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Abstract. The binary quadratic equati(yﬁ =18X2% +14 representing hyperbola is

considered for finding its integer solutions. A famteresting properties among the
solutions are presented. Also, we present infipiteany positive integer solutions in

terms of Generalized Fibonacci sequences of humteseralized Lucas sequences of
numbers.
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1. Introduction

The binary quadratic equation of the foryr? =Dx? +1where D non-square positive

integer has been studied by various mathematid@miss non-trivial integral solutions.

when D takes different integral values [1, 2]. & infinitely many Pythagorean triangles
in each of which hypotenuse is four times the pobvddi the generators added with unity
are obtained by employing the non-integral solgtimf binary quadratic equation

y2 =3x% +14.In [4] a, special Pythagorean triangle is ot#d by employing the
integral  solutions ofy2 =10x% +1. In [5] different patterns of infinitely many
Pythagorean triangles are obtained by employing tlom-integral solutions of

y2 =12x% +1. In this context one may also refer [6-11]. Thessults have motivated us
to search for the integral solutions of yet anoth@nary quadratic equation

y2 :182x2+14representing a hyperbola. A few interesting prapsrtamong the

solutions are presented. Employing the integralutgmis of the equation under
consideration a few patterns of Pythagorean trasgte obtained.

2. Notations
GF, (k,s) :Generalized Fibonacci Sequences of rank n.

GL, (k,s): Generalized Lucas Sequences of rank n.
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3. Methods of analysis

Consider the binary quadratic equation

y2 =182 +14 (1)
with least positive integer solutions is

=1, Yyo=1

To obtain the other solutions of (1),

Consider the Pellian equation

y2 =182 +1 2)
whose general solutiorxf, y,,) is represented by
= _ On 5 _fn
X, = , =1
"Tose "2
in which,

f, =(27+2/182)™ + (27- 24182)™
g, =(27+24182)"™ + (27- 24182

where ,n=-1,0,1,2,3,4,5...............
Applying Brahmagupta lemma between the solutiongfy, and (in,yn)the
general solutions of equation (1) are found to be
fn , 140,
X =—+ (3)
T2 o182
182y,
Y =7f0 + 4
T o182
Thus (3) and (4) represent the non-zero distinegier solutions of (1)
The recurrence relations satisfied by the valueXgpf, and y,,, are respectively.
Xn+3 =94 Xns2 + Xnyy =0
Yn+3 =594Yns2 + Yni1 =0
A few numerical examples are presented in the 1alisédow:

Table 1. Examples

N X, Yn
-1 1 14

0 55 T4z

1 296¢ 4005¢

2 16027: 216253t

3 865166! 861458

4 46702963 46502704
5 252109488 2510284606

3.1. A few interesting relations between the solutions ar e given below
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@) 54%pip = Xpsy ~ Xne3 =0
B)  Xniz =27Xn41 = 2Ypeg =0
C) 27Xn+2 Xn+1 2yn+2 -
d) 92810%,,, —1719%,,; —1247yn+3 =0
€) Xpsg + Xnsg ~54Xpsp =0
f)  Xnig ~1457qy ~ 108yn+l =0
g) Xn+3 ~ Xnaa 4Yn+2 -
h) 1457Xn+3 X+l 108yn+3 -
() 108y +1457%544 = Xn43 =0
) 27Y 41 364X ~ Ynsp =0
k) 1457y41 1965641 ~ Vi3 =0
[) 928109,,, +231868&,,, —17199%,,53 =0
m) 1719%,,3 —92810%,,, —1247y,,; =0
N) Xniz = 27Xp+2 = 2Ypep =0
0) 27Xn+3 Xn+2 2yn+3 -
P) Xnsz = 2Yns1 ~ 27Xpy =0
) 108y, +1457Xn, ~ X443 =0
r 27Yn41 + 36441 = Yoo =0
s) 1457y41 1965641 ~ Vi3 =0
t) 928109, +231868,,; —1719%,,5; =0
u) 1719%,,3 —92810%,,, —1247y,,; =0
V) Xn+3 27Xn+2 2yn+2 =0
W) 27Xni3 = Xns2 = 2Yneg =0
X) Xn+2 2Yn+1 27Xn+l =0

3.2. Each of the following expression isa Nasty number
a) %[56-'- 28%on+3 _1484(2n+2]

b) ~80108¢,.,)

1517
6
c) 14 [28+ 28y 42 —~ 364X111,)

d) % [756+ 28,5 = 20020¢.5 |
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6

5035t [40796+ 28y,,,,, ~1080716,,,,]

%[56+1484>(2n+4 ~80108,43)

6
ﬁ [756"' 14845445 — 364X2n+3]
1_64[28"' 1484y,n43 ~ 20020(2n+3]
L [756+1484y,,,, ~1080716,,.5)
37¢

6
—— _[40796+8010 ~ 364
2039¢ [ &2n+2 2n+4]
% [756+80108/,,,5 — 20020, 4]

1—2[28+ 80108/,,4 ~1080716,,, 4]

6
w[10192+ 20020y,,» — 364Y43]

6
27518«

[550368+ 1080716/5,15 — 364yop14]

6
T [10192+ 1080716755 — 20020/,,.,]

3.3. Each of the following expression isa cubical integer

a)

b)

c)

d)

9)

1
o8 [(28X3n+4 - 1484(3n+3) + 3(28Xn+2 —1484, 4 )]

1512 [(28X3n+5 - 80108(3n+3) + 3(28Xn+3 - 80108(n+1)]

1
1 [(28Y3n+3 - 364X3n+3) + 3(28yn+1 - 364Xn+1)]

1
ﬁ [(ZSY3n+4 - 20020(3n+3) + 3(28yn+2 - 20020(n+1)]

1
>030¢ [(28y3045 —10807161,3) + 3(28yg —~ 1080716, )]

1
E [(1484(3n+5 - 80108(3n+4) + 3(1484(n+3 - 80108, )]

1
ﬁ [(l484y3n+3 - 364X3n+4) + 3(1484yn+1 - 364Xn+2)]
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1
h) ﬂ [(1484y5,,4 — 2002043, 4 ) + 3(1484y,,,, — 20020, )]

) ﬁ [(1484y5,,5 ~10807164,,,) + 3(1484y, 5 ~ 1080716, )]
L1
) 5 0 30t [(8010%/3n+3 364x3n+5) + 3(8010%/n+1 — 364X, )]

k) ﬁ [(8010&/3n+4 - 20020(3n+5) + 3(8010&/n+2 — 20020, 3 )]
) i[(80108/3n+5 ~10807164,5) + 3(80108/ .3 ~10807163)]

m) ﬁ [(2002(y3n+3 364y3n+4) + 3(2002qln+1 364yn+2 )]

1
27518«
1

0) 205 L1080 161504 = 20020/37.5) + 310807167 ~ 20020715

[(108071@/3n+3 ~364Y30.5) + 310807 16/3,,3 ~ 364y .5 )]

3.4. Each of the following expression isa bi-quadratic integer

1
a) _[(784(4n+5 _415524n+4) + 4'(28(n+2 _1484(n+1)2 _1564

b) 151 [42336(4n+6 ~12112329%,,,,,) + 4(28X,,,3 —8010&p,, ) 457228]3

1
142

d) ?1&2[10584/4“5 —756756,4) + 4(28yp,5 — 20020, ) - 28576(]!

1
20398

f) i [(415524n+6 — 2243024,,,5) + 41484, —80108,,,)? —156%}

c) (3924114 ~50964114) + 428y g ~ 364841 )” _394

[(571144,/4n+6— 22044444968, )+ (4 98, 1080%16) - 83215§

g) p—e 71 [560953/4n+4 ~ 136085 ) + 4(1484y,,,; — 36%,,5)° —285762}

1

h) 142 (20776'4n+5 28028&4n+5)+4(1484/n+2—2002&n+2) —394

i) 31 [56095g4n+6 408510648,,,5) + 4(1484y,.; ~1080718,,,)* —28576}3
78

) 20;)%[(1634042%“44—74248'»’%6)+4(8010§H1—364§H3) —8321568]1
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k) % [(30280824'4n+5 — 756756846 ) + 4(80108/,,,» — 20020%,,3)* - 28576&}

1) é[(1121513/4n+6 ~15130024,,,,¢ ) + 4(80108y,,,5 —~108071&,3 ) —392]

m) ﬁ [(1020219294n+4 —7287289,,,,3) + 4(20020),,,; —364y,,,,)° - 5193843]2

y L {(2973957517%”— 10016696.,) + ( 4 1080716 ﬁﬁﬂ
275184 | -1514524677

2
0) 1 (550732873@4n +5~ 102021939, 6) + (4 1080%46 5~ zoqg_pg
5096"| _51938432
3.5. The solutions of (1) in terms of special integeamely, generalized FibonacGF,

and LucasGL, are exhibited below

Xpag = GL2n+1 (54,—1) + 2&3Fn+1(54’_1)
Yna = 7Gl-n+]_(54,_1) + 3643Fn+1(54,—1)

4. Remarkable observations
4.1. Employing the linear combinations among the sohdiof (1), one may generate
integer solutions for other choices of hyperbolachtare presented in table 2 below:

Table 2: Hyperbola

S.No | Hyperbola (xn,yn)
1| 1822 -2 = 570752 X = 28Xnsp ~148%0,

Y, = 20020, —364X,,5

2 182X 2 -Y? =1664312832 X =28  ,—8010& .
Y =1080716_ , —364x
n n+1 n+3
3 | 182x2-Y2 =142688 Xy =28y 41 — 3644,

Yn = 5096(n+1 - 364yn+1

4 | 182x2 Y2 =104019552 X =28Yn4p = 20026y,
Y, = 270088, - 364y,,,

5 | 1822 -Y¥2 230290507812 | Xn =28Yni3 ~1080718,
Y, =14579658,,, — 364y,
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182X 2 - Y2 =1890558928

6 | 182x2-Y2=570752 X, =1484,,3 ~ 80108,
Y, =1080716,,, — 20020,
7 182X 2 - Y2 =104019552 X =1484y 41 — 364K,
Y, =5096,,, — 20020/,,,;
8 | 182x2-Y2 =142688 X, =1484y, 53 = 20020,
Y, = 270088, — 20020/,..,
9 | 1822 -Y2 =104019552 X, =1484,,5 — 1080716,
Y, =14579658,,, — 20020/,
10| 182x2 - Y2 = 30290507812 X, =80108/,4 — 36413
Y, =5096¢,,5 —108071§,,,
11| 182x2 -Y? =104019552 X, =80108/,, ~ 20020413
Y, =270088,,; —~108071§,,,
12 182X 2 -Y? =142688 X, =80108/,,3 —1080716,3
Y, =14579658,,; ~108071§
13 | 182x2 -2 =1890558928 Xp =20020/,1 — 364y,
Y, =5096y,,,, —270088/,,1
14| 1822 -Y2 =5512869828168 | Xn =108071§/,1 ~364y,,3
Y, =5096y,,,5 ~1457965§,,,,
15 X, =108071§,,,, — 20020/,,,3

Y, =270088/,,,5 —~1457965§,,,,

4.2. Employing the linear combinations among the sohdiof (1), one may generate

integer solutions for other choices of parabolacitdre presented in table 3 below:

Table 3;: Parabola

S. | Parabola (xn ,Yn)

No

1| 5006x, -Y2 =570752 Xn = 28%,,5 ~1484,,,, +56
Y, =2002(x,,, =364,

2 | 275184, -Y? =1664312832 Xy = 28%,, —8010&,,,, +3024
Y, =1080716,, — 364,

3 X =28Yon4p — 364504, +28

2548X,, -Y,? =142688

Y, =5096,; — 364y,
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4 | 68796X,, - Y2 =104019552 Xn =28Yon43 ~ 20020y, + 756
Y, =270088&,,, — 364y,

5 | 371243&, -Y?2 =30290507812 | Xn =28Yanss ~10807165,,, +40796
Y, =14579658,,,; — 364y .,

6 | 5096X,, -Y? =570752 X, =1484G,4 ~80108&z,.3 +56
Y, =1080718,,, — 2002,

7 | 68796, - Y2 =104019552 X =1484y5n, ~ 36403 + 756
Y, =5096K,,, ~ 20020/,,,,

8 | 2548, -Y? =1426886 Xy =1484y5,,3 = 200203 + 28
Y, = 270088, - 20024/,

9 | 68796, - Y2 =104019552 Xp =1484y5,,4 —10807185,,3 + 756
Y, =14579658,, — 20020/,,,5

1C | 371243&,, - Y2 =30290507812 | Xn =80108/5n,, ~364Xzn,4 +40796
Y, =5096X,,5 ~1080716,,,1

11| 68796x,, - Y? =104019552 X =80108/5n,3 ~ 200204 + 756
Y, =270088,,5 ~108071§,,,

12 | 2548, -Y2 =142688 X =80108/5n,4 ~10807 1804 +28
Y, =14579658,,; ~108071§

13 1 92747, - Y2 =1890558928 X =20020/2045 = 364y5q.3 +10192
Yn =5096y,,, — 270088/,

14 1 5008348% , - Y2 = 5512869827168 Xn =108071,,., ~364yn.4 +55036
Y, =5096y,,,5 ~1457965§,,,

15

92747, -Y,? =1890558928 X, =1080716§/ 0.3 ~20020/2n,4 +1018
Y, =270088),,,3 ~1457965§,,.,

5. Conclusion
To conclude, one may search for other choices sitige Pell equations for finding their
integer solutions with suitable properties.
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