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Abstract. The binary quadratic equation 14182 22 += xy   representing hyperbola is 
considered for finding its integer solutions. A few interesting properties among the 
solutions are presented. Also, we present infinitely many positive integer solutions in 
terms of Generalized Fibonacci sequences of numbers, Generalized Lucas sequences of 
numbers.     
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 1. Introduction 

The binary quadratic equation of the form 122 += Dxy where D non-square positive 
integer has been studied by various mathematicians for its non-trivial integral solutions. 
when D takes different integral values [1, 2]. In [3] infinitely many Pythagorean triangles 
in each of which hypotenuse is four times the product of the generators added with unity 
are obtained by employing the non-integral solutions of  binary quadratic equation 

143 22 += xy .In [4] a, special  Pythagorean  triangle  is  obtained  by  employing  the  

integral  solutions of 110 22 += xy . In [5] different patterns of infinitely many 
Pythagorean triangles are obtained by employing the non-integral solutions of

112 22 += xy . In this context one may also refer [6-11].These results have motivated us 
to search for the integral solutions of yet another binary quadratic equation 

14182 22 += xy representing a hyperbola. A few interesting properties among the 
solutions are presented. Employing the integral solutions of the equation under 
consideration a few patterns of Pythagorean triangles are obtained. 
 
 2. Notations 

:),( skGFn Generalized Fibonacci Sequences of rank n. 

:),( skGLn  Generalized Lucas Sequences of rank n. 

 



R.Divya Bharathi and G.Sumathi 

74 
 

3. Methods of analysis 
Consider the binary quadratic equation  

14182 22 += xy                             (1)       
with least positive integer solutions is 

10 =x     ,      10 =y  
To obtain the other solutions of (1), 
Consider the Pellian equation 

1182 22 += xy                              (2) 
whose general solution ( nn yx ~,~ ) is represented by 

1822
~ n

n
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where ,n=-1,0,1,2,3,4,5…………… 
Applying Brahmagupta lemma between the solutions of  00, yx   and   ( )nn yx ~,~ the 

general solutions of equation (1) are found to be  

1822

14

21
nn

n
gf

x +=+                             (3) 

1822

182
71

n
nn

g
fy +=+                             (4) 

Thus (3) and (4) represent the non-zero distinct integer solutions of (1) 

The recurrence relations satisfied by the values of  1+nx  and 1+ny  are respectively. 
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A few numerical examples are presented in the table1 below: 
 

Table 1: Examples 
N 

nx  ny  

-1 1 14 

0 55 742 
1 2969 40054 

2 160271 2162538 
3 8651665 8614580 
4 467029639 465027049 
5 2521094884 25102846066 

 
3.1. A few interesting relations between the solutions are given below 
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a) 054 312 =−− +++ nnn xxx  

b) 0227 112 =−− +++ nnn yxx  

c) 0227 212 =−− +++ nnn yxx  

d) 0124717199928109 312 =−− +++ nnn yxx  

e) 054 213 =−+ +++ nnn xxx  

f) 01081457 113 =−− +++ nnn yxx  

g) 04 213 =−− +++ nnn yxx  

h) 01081457 313 =−− +++ nnn yxx  

i) 01457108 311 =−+ +++ nnn xxy  

j) 036427 211 =−+ +++ nnn yxy  

k) 0196561457 311 =−+ +++ nnn yxy  

l) 017199231868928109 312 =−+ +++ nnn yxy  

m) 0124792810917199 123 =−− +++ nnn yxx  

n) 0227 223 =−− +++ nnn yxx  

o) 0227 323 =−− +++ nnn yxx  

p) 0272 112 =−− +++ nnn xyx  

q) 01457108 311 =−+ +++ nnn xxy  

r) 036427 211 =−+ +++ nnn yxy  

s) 0196561457 311 =−+ +++ nnn yxy  

t) 017199231868928109 312 =−+ +++ nnn yxy  

u) 0124792810917199 123 =−− +++ nnn yxx  

v) 0227 223 =−− +++ nnn yxx  

w) 0227 323 =−− +++ nnn yxx  

x) 0272 112 =−− +++ nnn xyx  

 
3.2. Each of the following expression is a Nasty number 

a) [ ]2232 14842856
28

6
++ −+ nn xx  

b) [ ]2242 80108283024
1512

6
++ −+ nn xx  

c) [ ]2222 3642828
14

6
++ −+ nn xy  

d) [ ]2232 2002028756
378

6
++ −+ nn xy  
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e) [ ]2242 10807162840796
20398

6
++ −+ nn xy  

f) [ ]3242 80108148456
28

6
++ −+ nn xx  

g) [ ]3222 3641484756
378

6
++ −+ nn xy  

h) [ ]3232 20020148428
14

6
++ −+ nn xy  

i) [ ]3242 10807161484756
378

6
++ −+ nny  

j) [ ]4222 3648010840796
20398

6
++ −+ nn xy  

k) [ ]4232 2002080108756
378

6
++ −+ nn xy  

l) [ ]4242 10807168010828
14

6
++ −+ nn xy  

m) [ ]322 3642002010192
5096

6
++ −+ nn yy  

n) [ ]4222 3641080716550368
275184

6
++ −+ nn yy  

o) [ ]4232 20020108071610192
5096

6
++ −+ nn yy  

 
3.3. Each of the following expression is a cubical integer 

a) ( ) ( )[ ]123343 1484283148428
28

1
++++ −+− nnnn xxxx  

b) ( ) ( )[ ]133353 801082838010828
1512

1
++++ −+− nnnn xxxx  

c) ( ) ( )[ ]113333 36428336428
14

1
++++ −+− nnnn xyxy  

d) ( ) ( )[ ]123343 200202832002028
378

1
++++ −+− nnnn xyxy  

e) ( ) ( )[ ]133353 1080716283108071628
20398

1
++++ −+− nnnn xyxy  

f) ( ) ( )[ ]234353 8010814843801081484
28

1
++++ −+− nnnn xxxx  

g) ( ) ( )[ ]214333 364148433641484
378

1
++++ −+− nnnn xyxy  
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h) ( ) ( )[ ]224343 2002014843200201484
14

1
++++ −+− nnnn xyxy  

i) ( ) ( )[ ]234353 10807161484310807161484
378

1
++++ −+− nnnn xyxy  

j) ( ) ( )[ ]315333 36480108336480108
20398

1
++++ −+− nnnn xyxy  

k) ( ) ( )[ ]325343 200208010832002080108
378

1
++++ −+− nnnn xyxy  

l) ( ) ( )[ ]335353 1080716801083108071680108
14

1
++++ −+− nnnn xyxy  

m) ( ) ( )[ ]214333 36420020336420020
5096

1
++++ −+− nnnn yyyy  

n) ( ) ( )[ ]3335333 364108071633641080716
275184

1
++++ −+− nnnn yyyy  

o) ( ) ( )[ ]325343 2002010807163200201080716
5096

1
++++ −+− nnnn yyyy  

 
3.4. Each of the following expression is a bi-quadratic integer 

a) ( ) ( )[ ]1568148428441552784
28

1 2
1244542

−−+− ++++ nnnn xxxx  

b) ( ) ( )[ ]45722888010828412112329642336
1512

1 2
1344642

−−+− ++++ nnnn xxxx  

c) ( ) ( )[ ]3923642845096392
14

1 2
1144442

−−+− ++++ nnnn xyxy  

d) ( ) ( )[ ]28576820020284756756010584
378

1 2
1244542

−−+− ++++ nnnn xyxy  

e) ( ) ( )2

4 6 4 4 3 12

1
571144 22044444968 4 28 1080716 832156808

20398 n n n ny x y x+ + + +
 − + − −
 

 

f) ( ) ( )[ ]15688010814844224302441552
28

1 2
2354642

−−+− ++++ nnnn xxxx  

g) ( ) ( )[ ]285768361484413608560952
378

1 2
2154442

−−+− ++++ nnnn xyxy  

h) ( ) ( )[ ]392200201484428028020776
14

1 2
2254542

−−+− ++++ nnnn xyxy  

i) ( ) ( )[ ]285768108071614844408510648560952
378

1 2
2354642

−−+− ++++ nnnn xyxy  

j) ( ) ( )[ ]83215680836480108474248721634042984
20398

1 2
3164442 −−+− ++++ nnnn xyxy  
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k) ( ) ( )[ ]28576820020801084756756030280824
378

1 2
3264542

−−+− ++++ nnnn xyxy  

l) ( ) ( )[ ]3921080716801084151300241121512
14

1 2
3364642

−−+− ++++ nnnn xyxy  

m) ( ) ( )[ ]519384323642002047287280102021920
5096

1 2
2134442

−−+− ++++ nnnn yyyy  

n) ( ) ( )2

4 4 4 6 1 3
2

297395751744 100166976 4 1080716 3641

275184 1514524677
n n n ny y y y+ + + +

 − + −
 
−  

 

o) ( ) ( )21 5507328736 102021920 4 1080716 200204 5 4 6 2 3
25096 51938432

y y y yn n n n− + −+ + + +
−

 
 
 
 

 

3.5. The solutions of (1) in terms of special integers namely, generalized Fibonacci nGF   

and   Lucas nGL  are exhibited below 

  ( ) ( )1,54281,54
2 1

1
1 −+−= +

+
+ n

n
n GF

GL
x  

  ( ) ( )1,543647 11,5411 −+= +−++ nnn GFGLy
 

 
4. Remarkable observations 
4.1. Employing the linear combinations among the solutions of (1), one may generate 
integer solutions for other choices of hyperbola which are presented in table 2 below:                                   
 

Table 2: Hyperbola 
S.No Hyperbola ( )nn YX ,  

1 57075222182 =− nYnX  
21

12

36420020

148428

++

++

−=
−=

nnn

nnn

xxY

xxX
 

2 1664312832182 22 =− nn YX  

3
364

1
1080716

1
80108

3
28

+−+=
+−+=

n
x

n
x

n
Y

n
x

n
x

n
X

 

3 142688182 22 =− nn YX  

11

11

3645096

36428

++

++

−=
−=

nnn

nnn

yxY

xyX
 

4 104019552182 22 =− nn YX  

21

12

364270088

2002028

++

++

−=
−=

nnn

nnn

yxY

xyX
 

5 123029050781182 22 =− nn YX  

21

13

36414579656

108071628

++

++

−=
−=

nnn

nnn

yxY

xyX
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6 570752182 22 =− nn YX  

32

23

200201080716

801081484

++

++

−=
−=

nnn

nnn

xxY

xxX
 

7 104019552182 22 =− nn YX  

12

21

200205096

3641484

++

++

−=
−=

nnn

nnn

yxY

xyX
 

8 142688182 22 =− nn YX  

22

23

20020270088

200201484

++

++

−=
−=

nnn

nnn

yxY

xyX
 

9 104019552182 22 =− nn YX  

32

23

2002014579656

10807161484

++

++

−=
−=

nnn

nnn

yxY

xyX
 

10 123029050781182 22 =− nn YX  

13

31

10807165096

36480108

++

++

−=
−=

nnn

nnn

yxY

xyX
 

11 104019552182 22 =− nn YX  

23

32

1080716270088

2002080108

++

++

−=
−=

nnn

nnn

yxY

xyX
 

12 142688182 22 =− nn YX  

33

33

108071614579656

108071680108

++

++

−=
−=

nnn

nnn

yxY

xyX
 

13 81890558924182 22 =− nn YX  

12

21

2700885096

36420020

++

++

−=
−=

nnn

nnn

yyY

yyX
 

14 71685512869824182 22 =− nn YX  

13

31

145796565096

3641080716

++

++

−=
−=

nnn

nnn

yyY

yyX
 

15 81890558924182 22 =− nn YX  

23

32

14579656270088

200201080716

++

++

−=
−=

nnn

nnn

yyY

yyX
 

 
4.2. Employing the linear combinations among the solutions of (1), one may generate 
integer solutions for other choices of parabola which are presented in table 3 below: 
 

Table 3: Parabola 
S.
No 

Parabola ( )nn YX ,  

1 5707525096 2 =− nn YX  

21

2232

36420020

56148428

++

++

−=
+−=

nnn

nnn

xxY

xxX
 

2 1664312832275184 2 =− nn YX  

31

2242

3641080716

30248010828

++

++

−=
+−=

nnn

nnn

xxY

xxX
 

3 1426882548 2 =− nn YX  

11

2222

3645096

2836428

++

++

−=
+−=

nnn

nnn

yxY

xyX
 



R.Divya Bharathi and G.Sumathi 

80 
 

4 10401955268796 2 =− nn YX  

21

232

364270088

7562002028

++

++

−=
+−=

nnn

nnn

yxY

xyX
 

5 1230290507813712436 2 =− nn YX  

21

2242

36414579656

40796108071628

++

++

−=
+−=

nnn

nnn

yxY

xyX
 

6 5707525096 2 =− nn YX  

32

3242

200201080716

56801081484

++

++

−=
+−=

nnn

nnn

xxY

xxX
 

7 10401955268796 2 =− nn YX  

12

3222

200205096

7563641484

++

++

−=
+−=

nnn

nnn

yxY

xyX
 

8 1426882548 2 =− nn YX 86 

22

3232

20020270088

28200201484

++

++

−=
+−=

nnn

nnn

yxY

xyX
 

9 10401955268796 2 =− nn YX  

32

3242

2002014579656

75610807161484

++

++

−=
+−=

nnn

nnn

yxY

xyX
 

10 1230290507813712436 2 =− nn YX  

13

4222

10807165096

4079636480108

++

++

−=
+−=

nnn

nnn

yxY

xyX
 

11 10401955268796 2 =− nn YX  

23

4232

1080716270088

7562002080108

++

++

−=
+−=

nnn

nnn

yxY

xyX
 

12 1426882548 2 =− nn YX   

33

4242

108071614579656

28108071680108

++

++

−=
+−=

nnn

nnn

yxY

xyX
 

13 81890558924927472 2 =− nn YX  

12

3222

2700885096

1019236420020

++

++

−=
+−=

nnn

nnn

yyY

yyX
 

14 7168551286982450083488 2 =− nn YX
 13

4222

145796565096

5503683641080716

++

++

−=
+−=

nnn

nnn

yyY

yyX

 
15 81890558924927472 2 =− nn YX  

23

4232

14579656270088

10192200201080716

++

++

−=
+−=

nnn

nnn

yyY

yyX

 
 
5. Conclusion 
To conclude, one may search for other choices of positive Pell equations for finding their 
integer solutions with suitable properties. 
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