
Journal of Mathematics and Informatics 
Vol. 11, 2017, 95-102 
ISSN: 2349-0632 (P), 2349-0640 (online)  
Published 11 December 2017 
www.researchmathsci.org 
DOI: http://dx.doi.org/10.22457/jmi.v11a12 
 

95 
 

  Journal of  

On Negative Pellian Equation y2=40x2-15 
P.Abinaya1 and S.Mallika2 

Department of Mathematics, SIGC, Trichy-620002, Tamilnadu, India.   
Tamilnadu, India. 

1e-mail: abinayapalani01@gmail.com; 2e-mail: smallika65@gmail.com 

Received 3 November 2017; accepted 9 December 2017 

Abstract. The binary quadratic equation represents by negative Pellian �� = 40�� − 15 
is analyzed for its distinct integer solutions.A few interesting relations among the solution 
are given. Further, employing the solutions of the above hyperbola, we have obtained 
solutions of other choices of hyperbolas, parabolas and Pythagorean triangle. 
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1. Introduction  
The binary quadratic Diophantine equations (both homogeneous and non-homogeneous) 
are rich in variety. In [1-16] the binary quadratic non-homogeneous equations 
representing hyperbolas respectively are studied for their non-zero integral solutions. 
This communication concerns with yet another binary quadratic equation given by

1540 22 −= xy . The recurrence relations satisfied by the solutions � and � are given. 
Also a few interesting properties among the solutions are exhibited. 
 
2. Method of analysis 
The negative Pell equation representing hyperbola under consideration is  

1540 22 −= xy                                                     (1)                                           
whose smallest positive integer solution is 

10 =x and 50 =y  

To obtain the other solution of (1), consider the Pell equation  140 22 += xy whose 
solution is given by         

nn gx
402

1~ =  

 

 
where 
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11 )40319()40319( ++ −−+= nn
ng  

Applying Brahmagupta lemma, the general solution of (1) is found to be 

  nnn gfx
402

5
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1 +=+  

nnn gfy
402

40

2

5
1 +=+  

The recurrence relation satisfied by the solution �	and �  are given by 
038 123 =+− +++ nnn xxx   

038 123 =+− +++ nnn yyy  
Some numerical examples of � and � satisfying (1) are given in the Table 1 below, 
 

Table 1: Examples 
n  

nx  ny  

   -1      1     5 

    0      34     215 

    1     1291     8165 

    2     49024     310055 

 
From the above table, we observe some interesting relations among the solutions which 
are presented below. 

� ��values are alternatively odd and even. 
� ��values are odd. 

  
� Each of the following expression is a nasty number: 

• [ ]3222 602580540
45

1
++ −+ nn xx  

• [ ]4222 609798020520
1710

1
++ −+ nn xx  

• [ ]3222 60163203420
285

1
++ −+ nn yx  

• [ ]4222 60619680129780
10815

1
++ −+ nn yx  

• [ ]4232 258097980540
45

1
++ −+ nn xx  

• [ ]2232 25804803420
285

1
++ −+ nn yx  

• [ ]3232 258016320180
15

1
++ −+ nn yx  
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• [ ]4232 25806196803420
285

1
++ −+ nn yx  

• [ ]2242 97980480129780
10815

1
++ −+ nn yx  

• [ ]3242 97980163203420
285

1
++ −+ nn yx  

• [ ]4242 97980619680180
15

1
++ −+ nn yx  

• [ ]2232 40812540
45

1
++ −+ nn yY  

• [ ]2242 154921220520
1710

1
++ −+ nn yy  

• [ ]3242 15492408540
45

1
++ −+ nn yy  

� Each of the following expressions is a cubical integer 

• ( ) ( )[ ]214333 104306075104302025 ++++ −+− nnnn xxxx  

• ( ) ( )[ ]315333 1016330877230010163302924100 ++++ −+− nnnn xxxx  

• ( ) ( )[ ]214333 10272024367510272081225 ++++ −+− nnnn yxyx  

• ( ) ( )[ ]315333 1010328035089267510103280116964225 ++++ −+− nnnn yxyx  

• ( ) ( )[ ]325343 430163306075430163302025 ++++ −+− nnnn xxyx  

• ( ) ( )[ ]123343 430802436754308081225 ++++ −+− nnnn yxyx  

• ( ) ( )[ ]224343 43027206754302720225 ++++ −+− nnnn yxyx  

• ( ) ( )[ ]325343 43010328024367543010328081225 ++++ −+− nnnn yxyx  

• ( ) ( )[ ]133353 16330803508926751633080116964225 ++++ −+− nnnn yxyx  

• ( ) ( )[ ]234353 16330272024367516330272081225 ++++ −+− nnnn yxyx  

• ( ) ( )[ ]335353 1633010328067516330103280225 ++++ −+− nnnn yxyx  
• ( ) ( )[ ]123343 204260756822025 ++++ −+− nnnn yyyy  

• ( ) ( )[ ]133353 258228772300258222924100 ++++ −+− nnnn yyyy  

• ( ) ( )[ ]234353 25826860752582682025 ++++ −+− nnnn yyyy  

� Relations among the solutions are given below: 
• 0193 211 =+− +++ nnn xxy  
• 038 312 =−− +++ nnn xxx  
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• 0721114 311 =−+ +++ nnn xxy  
• 0104117115811710 312 =+− +++ nnn xxy  
• 03069100000761710 313 =−− +++ nnn xxy  
• 06 213 =−− +++ nnn yxx  
• 012019 211 =−+ +++ nnn yxy  
• 0114721 313 =−− +++ nnn yxx  
• 04560721 31 =−+ ++ nn yy  
• 0193 322 =−+ +++ nnn xxy  
• 012019 122 =−− +++ nnn yxy  
• 0240 123 =−− +++ nnn yxy  
• 0372119 321 =+− +++ nnn yxy  
• 012019 322 =−+ +++ nnn yxy  
• 0189129021630 131 =+− +++ nnn yxx  
• 044414000194800865200 132 =+− +++ nnn yxx  
• 06160140449444326 312 =++ +++ nnn xyy  
• 0266668930116960021630 133 =+− +++ nnn yxy  
• 0549920160`922800 231 =+− +++ nnn yxx  
• 02521615948040 331 =+− +++ nnn yxx  
• 01110357022473 332 =+− +++ nnn yxx  
• 0116960184933 331 =−+ +++ nnn xyy  
• 070224744414003 332 =+− +++ nnn yxy  
• 01145351800 121 =+− +++ nnn yyx  
• 038 213 =−+ +++ nnn yyy  
• 08695713680 131 =+− +++ nnn yyx  
• 072145610 133 =+− +++ nnn yyx  

3. Remarkable observation 
3.1. Employing linear combinations among the solutions of (1), one may generate integer 
solutions for other choices of hyperbolas which are presented in table 2 below  

Table 2: Hyperbola 
 
Sl.no 

 
Hyperbola 

 
( )nn YX ,  

1 32400040 22 =− nn YX  ( ) ( )[ ]1221 272080,10430 ++++ −− nnnn xxxx  
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2 1169640040 22 =− nn YX  ( ) ( )[ ]1331 10328080,1016330 ++++ −− nnnn xxxx  

3 1299600040 22 =− nn YX  ( ) ( )[ ]1221 1720080,102720 ++++ −− nnnn xyyx  

4 0187142760040 22 =− nn YX  ( ) ( )[ ]1331 65320080,10103280 ++++ −− nnnn xyyx

 
5 32400040 22 =− nn YX  ( ) ([ 2332 1032802720,43016330 ++++ −− nnnn xxxx

 
6 1299600040 22 =− nn YX  ( ) ( )[ ]2112 4002720,43080 ++++ −− nnnn xyyx  

7 3600040 22 =− nn YX  ( ) ( )[ ]2222 172002720,4302720 ++++ −− nnnn xyyx

 
8 1299600040 22 =− nn YX  ( ) ([ 332 6532002720,430103280 ++++ −− nnnn xyyx

 
9 0187142760040 22 =− nn YX  ( ) ( )[ ]1313 103280400,1633080 ++++ −− nnnn yxyx  

10 1299600040 22 =− nn YX  ( ) ([ 223 17200103280,163302720 +++ −− nnnn xyyx

 
11 3600040 22 =− nn YX  ( ) ([ 333 103280653200,16330103280 +++ −− nnn xyx

 
12 32400040 22 =− nn YX  ( ) ( )[ ]2112 10430,682 ++++ −− nnnn yyyy  

13 46785600040 22 =− nn YX  ( ) ( )[ ]3113 1016330,2582 ++++ −− nnnn yyyy  

14 32400040 22 =− nn YX  ( ) ( )[ ]3223 43016330,258268 ++++ −− nnnn yyyy  

3.2. Employing linear combination among the solutions of (1), one may generate 
integer solutions for other choices of parabolas which are presented in Table 3 
below. 

Table 3: Parabola 
 
Sl.n
o 

 
   Parabola 

 
( )nn YX ,  

1 3240001800 2 =− nn YX  ( ) ( )[ ]123222 272080,1043090 ++++ −−+ nnnn xxxx  

2 46785600068400 2 =− nn YX

 

( ) ([ 34222 10328080,10163303420 ++++ −−+ nnnn xxxx
 

3 1299600011400 2 =− nn YX  ( ) ( )[ ]123222 3440080,102720570 ++++ −−+ nnnn xyyx
 



P.Abinaya and S.Mallika 

100 
 

4 1871427600432600 2 =− nn YX

 

( ) ([ 34222 65320080,1010328021630 +++ −−+ nnn yyx
 

5 3240001800 2 =− nn YX  ( ) ([ 34232 1032802720,4301633090 +++ −−+ nnnn xxxx
 

6 1299600040 2 =− nn YX  ( ) ( )[ ]212232 4002720,43080570 ++++ −−+ nnnn xyyx
 

7 36000600 2 =− nn YX  ( ) ([ 23232 172002720,430272030 ++++ −−+ nnnn xyyx
 

8 1299600011400 2 =− nn YX  ( ) ([ 34232 6532002720,430103280570 +++ −−+ nnn yyx
 

9 1871427600432600 2 =− nn YX

 

( ) ([ 32242 103280400,163308021630 +++ −−+ nnn xyx
 

10 1299600011400 2 =− nn YX  ( ) ([ 23242 17200103280,163302720570 +++ −−+ nnn yyx
 

11 36000600 2 =− nn YX  ( ) ([ 34242 103280653200,1633010328030 +++ −−+ nnn xyx
 

12 3240001800 2 =− nn YX  ( ) ( )[ ]213222 10430,26890 ++++ −+− nnnn yyyy  

13 46785600068400 2 =− nn YX

 

( ) ( )[ ]312242 1016330,258223420 ++++ −−+ nnnn yyyy
 

14 3240001800 2 =− nn YX  ( ) ( )[ ]323242 43016330,25826890 ++++ −−+ nnnn yyyy
 

3.3. Consider 11 ++ += nn yxm  , 1+= nxn , observe that m>n>0 
Treat m, n as the generators of the Pythogorean triangle T(α,β,γ ) 

mn2=α , 22 nm −=β , 22 nm +=γ  
Then the following interesting relations are observed. 

1. 151920 =+− γβα  

2. 15
80

21 =−−
P

Aγα  

3. 15
40

91011 =−+−
P

Aγβα  

4. 11
2

++= nn yx
P

A
 

4. Conclusion 
In this paper, we have presented infinitely many integer solutions for  all hyperbola 

represented by the negative Pell Equations 1540 22 −= xy .As the binary quadratic 
Diophantine equations  are rich in variety, one may search for the other choices of 
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negative Pell Equations and determine their integer solutions along with suitable 
properties. 
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