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Abstract. The sequences of integral solutions to the cubic equation with four variables
x*+y?=2>-w® are obtained. A few properties among the solutions are presented.
Also, Employing the integer solutions of the considered equation, integer solutions for
different choices of hyperbolas and parabolas are obtained.
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1. Introduction
The Diophantine equation offers an unlimited field for research due to their variety [1-4].
In particular, one may refer [5-13] for cubic equation with three unknowns. In [14,15]
cubic equations with four unknowns are studied for its non-trivial integral solutions and
in [16,17] cubic equations with five unknowns and one may refer [18,19] for cubic
equation with six unknowns are anayzed for its distinct integer solutions.

This communication concerns with the problem of obtaining infinitely many non-
zero distinct integral solutions of cubic equation with four variables given by

X +y? = 7° —w?. A few interesting properties among the solutions are presented.

2. Method of analysis
The cubic Diophantine equation with four unknowns to be solved

for getting non-zero integral solutionis

xX*+y*=22-w (1)
To start with, it is observed by trial and error that the following quadruples

(x,y,zw): (5131), (6143), (5654), (6952), (1014886),
(~(a? +1), a(a® +1),0,~(a? +1)) satisfy (1).
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To obtain an infinite set of non-zero distinct integer solutions to (1), we proceed
asfollows:
On substituting the linear transformations

z=x+h,w=x+k, hzk#0 @
in(1) itleadsto
x2 +y? = (30— 3k)x? +(3h2 —3k2)x+h3 -k®, hzk 3)

To Solve (3), we have to go in for particular values for h and k. for simplicity and
brevity, we present below afew illustrations when h and k take special values.

2.1 llustration 1
Choose h =k +1 in the above equation We have

y? = 2x2 +3x(2k +1) + (3k? + 3k +1) (4)
for which the solutions are presented below when k =1,2

Case (1):
By taking k =1in (4), we obtain

y? = 2x2 +9x+7
Performing some a gebraic simplifications, the above equation is written as

X% =8y*+25 (5)
where X =4x+9 (6)
The smallest positive integer solution of (5) is

X, =15,Y, =5 (7)
To obtain the other solutions of (5), consider the pell equation

X? = 8y2 +1 )
whose general solution is given by

< _ On

Yn 42
fr
2
fn — (3+2\/§)n+1 +(3_2\/§)n+1
g, = (3+2J2)™ - (3-2J2)" .n=0,24,...

Applying Brahmagupta lemma between (X,,y,) and (in,yn) , the other integer
solutions of (5) are given by

X, :g[afn +242 gn]

X, =

where

)
Yoo :%[2\@” +39n]

By using (9) in (6) and using (2), we obtain the non-zero distinct integral solutionsto (1)
are given by
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- 5[3f, + 22 g,|-18
n+l
8

Ynu :4_\5/5[2\/§fn +3gn]

_ 53t, +22g,|-2

n+1

53f, + 242 g,]-10
Wn+1 = 8
The recurrence relations satisfied by X, y,z and w are given by

Xig — 34X 15+ X u =72,

yn+5 - 34yn+3 + yn+1 = O
Zn+5 - 34Zn+3 + Zn+1 = 8
Wn+5 - 34'Wn+3 + Wn+1 = 40’ n= 0!214i"'
A few numerical examples are given below in Table 1:

,n=0,24...

Table 1: Numerical examples

n Xn+1 yn +1 Zn+1 Wn+1

0 19 30 21 20

2 719 1020 721 720

4 24499 34650 24501 24500

6 832319 1177080 832321 832320

8 28274419 39986070 28274421 28274420

From the above table , we observe some interesting relations among the solutions which
are presented below:
1. X,,and z,,, aeawaysodd

n+l
2. Y,, andw,, aeawayseven

3. Reations among the solutions:

W Xoyg = 34X 13— Xy T72
% 12y, ., = X3 —17X.,, —36
% 12y, =17X, .3 — X,,, T 36

% 12y, . =577x,., —17x,,, +1260
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% 12y, ., =17X, .. —577X,,; —1260

7
0.0

60y, =1331663x,,, — 39199x, . + 2908044

R/
0.0

12yn+5 = 17Xn+5 - Xn+3 + 36

/7
0.0

577y, ., = 24X . +17y . +54

R/
0.0

577y, =816X.,5 +Y,,, +1836

/7
0.0

yn+1 = 34yn+3 - yn+5

R/
0.0

Each of the following expressions represents a nasty number:

> g{7OX2n+2 = 2Xonea +168}

> 2{2378x2n+4 — 70X, +5208}

12
> %{mxm6 -9512y, ., + 2912}

> 2109y, ~3363y,,., + 30}

++ Each of the following expressions in Table 2 represents a hyperbola:

Table 2: Hyperbola

Hyperbola (pn,qn )
2p2 —9q? = 450 (70x., - 2x.., +153,33X,, — X ., + 72)
2p? -q? =450 (2378x,,, — 70x . +5193,3363x,,, — 99X . + 7344)

p2-8q2 =8323225 | (12x,,, —9512y,,, +27,4x,,, — 3363y,,, +9)

pr - 20,

=900 (3363y,,., —99y,.. , 2378y, — 70Y,.:)

¢+ Each of the following expressionsin Table 3 represents a parabola:
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Table 3: Parabola

Parabola (pn qn)

302 =5p, —150 (70%,,., = 2X,,., +168,33%,, — X ., +72)

o =15p, - 450 (2378x,,., — 70x,, ., + 5208, 3363x . —99X . +

167 = 2885p, 16646450 (12x,,, — 9512y, ., +2912,4x, . — 3363y, +

2g2 =15p, —900 (99y,, ., —3363y,,., +30,2378y. ., — 70y ..)
Case (2):

By taking k = 2 in (4), we obtain

y? = 2x* +15x+19
Performing some al gebraic simplifications, the above equation is written as

a® =8y*+73 (10)
where a = 4x+15 (12)
The smallest positive integer solution of (10) is

a,=9,y, =1 (12
To obtain the other solutions of (10), consider the pell equation

a’=8y*+1 (13)
whose general solution is given by

< _ On

Yn 42
~ _f
a,=—

2

f,=(@+2V2)™ +(3-2/2)™
g, =(B+2/2)" - (3-2/2)™ ,n=0,24,...

Applying Brahmagupta lemma between (X,,y,) and (in,yn) , the other integer
solutions of (10) are given by

a.. :%[9fn +2x/§gn]

Y :4_\]/-5[2\/Efn +9gn]

By using (14) in (11) and using (2), we obtain the non-zero distinct integral solutions to
(1) are given by

where

(14)



M.A.Gopalan and V .Krithika

. -9 +2/2g,-30
n+l
8

Yna :4_%[2\/5]21 +9gn]

_of +2J2g,-6
Zn+1_ 38
_of +2J2g, -14

Wn+1
8
The recurrence relations satisfied by X, y,z and w are given by

Xnes 34X 3 T Xy = 72.
yn+5 _34yn+3 + yn+1 = O
Z,.—34z2,.,+2,., =24
W, —34W, . +W, , =56,n=0,24,...

n+3

,n=0,24...

A few numerical examples are given below in Table 4:

Table 4: Numerica examples

n X1 You Ziy Whi

0 5 12 8 7

2 289 414 292 291

4 9941 14064 9944 9943

6 337825 477762 337828 337827

8 11476229 16229844 11476232 11476231

From the above table, we observe some interesting relations among the solutions which
are presented below:
1. X,,and z,,, aeawaysodd

n+l
2. Y, andw,, areawayseven
3. Rdations among the solutions:
% X5 = 34X,,.3 — X,y ¥120

% 12y, = X3 —17X,,, —60

% 1752y, .. = 84242x ., — 2482, +306600
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% 1752y, ,, = 2482x .. —84242x ., — 306600

-17x .. —60

n+3
% 42121y, =1752x +1241y, ., +6570
% 577Y,.. =816X . +Y,., +3060

.:. yn+1 = 34yn+3 - yn+5

«+ Each of the following expressions represents a nasty number:

> i{568x2n+2 ~8X,,,, + 2976}
73
4
> %{4826x2n+4 ~142x,,., +17784}
> L{%xm6 -19304y,, ., + 42256}
42121
2
> 7_3{9y2n+4 - 201y2n+2 + 438}

Each of the following expressionsin Table 5 represents a hyperbola:

Table 5: Hyperbola

Hyperbola (pn, d, )
p2 —8qZ = 767376 | (568x,.,, —8X,., + 2100, 201X, ~ 9X,., +720)
(4826x,,, —142x . +17565,6825x ., — 201x . + 2484

2p2 —q? = 95922

p2-8g2 =1 (36x,,, —19304y, ., +15,4x, .. — 6825y, ., +15)
pr? - 8q§ =191844 (201yn+l - 9yn+3 ’71yn+1 - yn+3)

++ Each of the following expressions in Table 6 represents a parabola:
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Table 6: Parabola

Parabola ( Pn, G )
(568x,,,, — 8%,,4 + 2976, 201X, —9X, 5 + 720

402 = 219p, —383688

42 =876, - 383688 (4826x,,,, —142x,,,, +17784,6825X, ,, — 201X,

1692 = 42121p, - 35483572 (36Xx,,,, —19304y,, ., + 42256, 4., — 6825y, |

8q? = 219p, 191844 (9204 =200y, + 438,72y, = Vrs)

2.2, lllustration 2
By taking k =0,h =1 in (4), we obtain
y? =2x% +3x+1
Performing some al gebraic simplifications, the above equation is written as

B? =8y’ +1 (15)
where B =4x+3 (16)
The smallest positive integer solution of the above equation is
Bo=3,Y, =1 (17)
and the general solution of equation (15) is given by
9,
Yn =
“fz (18)
:Bn - 7

f :(3+2\/_)n+1+(3_2\/_)n+1

g, = (3+2J2)™ - (3-2V/2)" ,n=0,24,.
By using (18) in (16) and using (2), we obtain the non-zero distinct integral solutions to
(1) are given by

where

f,—6
X, =
8
-~ 9
Yn 42
f,+2
" 8
W, = X :f“_G,n:O,2,4
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2.3. lllustration 3
Choosing k = —hin (3), we obtain
x? +y? =6hx* + 2h® (19)
To solve (19), we have to take particular values of h.
For illustrations, taking h=4, in (19), we have

y? = 23x* +128
By taking y = 2Y and x=2X, we get (20)

Y?=23X%+32 (22)
The smallest positive integer solution of (21) is

X, =4,Y,=20 (22)
To obtain the other solutions of (21), consider the pell equation

Y2 =23X%+1 (23)
whose general solution is given by

Y =—"
2
xn
2\/_
f =(24+5y23)™" +(24-5J23)""
g, =(24+5y23)™ - (24-5J23)™" ,n=-1012,...
Applying Brahmagupta lemma between (X,,Y,) and ()Zn,\z]) , the other integer
solutions of (21) are given by

10
Xy =2, +—0,
J23 (24)
Y., =10f +2/23¢g,
By applying (23) in (20) ,we obtain the non-zero distinct integral solutions to (1) are
given by

where

20
/23 9n
Yo = 201, +4’\/_39n
z,,, =4f, +%gn +4

20 _

75 g,—-4,n=-1012,..

Following the analysis presented in Illustration 1, one may obtain relations among the
solutions for Illustrations 2 and 3.

a = Af =

VT
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4. Conclusion
In this paper, we have presented sets of infinitely many non-zero distinct integer solutions

to the cubic equation with four unknowns given by x* + y® = z® —w?>. In other words,

we have obtained quadruples such that, in each quadruple, the sum of the squares of any
two members equals the difference of cubes of its other two members. As Diophantine
equations are rich in variety due to their definition, one may attempt to find integer
solutions to higher degree Diophantine equations with multiple variables along with their
suitable properties.
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