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Abstract. Let H be a Hilbert space and ldtbe a positive bounded operator BnThe
Semi Inner Product | 1), :=(£|n) , & m€ H induces a Semi norrij. ||,on H. This
makes H into a Semi- Hilbertian Space. In this Manuscripe introduce the
Generalization of Normal Operator named @31 - power quasi hormal operators [6]
in Semi - Hilbertian Spac@, |. || 4) with the help of the papers like positive normagl,
normal, A-quasi normal,(4,n)-power quasi normal and also isometries in the same
space. Now we generalize the above papers and niaaed, m) - power quasi normal
operators in semi - hilbertian spaces.
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1. Introduction

A bounded linear operat@ on a complex Hilbert space is quasi-normal iandT*T
commute. The class of quasi-normal operators was fintroduced and studied by
A.Brown [5] in 1953. From the definition, it is elgsseen that this class contains normal
operators and isometries. In [6] the author intodlisome generalization of normal
powers operators in Hilbert Space and studied sufrtiee properties. The Purpose of the
present paper is to study the class(mfim)- power quasi normal Operators in Semi-
Hilbertian Spaces. Through out this Manuscriptdenotes the complex Hilbert Space
with Inner Product?| B B(H) is the algebra of all bounded linear Operators Hp
B(H)* is the cone of Positive (semi definite) Operatafs B(H) i.e., B(H)*
:={A € B(H): (A¢|&) = 0,V¢ € H}.

2. Preliminaries

For everyT € B(H), N(T),R(T) andR(T) denotes the null space, the range space and
the closure of the range @fand its adjoint operator BY. Given the positive operator
A€ B(H)*, we consider the Semi Inner Produ(:t| aiHXH - C defined by
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(E|n)A = (A¢|n)vé,n € H. In general this semi inner product induces a seanm,

1 1
I 11, defined byll¢ L4 = ((4¢] €07 = ||4z¢]|.
It is easily seen thaf|. || 4is a norm onH if and only if A is injective, and the semi —
normed spacéB(H), |. |4 is complete if and only iR(A) is closed.
The above semi norm induces a semi norm on thepaichB“ (H) of B(H)
BA(H) = {T € B(H)/3c > 0: ||T¢l| 4 < cll€ll V¢ € H}.
Operators irB4(H) are calledd- bounded operators.

3. Main results
The set of allA- bounded operators which admit Aradjoint is denoted b, (H). By
Douglas theorem [2,8] we have that

Ba(H) = {T € B(H)/R(T*A)cR(A)}
If T € By(H), then there exists a distinguishdd adjoint operator off, namely the
reduced solution of equatiohX = T*A4, that iSA'T*A. We denote this operator By .
There forel# = A'T*A and
AT? = T*A, R(T*)cR(A) andV(T#) = N(T*A).

Here A’ denotes the Moore - penrose inverselolt is defined as the unique
linear extension of A=* where 4 is the isomorphism. We are having four Moore —
penrose equations such that

AXA=AXAX =X,XA=P  AX = Pray |p)
1. LetT € B4(H). Then the following statements hold.

a) T* € By(H), (T?)* = PrezyTPreayand(T#¥)? = T7.

b) If S € B,(H) thenTS € B,(H)and(TS)? = S*T?.

c) T#Tand'T# areA-self adjoint.

1 1

d) ITlla = ||77]|, = IT*T[|3 = [|TT*][2

e) ISl = ||T7|| for everys € B(H) which is and- adjoint ofT.

f) If S € By(H)then||TS||4 = |IST||4.

2. (AYH# = Alfor everyt > 0, if A€ B(H)* and if AT = TA thenT? = PT",

hereP = Py [8]-

The classes of normal, quasi normal, n- quasi npris@metries, partial isometries,
etc., on Hilbert Spaces have been generalizedni@débertain spaces by many authors
in many papers.

In the following definition we collect the notio$ some classes d- Operators.

2. ForT € B(H), an operato§ € B(H) is called am-adjoint ofT if for every§,ne H we
have(T¢ | n), = (€| Sn), i.e.AS = T*A.
If T is an adjoint of itself, thefi is called am- self adjoint operat@dT = T*A).

Definitions 3.1.
1. A-isometry ifT*AT = A © ||[T¢|l4 = |I€l|4, VE € H
2. A- normal ifT*AT = TAT* & ||Té||, = ||IT*¢|4, VE € H
3. A- partial isometry if|T¢||, = ||€1|,VE € N(AT)4
4. A- unitary if for any¢ € H,thelW*AT = TAT* = A & ||T*¢||4 = |IT¢||la = I€]la
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5. A- hyponormal ifTAT* < T*AT & ||T*¢||4 < |ITél|4,VE EH

4. A — (n,m)- power quas normal operator in semi-hilbertian spaces (H,(.|.)4)
In this section we introduce the conceptdof (n, m)- power quasi normal operators in
semi-Hilbertian spaces.

Definition 4.1. An Operatof € B,(H) is said to bgn, m)- quasi normal operators in
for a positive integen, m if
TYT#)™T = (TH™TT™ (1)

Remark: Everyn-quasi normal ign, 1)- quasi normal but the converse, evény1)-
guasi normal is nat-quasi normal by [6].

The equality (1) can be written §&™(T*)™ — (T#*)™T"|T = 0. We called it asA —
(n, m)-power quasi normal operators in Semi-Hilbertiaap

Definition 4.2. We say thal' € B(H) is anA- positive if AT € B(H)* (or) equivalently
(T¢|€), =0 VEEH.

Remark. The Inequality Cauchy-Schwartz far positive operator. If
T € B(H) is A- positive, then

KTEImal? < (TEIMalTEIMaVE,n € H
Result 4.3. T € B,(H)is said to bed- normal then

R(TT#)cR(A) & ||T#T¢||, = ||TT*¢| ¢ € H
Lemma4.4. LetT € B,(H), thenT isA — (n, m)- quasi normal operator if and only if
77|, = IT"* ]l a.
Proof: Let us choose thg:, m)- quasi normal in the following way to prove theulk:.
[Tn(Tﬂ‘)m _ (T#)an]T =0
e (A[T(TH™ — (TH™T"|TE|E) = 0

o (AT(TH™TE[E) = (ATH™(TMT)E|E)
& (AT(T™TEE) = ((TH™ATTEE)
& (AT#m|T#me) = (TP ATTHE)

& e’ = T
< [Tl = 1Tl

Proposition 4.5. LetT,S € B4(H) areA — (n, m)-quasi normal operators. Then the
following property hold.

If S(T™T) = (T™T)Sand(ST)" = S"T™, thenTS is A — (n, m)-quasi normal
operator.
Proof: For all¢ € H, we have that
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||(TS)W‘T55||A = ||SWT"L#TSE||A
< |ls™est™Te]|
< ||sm#STm#T§||A
[TH™#Ts¢]|,, < [[(CTsH)™ %],

Proposition 4.6. LetT € B,(H),B = T™ + T™TandC = T™ — T™T. Then we have
T € A — (n,m)-quasi normal if and only # commutes with .

Proof: We haveBC = CB

S(T™ + T™T)(T™ — T™T) =(T™ — T™T)(T" + T™T)

@(TZn _ Tn+1Tm# + TﬂLﬂ‘Tn+1 _ (TﬂLﬂ‘T)Z

— (TZn + Tn+1Tm¢f _ TﬂLﬂ‘Tn+1 _ (TmffT)Z

&(TT™T = T™TT™)

Theorem 4.7. Let S, T be twoA — (n, m)-quasi normal such that
ST =TS = S™T =T#m5 = 0. ThenS + T is A — (n, m)-quasi normal.
Proof:
S+DYS+TY™ES +T) =S+ THES™ +T™)(S +T)
= (SnS™F 4 SNT™ 4 TISME 4 TRT™H)(S + T)
= (S™S™ + T"T™#)(S + T)
= (Smﬁ‘sn+1) + (Tn+1Tm#)
= (S+T)™(S+T)"

Hence proved.

5. Conclusion

Here by concluded that the Generalization of Nor@werators can also be worked in
the Semi-Hilbertian Spaces. In further studies wisk will be extended and serves as a

tool for other works.
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