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1. Introduction 
The Diophantine equation offer an unlimited field for research due to their variety [ ]31− . 

In particular, one may refer [ ]124 −  for quadratic equation with three unknowns. The 
communication concerns with yet another interesting equation

( ) ( ) 222 154253 zyxxyyx =+++−+  representing non-homogeneous quadratic equation 
with three unknowns for determining its infinitely many non-zero integral points. Also, a 
few interesting relations among the solutions are presented. 
 
2. Notations 
1. Polygonal number of rank n with side m 

( )( )







 −−+=
2

21
1,

mn
nt nm

 

2. Gnonomic number of rank n 
( )12 −= nGn

 
 
3. Pronic number of rank n 

( )1+= nnPR
n

 
 
4. Centered Hexagonal pyramidal number of rank n 

3

6, nCPn =  
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5. Centered Polygonal number of rank n with m sides 
( )

2

21
,

+−= nmn
Ct

nm
 

 
6. Stella Octangular number of rank n 

( )12 2 −= nnSO
n

 
 
3. Method of analysis 
The equation representing the ternary quadratic equation to be solved for its non-zero 
distinct integer solution is 

( ) ( ) 222 154253 zyxxyyx =+++−+                           (1)  
The substitution of   linear transformations 

0,, ≠≠−=+= vuvuyvux                            (2) 

in ( )1  leads to 
222 1511 zvU =+                             (3) 

 where 
2−= uU                  (4) 

Assume that  
22 baz +=                              (5) 

 
3.1. Pattern-1 
Write 15  as 

( )( )11211215 ii −+=                (6) 

Substituting ( ) ( ) ( )6,5,4  in ( )3  and using the method of factorization we get, 

( )( ) ( ) ( ) ( )( )11211211111111
22

iibiabiaviUviU −+−+=−+           (7) 
Equating the positive and negative factors, the resulting equations are 

( ) ( )( )2

1111211 biaiviU ++=+               (8) 

( ) ( )( )2

1111211 biaiviU −−=−               (9) 

Equating the real and imaginary parts in ( )8  

abbav

abbaU

411

22222
22

22

+−=
−−=

                          (10) 

In view of ( )4  

abbav

abbau

411

222222
22

22

+−=
−−−=

             (11) 

Substituting ( )11  in ( )2 , 

( )
( )
( ) 22

22

22

11,

22611,

218333,

babazz

abbabayy

abbabaxx

+==
−−−==
−−−==

  

Thus the above equation represents the non-zero distinct integer solutions to ( )1  
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Properties:      
1. ( ) ( ) 0601,31, =−+−+

a
PRaayaax  

2. ( ) ( ) ( )2mod048,, ,4 ≡+− ataazaay  

3. ( ) ( ) ( )15mod91,1, ,10 ≡−+
a

tazax  

 
3.2. Pattern- 2 
Instead of ( )6 , 15  can be written as 

( )( )
4

117117
15

ii −+=  

Proceeding as in Pattern: 1, the non-zero distinct integral solutions to ( )1  as 

( )
( )
( ) 22

22

22

11,

218333,

24444,

babazz

abbabayy

abbabaxx

+==
−−−==

−−−==
 

 
Properties: 
1. ( ) ( ) ( )3mod11,41, ,18 ≡−+

a
tazax  

2. ( ) ( ) ( )11mod01,1, 2,4 ≡−−− aSOtayax a
 

3. ( ) 012, ,4 =− ataaz  

 
3.3. Pattern-3 
The substitution of linear transformation  

σ2,15,11 =+=+= UTXVTXz             (12) 

in ( )3  leads to 
222 165 σ+= TX  
222 165TX =− σ               (13)  

Write ( )13  as 

( )( ) 2165TXX =−+ σσ                          (14) 

The equation ( )14  is written as the system of two equations as follows 

 System        1         2        3        4         5        6 
σ+X  T15  15  165  T55  55  255T  
σ−X  T11  211T  2T  T3  23T  3  

 
System 1:  
Consider  

TX 15=+σ  
TX 11=−σ  

And solving we get  
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=
=
=

kT

k

kX

2

4

26

σ                (15) 

Substituting ( )15   in ( )12  and ( )2 , we get the corresponding non-zero distinct integer 

solutions to ( )1  as 

( )
( )
( ) kkz

kky

kkx

48

248

264

−=
−−=

−=

 
 
Properties: 
1. ( ) ( )( )116 yx +   is a nasty number  

2. ( ) ( )46mod01 ≡−−
k

Gkz  

3. ( ) ( ) ( ) ( )2mod062 ,4

222 ≡−++
k

tkzkykx  

 
System 2: 
Consider 

15=+σX  
211TX =− σ  

And solving we get 









+=
+−−=

++=

12

22222

30822
2

2

kT

kk

kkX

σ                           (16) 

Substituting ( )16  in ( )12  and ( )2 , we get the corresponding distinct non-zero integral 

solutions to ( )1  as 

( )
( )
( ) 244422

269666

30822

2

2

2

++=
−−−=

++−=

kkkz

kkky

kkkx

 
         
Properties: 
1. ( ) ( ) ( )147mod56,90 ≡−− ktkykx  

2. ( ) ( ) ( )4mod0176 ,3 ≡++ ktkykx  

3. ( ) ( ) ( )50mod5≡−+ kGkzkx  
 
System 3: 
Consider 

165=+σX  
2TX =− σ  

And solving we get,  
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−=
++−=

+−=

12

8222

8322
2

2

kT

kk

kkX

σ                           (17) 

Substituting ( )17  in ( )12  and ( )2 , we get the corresponding non-zero distinct integer 

solution to ( )1  as  

( ) 230322 2 ++−= kkkx  

( ) 94246 2 +−−= kkky  

( ) 72202 2 ++= kkkz  
 
Properties: 
1. ( ) 01 6,4 =− CPy  

2. ( ) ( ) ( )16mod416 ,3 ≡++
k

tkykx  

3. ( ) ( ) ( ) ( )37mod27,6 ≡−−− ktkzkykx  

 
System 4: 
Consider 

TX 55=+σ  
TX 3=−σ  

And solving we get, 









=
=
=

kT

k

kX

2

52

58

σ                (18) 

Substituting ( )18  in ( )12  and ( )2 , we get the corresponding distinct non-zero integral 

solutions to ( )1  as  

( ) 2192 −= kkx  

( ) 216 −= kky  

( ) kkz 80=  
 
Properties: 
1. ( ) ( )14mod01 ≡+− kGky  

2. ( ) ( ) ( )176mod21762 ,176 ≡−+− kk PRCtkykx  

3. ( ) ( ) ( )2mod064 ,4

22 ≡−− ktkykz  

 
System 5: 
Consider 

55=+σX  
23TX =− σ  

And solving we get, 
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+=
+−−=

++=

12

2666

2966
2

2

kT

kk

kkX

σ                           (19) 

Substituting ( )19  in ( )12  and ( )2 , we get the corresponding non-zero distinct integer 

solutions to ( )1  as 

( ) 94246 2 ++−= kkkx  

( ) 64818 2 +−−= kkky  

( ) 40286 2 ++= kkkz  
 
Properties: 
1. ( ) ( ) ( )60mod2824 ,3 ≡−− ktkykx  

2. ( ) ( ) 011 2 =−+ SOzy  

3. ( ) ( ) ( )134mod0521212 ≡−−+− kGkzkx  
 
System 6: 
Consider  

255TX =+ σ  
3=−σX  

And solving we get, 









+=
++=
++=

12

26110110

29110110
2

2

kT

kk

kkX

σ              (20) 

Substituting ( )20  in ( )12  and ( )2 , we get the corresponding distinct non-zero distinct 

integral solutions to ( )1  as 

( ) 94330330 2 ++= kkkx  

( ) 680110 2 ++= kkky  

( ) 40132110 2 ++= kkkz  
 
Properties: 
1. ( )( ) ( )( ) ( )2mod0521212 ,6 ≡−−−−

k
tkkykkz  

2. ( ) 01 14,4 =− ty  

3. ( ) ( ) ( ) ( )38mod10110 ≡−−−
k

PRkzkykx  
 
3.4. Pattern- 4 
( )3  can be rewritten as 

( )2222 154 vzvU −=−                           (21) 

Write ( )21  in the form of ratio as  
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( )
0,

2

152 ≠=
−

−=
+
+ β

β
α

vU

vz

vz

vU
 

which is equivalent to the following two equations, 
( ) 02 =−−+ zvU ααββ  

( ) 015215 =−−+ βαβα zvU  
On employing the method of cross multiplication, we get  

22 30302 βαβα +−=U  
22 15βα −=v  

22 154 βαβα +−=z  

In view of ( )4 , 

22

22

22

154

15

230302

βαβα
βα

βαβα

+−=
−=

−+−=

z

v

u

                         (22) 

Substituting ( )22  in ( )2 , we get  

( )
( )
( ) 








+−==
−+−==
−+−==

22

22

22

154,

24530,

215303,

βαβαβα
βαβαβα
βαβαβα

zz

yy

xx

                        (23) 

Thus ( )23  represent non-zero distinct integral solutions of ( )1  
 
Properties: 
1. ( ) ( ) ( )3mod021,1, ,4 ≡−− ααα tyx  

2. ( ) 012, ,4 =− ααα tz  

3. ( ) ( ) ( )53mod491,1,3 ,18 ≡−− ααα tyx  
 
4. Conclusion 
 In this paper, we have made an attempt to obtain all integer solutions to ternary quadratic 
equation ( ) ( ) 222 154253 zyxxyyx =+++−+ .One may search for other patterns of 

solutions and their corresponding properties. 
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