Journal of Mathematics and | nformatics
Vol. 11, 2017, 111-117

ISSN: 2349-0632 (P), 2349-0640 (online) Journal of ]
Published 11 December 2017 Mathema“cs and
WWW. T esear chmathsci.org -
DOI: http://dx.doi.org/10.22457/jmi v11al4 Informatics

On The Positive Pell Equation y?=90 x*+31

S.Ramya and A.Kavitha

Department of Mathematics, Shrimati Indira Gandhi College,
Trichy-620002, Tamilnadu, India
email: ramyas3692@gmail.com
2email: kavithabal asubramanian63@yahoo.com

Received 3 November 2017; accepted 9 December 2017

Abstract. The binary quadratic Diophantine equation represented by the positive pellian
y? =90x? +31 is anadysed for its non-zero distinct solutions. A few interesting

relations among the solutions are given. Further, employing the solutions of the above
hyperbola, we have obtained solutions of other choices of hyperbolas, parabolas and
Pythagorean triangle.
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1. Introduction
The binary quadratic equation of the form y? = Dx* +1 where D is non-square positive

integer has been selected by various mathematicians for its non-trival integer solutions
when D takes different integra values[1-4]. For an extensive review of various
problems, one may refer [5-14]. In this communication, yet another an interesting

equation given by y? =90x? + 31 is considered and infinitely many integer solutions are
obtained. A few interesting properties among the sol utions are presented.

2. Method of analysis
The positive pell equation representing hyperbola under consideration is,

y? =90x% +31 (1)

The smallest positive integer solutions of (1) are,
% =Ly, =11

The general solution (x,,y, ) of (1) isgiven by
~ _1

=5 T X,

1
2 % =5 7e0 9

where,
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fn _ (19+ 2@)n+l . (19_ 2@)n+1
g, = (19+ 2\/%)ml B (19_ 2\/%)ml

Applying Brahamagupta Lemma between (x,, y,) and (X,,y, ), the other integer
solutions of (1) are given by
Z@Xml = @fn +11g,
2y,., =11f +4/90g,
The recurrence relations satisfied by the solutions x& y are given by
Xnrz T 384z + Xy =0
Ynia ~38Yni2 + Y =0

Some numerical examplesof x& y satisfying (1) are given in the Table 1 below:
Table |: Examples

N X, Y

0 1 11

1 41 389

2 1557 14771
3 59125 560909
4 2245193 21299771

From the above table, we observe some interesting relations among the solutions

which are presented below:
» Both x andy, values are odd.

» Each of the following expressionsis a hasty number

2

*

R/
o

R/
°

7
°

R/
°

>

7
*

66Xy, — 228%,,4p + 372

31

66X, —88626X,,,, +14136

1178

132y,,.,5 — 44280x,,,, + 7068

589

132y,,., —1681560x,,,, + 268212

22351

2334%,,,, — 88626X,,,5 +372

31

4668y,,.,, ~1080x,,,, + 7068

589
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4668y,,,, — 44280x,,, , + 372

31
4668y, —1681560x,,,; + 7068
589
177252y,,,,, —1080x,,,, + 268212
22351
177252y, .5 — 44280x,,,, + 7068
589
177252y,,., —1681560%,,,, +11532
961
492y,0,, =12y, + 744
62
18684y,,., —12y,,., + 28272
2356
18684Y,1.3 =492y, + 744
62

» Each of the following expressionsis a cubical integer

3

*

R/ R/ R/ *. *. *. R/ R/ R/ *. *. 7
SR X IR X IR X R X SR SR SR XS SR X S X4 L X AEER X R X4

R/

*

961(11X3n+4 ~ 3893 +33K4p — 1167Xn+1)
1387684(11X, s — 14771, 5 + 33X, .5 — 44313X, ., )
346921(22y,,..., — 7380x,,,,5 + 66Y,,, — 22140X. ., )
499567201(22y,,,..c — 280260X5,,; +66Ys,,5 —840780X,,.5)
961(389%,,,5 ~14771%y,,, +1167X,,5 — 44313X,,,)
346921(778ys,.5 —180Xs,,, + 2334y, — 540X.,,)
961(778y,,,, — 7380Xy,.4 + 2334y, — 22140X,,,, )
346921778y, — 280260X,,,, + 2334y, — 840780X,,,,)
499567201(29542y,, ., —180X,,,5 +88626Y,,, — 540X, ,5)
346921(29542y. ., — 7380X,, 5 + 88626y, ,, — 22140x, ,,)
961(29542y., ., — 280260X,,,; +88626Y,,, —840780X,,,;)
3844(82y3n+3 —2Y3n.4 T 246Y,,, — 6yn+2)
5550736(3114Y,,.5 = 2Yanes + 9342y, —6Yus)
3844(3114Y,,,, ~82Ys.5 +9342Y,,, ~ 246Y,.;)

» Reations among the solutions

R/
0‘0

R/ R/
L X X4

R/
°

Xnvg = 38Xnip ~ Xnug

2Yni1 = Xz ~ 1%

2Yn2 =195 = X

62y, ., = 22351X, ,, —589x..,
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76yn+l = Xnez ~ 721Xn+l

R/
o

7
°

4Yni2 = Xnig = Xnu

76Y15 = 121X 15 = Xpu
1911 = Ynip —180X,44
19Yn45 = 721y, +180X,4
121%1p = 2Yp43 +19%
121Y41 = Yo —6840X,4
62y,,, = 580X, — 22351,
2Yn12 = Xz ~ 19,

*. *. R/ R/ R/ 7 *.
A X R X SR XS S A X IR X R X 4

*
°

2Y2 =195 Xz
19112 = Yo 180X,
Yoz = 19Y54p +180X,,
121%045 =19%45_2Y iy
721y, =19y, +180x .
721y, = Ynuy +6840X,,5
Yoz =19Yp,5 —180X,,5

*. *. R/ R/ R/
L X IR X S X R X S X4

R/
°

3. Remarkable observations
3.1. Employing linear combinations among the solutions of (1), one may generate integer

solutions for other choices of hyperbolas which are presented in the Tablell below.

Tablell: Hyperbolas

SNO (x,Y) Hyperbola
1| (40%,., = X1p11X,,, = 389X, ) Y2 -90X 2 =3844
2 | (1557X,., = X,,5.11X,,5 —14771X,.,,) Y2 -90X 2 = 5550736
3 | (389%,.; ~ Viup d1y,., —3690x,.,,) 4Y? 360X 2 =1387684
4 | (29542x,., —2y,.5,22Y,.5 — 280260X, ., ) Y2 - 90X 2 =1998268804
5 | (1557x,,, - 41X,.5,389x, .5 ~14771X.,) Y2 -90X?2 = 3844
6 | (11x,., ~4Y,.,,778y,., —180x.,,) Y2 -360X 2 =1387684
7 | (389x,., 41y, ., 778y, ., - 7380X,.,) Y2 —360X 2 = 3844
8 | (29542x,., —82Y,.5,778Y,.5 — 280260x,.,) Y2 -90X 2 =1387684
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9 | (11X, ~1557y,,,,29542y,,,, ~180X,,5) Y? - 360X ? =1998268804
10 | 389(3,,; ~1557Y,,,,,29542y,,., ~7380%,.5) | Y? -360X 2 = 1387684

11 | (14771x ., 1557y, ,,,29542y, ., - 280260x....) | Y? 360X 2 = 3844

12 | (82Y1 = 2Y0e282Yns = 2Yii2) 90Y?2 - X 2 =138340

13 | (22Yns — 20542y, 3114y, ~ 2y,.5) 90Y?2 — X 2 = 1998264960
14 | (778y,.5 — 29542y, 3114y,,,, ~82Y,.5) 90Y? - X ? =1383840

3.2: Employing linear combinations among the solutions of (1), one may generate integer
solutions for other choices of parabolas which are presented in the table 111 below.

Tablelll: Parabolas

S.No (X,Y) Parabola
1| (4% = Xpe2 A X005 — 389Xy, ) 90X 2 = 31Y —1922
2 | (1557% = Xpeg 1 D0 —1477 045 ) 90X 2 =1178Y - 2775368
3 (389Xn+1 =~ Yne2 11Yon3 = 3690X2n+2) 180X * =Y - 589
4 (29542x .., = 2Y,.5:22Y,.4 — 280260X,,,,,) 90X 2 =Y - 4470
5 (3247Xn+2 = 58X 439454 — 30286X2n+3) 90X ?2 =Y -1922
6 | (WXs ~ 401, 778Ysn.2 —180%y.5) 360X 2 = 580Y — 693842
7 | (389, ~ 41y, 778505 ~ 7380,,5) 360X 2 = 31Y ~1922
90X ? = 589Y - 693842
8 (29542Xn+2 - 82yn+3 ’778y2n+4 - 280260)(2n+3)
2 _ —
9 | (11, ~15571y, ,,20542y, ., ~180%,...) 360X 2 = 22351Y —9991344(
10 | (3895 ~1557Y,.,,29542Y,0,5 _7380%,.,) | 360X ? = 589Y - 693842
14771, —1557Y..,,,29542y., ., — 280260x,,
11 ( " Vs Yora %1 360X 2 =Y ~1922
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12 | (821 = 22 8202 ~ 2Y2mea) X2 = 5580Y - 691920

2 _ —_—
13 (22yn+3 - 29542yn+11,‘:>"’:L]'4'y2n+2 - 2y2n+4) X*= 212040Y 999132480

14 | (778Yy. — 29542y,,1,3114y,. 5 —82Y51.4) X 2 = 5580Y — 691920

3.3. Consider m=x.,; +VY,,N=X,,,. Observe tht M>Nn>0.Treat m,n as the
generators of the Pythagorean triangle T (a, 3, y) , where

a=2mn,B=m’*-n%y=m?+n’

Then the following interesting relations are observed.

a) a-45B8+44y=-31
b) y—46a+180§ =31

2A

C) ) = Xps1Ynu

47a - 450 + 43y—180§ =62

4. Conclusion
In this paper, we have presented infinitely many integer solutions for the positive

pell equation y? =90x? +31.As the binary quadratic Diophantine equations are

rich in variety, one may search for the other choices of pell equations and
determine their integer solutions along with suitable properties.

whn
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