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Abstract. The binary quadratic Diophantine equation represented by the positive pellian 

3190 22 += xy  is analysed for its non-zero  distinct  solutions. A few interesting 
relations among the solutions are given. Further, employing the solutions of the above 
hyperbola, we have obtained solutions of other choices of hyperbolas, parabolas and  
Pythagorean triangle.  
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1. Introduction 
The  binary quadratic equation of the form 122 += Dxy  where D is non-square positive 
integer  has been selected by various mathematicians for its non-trival integer solutions 
when  D takes different integral values[1-4]. For an extensive review of various 
problems, one may refer [5-14]. In this communication, yet another an interesting 

equation given by 3190 22 += xy  is considered and infinitely many integer solutions are 
obtained. A few interesting properties among the solutions are presented. 

 
2.  Method of analysis 
The positive pell equation representing hyperbola under consideration is, 

                                 3190 22 += xy                                                                    (1) 

 The smallest positive integer solutions of (1) are,  

                  11,1 00 == yx  
 The general solution ( )nn yx ,  of (1) is given by 

                  nnnn gxfy
902
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Applying Brahamagupta Lemma between ( )00 , yx  and ( )nn yx ~,~ , the other integer 
solutions of (1) are given by 
  nnn gfx 1190902 1 +=+  

  nnn gfy 90112 1 +=+  
The recurrence relations satisfied by the solutions yx &  are given by 
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Some numerical examples of yx &  satisfying (1) are given in the Table 1 below: 
Table I: Examples 

N nx  ny  

0   1 11 

1              41 389 

2            1557   14771 

3          59125              560909 

4        2245193  21299771 

 
From the above table, we observe some interesting relations among the solutions 
which are presented below: 

� Both nn yandx  values are odd. 

� Each of the following expressions is a nasty number 
 

� 
31

37222866 2232 +− ++ nn xx
     

� 
1178

141368862666 2242 +− ++ nn xx
 

� 
589

706844280132 2232 +− ++ nn xy
 

� 
22351

2682121681560132 2242 +− ++ nn xy
 

� 
31

372886262334 3242 +− ++ nn xx
 

� 
589

706810804668 3222 +− ++ nn xy
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� 
31

372442804668 3232 +− ++ nn xy
 

� 
589

706816815604668 3242 +− ++ nn xy
 

� 
22351

2682121080177252 4222 +− ++ nn xy
 

� 
589

706844280177252 4232 +− ++ nn xy
 

� 
961

115321681560177252 4242 +− ++ nn xy
 

� 
62

74412492 3222 +− ++ nn yy
 

� 
2356

282721218684 4222 +− ++ nn yy
 

� 
62

74449218684 4232 +− ++ nn yy
 

� Each of the following expressions is a cubical integer 
� ( )123343 11673338911961 ++++ −+− nnnn xxxx  

� )44313331477111(1387684 133353 ++++ −+− nnnn xxxx  

� ( )123343 2214066738022346921 ++++ −+− nnnn xyxy  

� ( )33533353 8407806628026022499567201 ++++ −+− nnnn xyxy  

� ( )234353 44313116714771389961 ++++ −+− nnnn xxxx  

� ( )214333 5402334180778346921 ++++ −+− nnnn xyxy  

� ( )224343 2214023347380778961 ++++ −+− nnnn xyxy  

� ( )234353 8407802334280260778346921 ++++ −+− nnnn xyxy  

� ( )315333 5408862618029542499567201 ++++ −+− nnnn xyxy  

� ( )325343 2214088626738029542346921 ++++ −+− nnnn xyxy  

� ( )335353 8407808862628026029542961 ++++ −+− nnnn xyxy  

� ( )214333 62462823844 ++++ −+− nnnn yyyy  

� ( )315333 69342231145550736 ++++ −+− nnnn yyyy  

� ( )325343 24693428231143844 ++++ −+− nnnn yyyy  

� Relations among the solutions   
� 123 38 +++ −= nnn xxx  

� 121 192 +++ −= nnn xxy  

� 122 192 +++ −= nnn xxy  

� 123 5892235162 +++ −= nnn xxy  
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� 131 72176 +++ −= nnn xxy  

� 1324 +++ −= nnn xxy  

� 133 72176 +++ −= nnn xxy  

� 121 18019 +++ −= nnn xyy  

� 123 18072119 +++ += nnn xyy  

� 132 192721 +++ += nnn xyx  

� 131 6840721 +++ −= nnn xyy  

� 231 2235158962 +++ −= nnn xxy  

� 232 192 +++ −= nnn xxy  

� 232 _192 +++ = nnn xxy  

� 212 18019 +++ += nnn xyy  

� 223 18019 +++ += nnn xyy  

� 132 2_19721 +++ = nnn yxx  

� 312 18019721 +++ += nnn xyy  

� 313 6840721 +++ += nnn xyy  

� 332 18019 +++ −= nnn xyy  

3. Remarkable observations 
3.1. Employing linear combinations among the solutions of (1), one may generate integer 
solutions for other choices of hyperbolas which are presented in the TableII below. 

Table II: Hyperbolas 
           

S.NO                                     ( )YX ,  Hyperbola 

1 ( )1221 38911,41 ++++ −− nnnn xxxx  384490 22 =− XY  

2 ( )1331 1477111,1557 ++++ −− nnnn xxxx  555073690 22 =− XY  

3 ( )1221 369011,389 ++++ −− nnnn xyyx  13876843604 22 =− XY  

4 ( )1331 28026022,229542 ++++ −− nnnn xyyx  199826880490 22 =− XY  

5 ( )2332 14771389,411557 ++++ −− nnnn xxxx  384490 22 =− XY  

6 ( )2112 180778,411 ++++ −− nnnn xyyx  1387684360 22 =− XY  

7 ( )2222 7380778,41389 ++++ −− nnnn xyyx     3844360 22 =− XY  

8 ( )2332 280260778,8229542 ++++ −− nnnn xyyx  138768490 22 =− XY  
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9 ( )3113 18029542,155711 ++++ −− nnnn xyyx  1998268804360 22 =− XY  

10 ( )3223 738029542,15573389 ++++ −− nnnn xyyx  1387684360 22 =− XY  

11 ( )3333 28026029542,155714771 ++++ −− nnnn xyyx  3844360 22 =− XY  

12 ( )2121 282,282 ++++ −− nnnn yyyy  13834090 22 =− XY  
 

13 
( )3113 23114,2954222 ++++ −− nnnn yyyy  199826496090 22 =− XY  

14 ( )3223 823114,29542778 ++++ −− nnnn yyyy  138384090 22 =− XY  

 
3.2: Employing linear combinations among the solutions of (1), one may generate integer 
solutions for other choices of parabolas which are presented in the table III below. 

Table III: Parabolas 

S.No (X,Y) Parabola 

1  ( )223221 38911,41 ++++ −− nnnn xxxx  19223190 2 −= YX  

2  ( )224231 1477111,1557 ++++ −− nnnn xxxx  2775368117890 2 −= YX  

3  ( )223221 369011,389 ++++ −− nnnn xyyx  589180 2 −= YX  

4  ( )224231 28026022,229542 ++++ −− nnnn xyyx  447090 2 −= YX  

5  ( )324232 30286541,583247 ++++ −− nnnn xxxx  192290 2 −= YX  

6  ( )322212 180778,411 ++++ −− nnnn xyyx  693842589360 2 −= YX  

7  ( )323222 7380778,41389 ++++ −− nnnn xyyx  192231360 2 −= YX  

8 ( )324232 280260778,8229542 ++++ −− nnnn xyyx  
69384258990 2 −= YX

  

9  ( )422213 18029542,1557111 ++++ −− nnnn xyyx  
99913440222351360 2 −= YX

 

10  ( )423223 7380_29542,1557389 ++++ − nnnn xyyx  693842589360 2 −= YX  

11 
( 424233 28026029542,155714771 ++++ −− nnnn xyyx

 
1922360 2 −= YX  
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12  ( )322221 282,282 ++++ −− nnnn yyyy  69192055802 −= YX  

13 ( )422213 23114,2954222 ++++ −− nnnn yyyy  
9991324802120402 −= YX

 

14 ( )423213 823114,29542778 ++++ −− nnnn yyyy  69192055802 −= YX  
 
3.3. Consider 111 , +++ =+= nnn xnyxm . Observe that .0>> nm Treat m,n as the 
generators of the Pythagorean triangle ),,( γβαT , where  

2222 ,,2 nmnmmn +=−== γβα  

Then the following interesting relations are observed. 
a) 314445 −=+− γβα   

b)  3118046 =+−
P

Aαγ  

c)   11
2

++= nn yx
P

A
 

62180434547 −=−+−
P

Aγβα  

4. Conclusion 
In this paper, we have presented infinitely many integer solutions for the  positive 
pell equation 3190 22 += xy .As the binary quadratic Diophantine equations are 
rich in variety, one may search for the other choices of  pell equations and 
determine their integer solutions along with suitable properties. 
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