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Abstract. An attempt has been made to obtain pattern of non-zero distinct integral 
solutions to the homogeneous biquadratic equation with five unknowns represented by 

( ) ( ) 222442 pwzyx −=−   is analyzed and  various interesting relations between the 
solutions and special numbers namely polygonal numbers , pyramidal numbers are 
exhibited . 
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1. Introduction 
The Theory of  Diophantine Equations offer a rich variety of fascinating problems . In 
particular biquadratic Diophantine homogeneous and non-homogeneous have aroused the 
interest of numerous mathematicians. Since antiquity [ ]31− . In this context, one may 

refer [ ]74 −  for various problems on the biquadratic Diophantine equations. However 
often we come across homogenous biquadratic equations and as such are may require its 
integral solutions in its required general form this paper concern with the homogenous 
biquadratic equations with five unknowns equations for determining its infinitely many 
non-zero integral solutions. Also a few interesting properties among the solutions are 
presented. 
 
2. Notations 
1. Polygonal number of rank n with sides m 

( )( )







 −−+=
2

21
1,

mn
nt nm

 

2. Pronic number of rank n 

( )1+= nnPRn
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3. Centered hexagonal pyramidal number of rank n 
3

6, nCPn =  

4. Centered polygonal number of rank n with m sides 

( )
2

21
.

+−= nmn
Ct

nm
 

5. Stellaoctangular number of rank n 

( )12 2 −= nnSo
n

 

3. Method of analysis 
The equations representing the biquadratic equation to be solved for its non-zero 
distinct integer solution is 

( ) ( ) 222442 pwzyx −=−                (1) 
The substitution of  linear transformation. 

vux += , vuy −=  , vuz 4+= , vuw 4−=                          (2) 

in ( )1  leads to 
222 pvu =+                              (3) 

Assume that 
22 bap +=                              (4) 

 
3.1. Pattern-1 
Rewrite ( )3  as 

1*222 pvu =+                                          (5) 
Write 1 as 

( )( )
25

4343
1

ii −+=                                         (6) 

Substituting ( )4  and ( )6  in ( )5  and using the  method of factorization we get , 

( )( ) ( ) ( ) ( )( )
25

434322 ii
ibaibaivuivu

−+−+=−+                         (7) 

Equating the positive and negative factors , the resulting equation are 

( ) ( ) ( )
5

432 i
ibaivu

++=+                            (8) 

( ) ( ) ( )
5

432 i
ibaivu

−−=−                            (9) 

Equating Real and Imaginary parts in ( )8  

[ ]

[ ]abbav

abbau

644
5

1

833
5

1

22

22

+−=

−−=
                                      (10) 
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Choose  Aa 5= , Bb 5=  in ( )10  

ABBAv

ABBAu

302020

301515
22

22

+−=
−−=

                         (11) 

The non-zero distinct integer solutions of ( )1  are presented by 

ABBAx 103535 22 −−=  
ABBAy 7055 22 −+−=  

ABBAz 809595 22 +−=  
ABBAw 1609595 2 −+−=  

22 2525 BAp +=  
 
Properties: 

( ) ( ) ( )5mod080,,.1 ≡++
A

PRAAyAAx  

( ) ( ) ( )2mod02402,1,1.2 ,240 ≡−−− AB PRCtBwBz  

( ) ( )35mod21021,.3 ,35 −≡+−+
nA

PRCtAAx  
 
3.2. Pattern-2 
The substitution of  the  linear transformation 

vux +=  , vuy −=  , vuz 22 +=  , vuw 22 −=  

in ( )1  leads  to   
222 vpu −=                           (12) 

which is equivalent to 
( )( )vpvpu −+=2          (13) 

which is expressed in the form of solution as 

0; ≻n
n

m

vp

u

u

vp =
−

=+
         (14) 

Now ( )14   is equivalent to that  two equations 

0

0

=−+
=−−

mpmvnu

nvnpmu
 

Applying the method of cross ratio, we get 
mnu 2=  

22 nmv −=  
22 nmp +=  

Thus in view of ( )2  the non-zero integral solutions of ( )1  are given by 
222 nmmnx −+=  
222 nmmny +−=  

22 224 nmmnz −+=  
22 224 nmmnw +−=  

22 nmp +=  
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Properties: 
( ) ( ) 01,11,1.1 ,2 =−+ rCPwz  

( ) ( ) 04,,.2 ,2 =−+ mtmmymmx  

( ) ( ) 041,1,.3 =−+++ mPRmmymmx  
 
3.3. Pattern-3 
 Instead of  ( ),2  one may consider the following transformation 

vux +=  , vuy −=  , 22 += uvz  , 22 −= uvw  
 Following the procedure presented in pattern 2, the other choices of integral solutions of 
( )1  are obtained by 

222 nmmnx −+=  
222 nmmny +−=  

( ) 24 22 +−= nmmnz  

( ) 24 22 −−= nmmnw  
22 nmp +=  

 
Properties: 

( ) ( ) 04,,.1 ,4 =−+ mtmmymmx  

( ) ( ) ( )8mod081,1,.2 6, ≡−+
m

Cpmwmz  

( ) ( ) ( )3mod0021,1,.3 ,4 ≡−−+ mm tSmwmx  

 
3.4. Pattern-4 
Instead of ( ),2 one may consider the following transformation 

vux +=  , vuy −=  , 14 += uvz  , 14 −= uvw  
Following the procedure presented in pattern 2, the other choices of integral solution of 
( )1  are presented by 

222 nmmnx −+=  
222 nmmny +−=  

( ) 18 22 +−= nmmnz  

( ) 18 22 −−= nmmnw  
22 nmp +=  

 
Properties: 

( ) 011,.1 ,4 =−−
m

tmp  

( ) ( ) ( )3mod01,21,.2 ,8 ≡−− mtmymx  

( ) ( )8mod181,.3 6, −≡− mCPmw  

 
3.5. Pattern-5 
( )3 is also satisfied by 

rsu 2=  
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22 srv −=  
22 srp +=  

Substituting the values of vu,  in ( ),2 the non-zero integer solutions of ( )1  are given 
below  

222 srrsx −+=  
222 srrsy +−=  

22 442 srrsz −+=  
22 442 srrsw +−=  

22 srp +=  
 
Properties: 

( ) ( )( )1,11,16.1 yx + is a nasty number 

( ) ( ) 0541,1,.2 ,4 =+−−+
rr

tPRrzrx  

( ) ( ) ( )5mod05,1,1.3 ,4 ≡−− stswsy  

 
4. Remarkable observations 
Triple 1: 
Let 000 ,, pvu  be the initial solution of ( )3  

hnuu +=
01

, hnvv +=
01

, 
0

npp
n

=          (15) 

be  the nd2  solution of ( )3  where h is a non-zero integer to be determined 

Then, from ( )3 , we get 

00
nvnuh −−=  

010101
,, nppnuvnvu =−=−=  

Hence the matrix representation of the above solution is 


















−
−

=








0

0

1

1

0

0

v

u

n

n

v

u
 

where 










−
−

=
0

0

n

n
A

 
Repeating the above process the general values for u and v  are given by  









=









o

n

n

n

v

u
A

v

u 0  

( ) ( )[ ] ( ) ( )[ ]
( ) ( )[ ] ( ) ( )[ ] 

























−+−−−

−−−−+
=









0

0

2

1

2

1
2

1

2

1

v

u

nnnn

nnnn

v

u

nnnn

nnnn

n

n  

Thus, the thn  solution as by  
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( ) ( )[ ] ( ) ( )[ ] 00 2

1

2

1
vnnunnu nnnn

n
−−−−+=  

( ) ( )[ ] ( ) ( )[ ] 00 2

1

2

1
vnnunnv nnnn

n
−++−−−=  

In view of ( )2 , the general solution of ( )1  is given by   

nnn
vux +=  

( ) ( )nn

n
nvnux −+−=

00
 

nnn
vuy −=  

( ) ( )nn

n
nvnuy

00
−=  
nnn

vuz 4+=  

( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]






 −++−−−+






 −−−−+= nnnnnnnn

n
nnnnvnnnnuz 2

2

1
2

2

1
00

 

nnn
vuw 4−=  

( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]






 −++−−−






 −−+−+= nnnnnnnn

n
nnnnvnnnnuw 2

2

1
2

2

1
00

 

0npp
n

=  
 
Triple 2: 
Let 000 ,, pvu be  the initial solution of ( )3  

hnuu += 01
, hnvv −= 01

, 
01 npp =                (16)  

Following the procedure as above the corresponding integer solutions of ( )1  are given by  

( ) ( )nn

n
nvnux

00
+=  

( ) ( )nn

n nvnuy −−−= 00  

( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]






 −++−−+






 −−+−+= nnnnnnnn

n
nnnnvnnnnuz 2

2

1
2

2

1
00

 

( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]






 −+−−−+






 −−−−+= nnnnnnnn

n
nnnnvnnnnuw 2

2

1
2

2

1
00

 
0npp

n
=

  
Triple 3: 
Let  000 ,, pvu  be the initial solution of ( )3  

hnuu −= 01
, hnvv −= 01 , 

01 npp =          (17) 

In this case, the corresponding integer solution ( )1  is given by               

( ) ( )nn

n
nvnux 00 +=  

( ) ( )nn

n
nvnuy 00 −=  

( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]






 −+−−−−






 −−−−+= nnnnnnnn

n
nnnnvnnnnuz 2

2

1
2

2

1
00
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( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]






 −++−−−






 −−+−+= nnnnnnnn

n
nnnnvnnnnuw 2

2

1
2

2

1
00

 
0npp

n
=  

 
5. Conclusion 
To conclude one may consider biquadratic equation  withmultivariables ( )5,≻  and search 
for their non-zero distinct integer solutions along with their corresponding properties. 
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