Journal of Mathematics and | nformatics
Vol. 11, 2017, 95-102

I SSN: 2349-0632 (P), 2349-0640 (online) Journal of ]
Published 11 December 2017 Mathematics and
WWW.I esearchmathsci.org Informatics

DOI: http://dx.doi.org/10.22457/jmi.v11al2

On Negative Pellian Equation y’=40x>-15
P.Abinayal and SMallika®

Department of Mathematics, SIGC, Trichy-620002, haadu, India.
Tamilnadu, India.
Ye-mail: abinayapalani0l @gmail.cqrfe-mail: smallika65@gmail.com

Received 3 November 2017; accepted 9 December 2017

Abstract. The binary quadratic equation represents by negd@alliany? = 40x2 — 15

is analyzed for its distinct integer solutions.Avfmteresting relations among the solution
are given. Further, employing the solutions of #imve hyperbola, we have obtained
solutions of other choices of hyperbolas, parabatesPythagorean triangle.
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1. Introduction

The binary quadratic Diophantine equations (botmdgeneous and non-homogeneous)
are rich in variety. In [1-16] the binary quadratiton-homogeneous equations
representing hyperbolas respectively are studiedtHeir non-zero integral solutions.

This communication concerns with yet another bingoadratic equation given by

y? =40x? —15. The recurrence relations satisfied by the sahstio andy are given.
Also a few interesting properties among the sohgiare exhibited.

2. Method of analysis
The negative Pell equation representing hyperbiodkeuconsideration is

y? = 40x? -15 @
whose smallest positive integer solution is
X, =landy, =5

To obtain the other solution of (1), consider tiedl Bquation y? = 40x* +1whose
solution is given by

~ 1
Xn = n
2440 g
1
g =1
yn 2 n
where

f, = (9+3J40)™ + (19-3/40)"

95



P.Abinaya and S.Mallika
g, = (19+3/40)™ - 19-3/40)""

Applying Brahmagupta lemma, the general solutiofiLpfs found to be
5

Xpp == fp+—=
n+l n 2\/4—Ogn

The recurrence relation satisfied by the soluii@ndy are given by
Xnsg = 38Xpip + Xpyy =0

yn+3 - 38yn+2 + yn+1 =0
Some numerical examplesofandy satisfying (1) are given in the Table 1 below,

Table 1: Examples

n X Yn
-1 1 5
0 34 21¢
1 1291 816t
2 4902« 31005!

From the above table, we observe some interegiatjons among the solutions which

are presented below.
» x,values are alternatively odd and even.
» y,values are odd.

» Each of the following expression is a nasty number:

. % [540+ 2580(2n+2 - 60X2n+3]

1
171C
1
28t

1
081t

[20520+97980,,,,, — 60X,

[3420+ 16320¢,,, - 6OY2n+3]

[129780+ 61968, — 60Y,,.,]

. %[540+ 97980, ,5 — 2580,

1

5oz 3920+ 48065 ~ 2580y,

* 1_];:[180+l6320(2n+3 - 2580)/2n+3]
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1
28¢
1
081t

1
28¢

[3420+ 6196805 — 2580y,,.4]

[129780+ 480x,,,, ~ 97980, ]

[3420+16320k,,,,, ~97980),,.]
1—15 [L80+61968%,,,, —~ 97980/,

1
E [540+ 12Y2n+3 - 408)/2n+2]

1
57120520+ 12Y50.4 ~1549%)y,.,]

%[540+ 408y,,.,, —~1549%/,,..]

» Each of the following expressions is a cubicalgete

2024(430x,,,5 — 10Xy, ) + 6075430x,,,; —10X,,, )]
2924104(16330x,,5 ~10xs,,; ) + 877230416330, ,; —10X,,, )]
81224(2720x,,.5 —10Y,,., ) + 2436742720x,,,, —10y,.., )
11696422§103280x,,,, — 10y, ) + 35089267§.0328(%,,,, —10y,,,5 |
2024(16330k,,,, — 430ys,5 ) + 607516330,,,, — 430x,,; )|
81223(80x,,, — 430ys,,5) + 24367580X,,, — 430y,., )|
225(2720¢,.4 = 430Y3,., ) + 6752720K,,,, — 430Y,,,, ]
81223(103280¢,,,, — 430ys,,5 ) + 243673103280, , — 430y,,.s )|
11696422H{80x;,,; —16330ys,,;) + 3508926 76B0X, ,, —16330y,,,, )]
81223(2720,,,5 —16330y,,,, ) + 2436742720X,,; —16330y,,, )]
229(103280,,,,; —16330y,,,5 ) + 67510328(X,,,; —16330y,,;)|

2024(2Y3.5 ~ 68Ya.5) + 60752, ~ 204y,
2924100(2y,,5 — 2582ys,.,5) + 87723042y, 5 - 2582y,., )|

2024(68Y3n.5 — 2582y3,,4) + 607H68Y,.,5 — 2582y, )]

» Relations among the solutions are given below:

3Yne1 ~ Xnug 19X, =0

38X 10 = X1 — Xpeg = 0
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o 114y, +721, — X, =0
 1710y,,, —171158%,,, +1041x,,; =0
* 1710y,,; —1000007&,,, —3069,,; =0
* Xz " Xniy “6Yn2 =0
* 19Yn, +120X; ~ Yo, =0
¢ 725~ Xpey —114Y,,5 =0
s 721y, +4560-y,,,=0
* Yo 19X, — X3 =0
* 19Yn, 7120X, ~ ¥py =0
* Yma ~240%5 = Yo =0
* 19y, ~ 721X, +3Y5,5 =0
19y, +120X,,, = Vg =0
* 2163, —90x,,; +18912%, ., =0
* 86520(,,, —194800,,, + 44414000/, =0
*  4326y,,, +14044944 ., +6160x,,, =0
* 21630y,,; —116960(,,, + 26666893F,,, =0
* 22800, —9160x,,; +549920y,,, =0
*  40x,,, —15948(,,, + 25216y,,; =0
*  3X,,, —70224%,,, +111035/,,;, =0
* 3y, +18493y,,,-116960%,,, =0
« 3y, - 4441400, + 702247, ., =0
e 1800x,,, —35y,., +1145y,,, =0
* Yzt Vi —38Yn., =0
e 1368, —7Y,.3+t8695y,,, =0
*  45610K,,; - 721,53+ You =0

3. Remarkable observation
3.1. Employing linear combinations among the solutioh&ld, one may generate integer
solutions for other choices of hyperbolas which@esented in table 2 below

Table 2: Hyperbola

SLno | yyperbola (X,.Y,)
1 | 40x2-Y2 =324000 [(430%,.1 ~10%,..2), (80%., = 2720¢,,,)
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2 4OX§ —Yn2 =1169640| [(16330(n+1 _10Xn+3 )’ (80Xn+3 _103280(n+1)]

3 | 40x2-Y?=12996000 | (2720, ~10y,.,),(80Y,., ~17200%,., )]

4 | 40x2-Y? =18714276a | [(103280,., ~10y,.5),(80Y,.; ~ 653200, )

5 | 40x2-Y2=324000 [(16330x,., - 430x,.5), (2720, 103280,

6 | 40X?-Y? =12996000 | [(80%n., ~ 430y, ), (2720y,,, —400x,., )

7| 40x2-Y2 =36000 [(2720x,., - 430y,,..).(2720y,,., ~17200x,.,

8 | 40x2-Y2=12996000 | [(L0328k,,, -430y,.5).(2720y,,; - 653200,

9 | 40x2-vY2=1871427600 | [(80x,.; ~16330y,,,).(400x,,; ~103280,., )]

10 | 40x2-Y2=1299600 | [(2720,.; ~16330y,,,),(103280y,, ~ 17200k
11 | 40x2-v2 =36000 [(103280x,,, ~16330y,,;), (653200, ~1032
12 | 40X2 - Y2 =324000 [(2yn.> —68Yy.1), (430y,..1 —10y,,, )]

13| 40x2-Y? = 46785600 | [(2Vnes =~ 258Y,.1), (16330, ~10y,.5)

14 | 40x2-Y?2 =324000 [(68y,.. - 2582,..,),(16330y,., ~ 430y,.5)]

3.2. Employing linear combination among the solutiohgl), one may generate
integer solutions for other choices of parabolasciwiare presented in Table 3
below.

Table 3: Parabola

SLn | parabola (X, Y,)

1 | 1800, -Y2 =324000 | [(90+430%,,., ~10%;.5), (80X, — 2720,

2 | 68400, -Y? = 4678560( [(3420+16330¢,,, ~10%y,., ). (80x,,; ~103280x,,

3 | 11400, - Y2 =1299600 | [(570+ 27203y, ~10Y,0.5), (80Y,., — 34400k, )
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4 | 43260, -Y? =1871427 [(21630+103280,,,, =10y, ), (80y,,; — 65320
5 | 1800, -Y2=324000 | |(90+16330¢,,; —430x,,,,).(2720x,,5 ~ 103280
6 | 40x, -Y?=1299600 | [(570+80x,,,5 ~430y,,.,),(2720y,,., = 400x,,, ]
7 | 600X, -Y? =36000 [(30+2720x,,,; — 430y,,.5), (2720y,,, ~17200x,,
8 | 1140, -Y2 =1299600 | [(570+103280¢,.; ~ 4304 ),(2720y,.,, ~ 6532
9 | 432600, Y2 =1871427 [(21630+80x,,,, ~16330y,,.,),(400x,,; ~10328
10 | 11400, -Y? =1299600 | [(570+ 2720, ~16330,.,),(103280y,,, 172
11 | goox, - Y2 =36000 [(30+103280x,,,, ~16330y,,., ),(653200,,,5 —10
12 [ 1800k, -Y2 =324000 | [(90~ 6850,z +2Y0.5),(430y,.s ~10y,.., )]

13 | 68400K, - Y2 = 4678560 [3420+ (2Y20.s = 2582Y21.,), (163301 ~10Y,.5)]
14 [ 1800k, —Y2 =324000 | [(90+ 68,4 ~ 2582y,,,5). (16330y,,, ~ 430y,5)

3.3. Considerm= X,,; + Y1 » N = X,,;, Observe that m>n>0
Treat m, n as the generators of the Pythogoreamgie T¢,B,y )

a=2mn, B=m’-n?, y=m?+n?
Then the following interesting relations are observ

1. a-208+19y=15

2. 21a—y—%q =15

40A

3. 110’—10,8+9y—T =15

2A

4. F =Xna1Yn+

4. Conclusion
In this paper, we have presented infinitely manyeger solutions for all hyperbola

represented by the negative Pell Equatighs 40x> -15.As the binary quadratic
Diophantine equations are rich in variety, one msagrch for the other choices of
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negative Pell Equations and determine their integelutions along with suitable
properties.
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