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Abstract.  We search for three distinct polynomials with integer coefficients such that the 
product of any two members of the set added with their sum and increased by a non-zero 
integer (or polynomial with integer coefficients) is a perfect square. 
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1. Introduction 
Mathematics is the language of patterns and relationships, and is used to describe 
anything that can be quantified. The main goal of Number theory is to discover 
interesting and unexpected relationships. It is devoted primarily to the study of natural 
numbers and integers. In [1-7], theory of numbers were discussed. Many mathematicians 
considered the problem of the existence of Diophantine triples & special dio 3-tuples 
with the property )(nD for any arbitrary integer n  and also for any linear polynomials n
[8-10].  

In this communication, we present a few special dio 3-tuples for Pentatope 
numbers of different ranks with their corresponding properties. 

 
Notation 

 nPT  = Pentatope number of rank n = )3()2()1(
24

1 +++ nnnn  

2. Basic definition 
A set of three distinct polynomials with integer coefficients ( )321 ,, aaa is said to be a 

special dio 3-tuple with property )(nD  if ( ) naaaa jiji +++∗
 
is a perfect square for 

all 31 ≤<≤ ji , where n may be non-zero integer or polynomial with integer 
coefficients. 
 
3. Method of analysis 
Case 1:  Construction of Dio 3-tuples for Pentatope number of rank n and 2−n . 
 Let 2PT24,PT24 −== nn ba  be Pentatope numbers of rank n and 2−n  

respectively such that 1)( +++ baab  is a perfect square say 2α . 
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 Let c be any non-zero integer such that  

   ( ) 21 β=+++ caac              (1) 

( ) 21 γ=+++ cbbc              (2) 
On solving equations (1) and (2), we get 

( ) ( ) 011 22 =+−+ γβ ab             (3) 

Assume ( )yax 1++=β  and ( )ybx 1++=γ ,            (4) 

 it reduces to    ( )( ) 22 11 ybax ++=              (5) 
The initial solution of the equation (5) is given by 

1,1432 0
234

0 =−−−+= ynnnnx  

Therefore,  nnnn 2882 234 +++=β  

On substituting the values of a and β  in equation (1), we get 

)1374(PT61484 23
2n

234 +++−=−++= nnnnnnc  

Hence, The triple ( ))1374(PT6 ,PT24 ,PT24 23
2n2-nn +++− nnn  is a Dio 3-tuple 

with property )1(D . 
 A few numerical examples of the Dio 3-tuples satisfying the above property are 
mentioned below. 

Table 1: 
n  Dio 3-tuples with property 

)1(D  
1 (24, 0, 15) 
2 (120, 0, 143) 
3 (360, 24, 575) 
4 (840, 120, 1599) 
5 (1680, 360, 3599) 

 
We present below, some of the Dio 3-tuple for Pentatope number of rank mentioned 
above with suitable properties. 

Table 2: 
a  b  c  )(nD  

nPT24  
PT24 −n

 

 

)1374(PT6 23
2n −++− nnn  

( )nnnnD 8642 234 −−+  

nPT24  
PT24 −n

 
)3374(PT6 23

2n −++− nnn  ( )1161284 234 +−−+ nnnnD  

nPT24  
PT24 −n

 
)5374(PT6 23

2n −++− nnn  
( )42418126 234 +−−+ nnnnD

 

nPT24  
PT24 −n

 

)7374(PT6 23
2n −++− nnn

 

( )93224168 234 +−−+ nnnnD
 

nPT24  
PT24 −n

 
)9374(PT6 23

2n −++− nnn  
( 1640302010 234 +−−+ nnnnD

 



Special Dio 3-tuples for Pentatope Number 

121 
 

 
In general, it is noted that the triple  

                       ( )))12(374(PT6 ,PT24 ,PT24 23
2n2-nn −−++− knnn    

is a Dio 3-tuple with the property ( )2234 )1(8642 −+−−+ knknknknkD , where 

 ,2,1,0 …=k  
 
Case 2:  Construction of Dio 3-tuples for Pentatope number of rank n and 1−n . 
Let 1PT24,PT24 −== nn ba  be Pentatope number of rank n and 1−n  respectively 

such that 1)( +++ baab  is a perfect square say 2α . 
 Let c be any non-zero integer such that  

   ( ) 21 β=+++ caac              (6) 

( ) 21 γ=+++ cbbc              (7) 
Solving (6), (7) and using (4), we have  

( )( ) 22 11 ybax ++=              (8) 
The initial solution of the equation (8) is given by 

1,1234 0
234

0 =−−++= ynnnnx  

Therefore,  nnnn 414102 234 +++=β  
 
On substituting the values of a and β   in equation (6), we get 

)1354(PT6116164 23
2n

234 −−++=−++= nnnnnnc  
 

Hence, the triple ( ))1354(PT6 ,PT24 ,PT24 23
2n1-nn −−++ nnn  is a Dio 3-

tuple with property )1(D . 
 
A few numerical examples of the Dio 3-tuples satisfying the above property are 

mentioned below. 
 

Table 3: 
n  Dio 3-tuples with property 

)1(D  
1 (24, 0, 35) 
2 (120, 24, 255) 
3 (360, 120, 899) 
4 (840, 360, 2303) 
5 (1680, 840, 4899) 

 
We present below, some of the Dio 3-tuple for Pentatope number of rank 

mentioned above with suitable properties. 
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Table 4: 

a  b  c  )(nD  

nPT24  1PT24 −n

 

)1354(PT6 23
2n +−++ nnn

 

( )nnnnD 4682 234 −++  

nPT24  1PT24 −n

 

)3354(PT6 23
2n +−++ nnn

 

( )1812164 234 +−++ nnnnD  

nPT24  1PT24 −n

 

)5354(PT6 23
2n +−++ nnn

 

( )41218246 234 +−++ nnnnD
 

nPT24  1PT24 −n

 

)7354(PT6 23
2n +−++ nnn

 

( )91624328 234 +−++ nnnnD
 

nPT24  1PT24 −n

 

)9354(PT6 23
2n +−++ nnn

 
( 4 3 210 40 30 20 16D n n n n+ + − +

 

   
In general, it is noted that the triple 

( )))12(354(PT6 ,PT24 ,PT24 23
2n1-nn −+−++ knnn   is a Dio 3-tuple with the 

property ( )2234 )1(4682 −+−++ knknknknkD , where  ,2,1,0 …=k  

Case 3:   Construction of Dio 3-tuples for Pentatope number of rank n and 3−n . 
Let 3PT24,PT24 −== nn ba  be Pentatope number of rank n and 3−n  respectively 

such that 1)( +++ baab  is a perfect square say 2α . 
Proceeding as in case1, we have the initial solution of the equation as 

1,17 0
24

0 =+−= ynnx  

 Therefore,  26462 234 ++++= nnnnβ  

On substituting the values of a and β , we get 

)33312(PT6384 23
2n

24 −++−=++= nnnnnc  

Hence, The triple ( ))33312(PT6 ,PT24 ,PT24 23
2n3-nn −++− nnn  is a Dio 

3-tuple with property )1(D . 
A few numerical examples of the Dio 3-tuples satisfying the above property are 

mentioned below. 
Table 5: 

n  Dio 3-tuples with property 
)1(D  

1 (24, 0, 15) 
2 (120, 0, 99) 
3 (360, 0, 399) 
4 (840, 24, 1155) 



Special Dio 3-tuples for Pentatope Number 

123 
 

5 (1680, 120, 2703) 
We present below, some of the Dio 3-tuple for Pentatope number of rank 

mentioned above with suitable properties. 
 

Table 6: 
a  b  c  )(nD  

nPT24  3PT24 −n  )53312(PT6 23
2n −++− nnn  ( )4142 24 +− nnD  

nPT24  3PT24 −n  )73312(PT6 23
2n −++− nnn  ( )9284 24 +− nnD  

nPT24  3PT24 −n  )93312(PT6 23
2n −++− nnn  ( )16426 24 +− nnD  

nPT24  3PT24 −n  )113312(PT6 23
2n −++− nnn  ( )25568 24 +− nnD  

nPT24  3PT24 −n  )133312(PT6 23
2n −++− nnn  ( )367010 24 +− nnD  

   
In general, it is noted that the triple  

( )))32(3312(PT6 ,PT24 ,PT24 23
2n3-nn +−++− knnn   is a Dio 3-tuple with the 

property ( )224 )1(142 ++− knknkD , where  ,2,1,0 …=k  
 
4. Conclusion 
In this paper we have presented a few examples of constructing a special Dio 3-tuples for 
Pentatope number of different ranks with suitable properties. To conclude one may 
search for Dio 3-tuples for other numbers with their corresponding suitable properties. 
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