Journal of Mathematics and | nformatics
Vol. 11, 2017, 47-54

ISSN: 2349-0632 (P), 2349-0640 (online) Journal of ]
Published 11 December 2017 Mathema“cs and
WWW. T esear chmathsci.org -
DOI: http://dx.doi.org/10.22457/jmi v11a7 Informatics

Integral Points on the Cone 7x*-3y*=167°
B. Deebika' and G. Sumathi?

Department of Mathematics, Shrimati Indira Gandhi College, Trichy-2,
Tamilnadu, India. Tamilnadu, India
Ye-mail: deebikabalraj143@gmail.com; %e-mail: b.deepacharan@gmail.com

Received 1 November 2017; accepted 8 December 2017

Abstract. The cone represented by the ternary quadratic Diophantine equation
7x? —=3y? =16z7° is analyzed for its patterns of non-zero distinct integral solutions. A
few interesting properties between the solutions and specia polygonal numbers are
exhibited.
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1. Introduction

The ternary homogeneous quadratic Diophantine equation offers an unlimited field for
research because of their variety [1-2]. For an extensive review of various problems, one
may refer [3-5]. In this context one may also see [6-9] for integer solutions satisfying
specia three dimensional graphical representation. This communication concerns with

yet another interesting ternary quadratic equation 7x* —3y® =16z° representing a cone

for determining its infinitely many non zero integer solutions. A few interesting
properties among the solution and special numbers are presented. Also, given an integer
solution, three different triples of integer generating infinitely many integer solutions are

exhibited.

2. Notations used
» Polygona number of rank n with sizem

e 7in=2)
mn 2

Pyramidal number of rank n withsizem
P, = <In(n +)(m-2)n+ (5-m]

Pronic number of rank n
Pr. =n(n+2)
Centered polygonal number of rank n with m
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_mn(n-1)+2

Ct.,
’ 2

3. Method of analysis

Theternary quadratic Diophantine equation to be solved for its non-zero distinct integral

solutionis 7x* — 3y’ =16z°

To start with it is observed that (1) is satisfied by the following two non-zero

D

integer triples: (16k —8,24k —12,2k —1),(28k — 14,36k — 29,10k — 5). However, we have

the other choices of solutions which are illustrated below.

3.1. PATTERN-1
Introduce the linear transformations

X=X+3T,y=X+7T 2
in (1) leadsto,
X2 =211 +(22) ©)
which can be written as,
(X +2Z)(x -22)= 211" (4)
The equation (4) is written as the system of two equations as follows
System 1 2
X=-2Z T? e 3r?
X-2Z 21 3
System-1:
Consider,
X+2Z=T¢
X=-22=21
Solving these two equations we get,
X =2k?* -2k +11
Z=k*-k-5 (5)
T=2k-1
Substituting (5) in (2), we get the corresponding non-zero distinct integer solutionsto (1)
asfollows:
x=2k*+4k +8
y=2k*+12k +4
z2=k*-k-5
Properties:
x(k)+ y(k)-8t,, +1=0(mod4)
. 60y(2)

isanasty number
x(k) + z(k) - 3Pr, = 0(mod3)
System-2:
Consider,
X+2Z=T7T*
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X=-2Z=3
Solving these two eguations we get,
X =14k* =14k +5
Z=7k*-7k+1 (6)
T=2k-1
Substituting (6) in (2), we get the corresponding non-zero distinct integer solutionsto (1)
asfollows:
x=14k?* -8k +2
y=14k* -2
2=7k* -7k +1
Properties:
X(k) + Y(k) - 3T12,k - 3Ct4,k = O(mOd 3)

y(k) - z(k)-7Pr, = 0(mod3)

x()-cp,, =0

System-3:

Consider,
X+2Z=3T°*
X=-2Z=7

Solving these two eguations we get,
X =6k* -6k +5
Z =3k -3k-1 v
T=2k-1

Substituting (7) in (2), we get the corresponding non-zero distinct integer solutionsto (1)
as follows,
X=6k*+2
y=6k*+8k -2
2=3k*-3k-1
Properties:
x(k)+ y(k) - 4T,, =0(mod 4)
x(k) - z(k) -3kPr, = O(mod3)

. 2054 nasty number.

3.2. Pattern-2
Rewrite (4) in the form of ratio as
X+22 _ T _a guy )
21 X-2z g
which is equivalent to the following two equations
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LBX+26Z-21a =0
aX -2aZ - Br* =0}
Employing the method of cross multiplication we get,
X = -2(* +21a?)
Z=pB"+2la’
T =-4ap
Thusin view of (2), we get the non-zero distinct integral solution (1) are obtained by
X=-2(° -42a* -12PBa
y=-23*-42a’ - 28fa
z=p3"-2la*
Properties:
-x(a.1)-2T,, - 42 =0(mod 2)
. Z(LpB)-T,, =0(mod3)
. 6Xa.a)-y(a.a) is anasty number.

©)

Pattern 2(a)
In addition to (4) is expressed in the form of ratio as

X +27 e a
3 -X_ZZ-E,,B:&O (20)
Following the procedure as above the corresponding solutions of (1) are presented by
x=-143% -6a* -12Ba
y=-148° -6a’ - 28fBa
z=7p-3a°
Properties:

60(-22(a” 1)~ ylo* 1) -24T,, ) . anasty number.

-x(1 B)- y(1, B) - 28Pr,-12 = 0(mod 2)
2(a,a +1)-T,, -7=1mod2)

Pattern 2(b)
In addition to equation (4) is expressed in the form of ratio as
X +2Z 3r° a
7 _x—2z_[5”'6’¢0 ()
Following the procedure as above the corresponding solutions are
X=-64°-14a’ -12a
y =-6f4% —14a* - 28fa

z=3p*-7a°

Properties:
. Z1B)-x(0.p)-31,, -7=0(mod6)
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- y(a,a +2)-128t,, +1-12 = 0(mod 2)
x(@l)-+z(a)+39,, +1+9T,, =0

3.3. Pattern-3
Equation (3) is also satisfied by
T =2mn
2Z =21m* -n’ (12)
X =2Im’ +n’
asour interest centres an integer solutions,we choose m=2M,n=2N
in (12), we get
T =8MN
Z =42M?* -2N?
X =84M? +4N*
Thusin view of (2), corresponding the non- zero distinct integer solutions of equation (1)
are presented by

X=84M* + 4N? + 24MN
y=84M?* +4N? + 56MN
2=42M?* - 2N?

Properties:

60z(M.M) is 5 nasty number.
24[x(M ,M)]-12[y(M,M )] = 1408T, ,

28x(M,M)-12y(M,M )+ z(M,M ) - 2896T,,, = 0(mod 4)

3.4. Remarkable obsevations-4
|. If the non-zero integer tri ple(xo, Yos zo) isany solutions of (1) then each of the

following of non-zero distinct integer solution on also satisfies (1)

Triplel: (Xn ,Yn,ZO)

Let x,,Y,,z, betheinitial solution of (1)
Let

X =X,+2h

y,=Yy,+3h (13
Zl = ZD

be the second solution of (1), where hiis anon-zero integer to be determined.

Then, from(1), we get

h=18y, — 28X,
0 x =-55x, + 36y,
Y, = _84Xo - 55yo
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Hence the matrix representation of above solution is,

) 2
o]

-84 55
Repeating the above process the general valuefor X and y are given by

-27 18 28 -18
A" = +(-1)
-42 28 42 -27

S Sl

o

where Az[

Thusthe n" solution as
x, =(-27+28(-1)" Jx, +18{- (-1)' )y
y, = a1+ (1) - 28-27(-1)y,
z =2

n (]

[o]

Triple2: (XH,YO,Zn)

Let
X, =X, +3h
Y=Y, (14)
z, =2z +2h

be the second solution of (1).

Following the procedure as above, the corresponding integer solutions to (1) is given by
x, = (64+63(-1)")x, - 961+ (~1)")z,

Y. =Y,

z, = 4201+ (-1)")x, - (63+64(-1) )z,

Triple 3: (XO,Yn,Zn)

Let
X, = 24X,
y, =24y, —4h (15)
z, =24z +h

In this case the following procedure as above the corresponding integer solutions to
(1) isgiven by,

52



Integral Points on the Cone 7x?-3y*=167

X, =24" X,

ysﬁwmw“m¥%$ﬁF”wm“mﬁﬁa
)

48 (- 48)
_[ 4)" ), (-24) (24)" (3, (-24)"
= B 0+ 2 @)y« ) (o 2 )
[1. Employing the solutions (x, Y, z) of (1) each of following expressions among the
specia polygonal, pyramidal, central polygonal and pronic numbersis a perfect square

[aspe, | J3P
° _CtG‘x—Z _1 t3,y+1
—3PX3 2 ) 6Py5 2
L Lt Ct,, -1
r 2 2
6F’x“} _{3r-RY)
. _t3,2x t3,y
Pox | 4 2P%y ’
° L t3‘x t4,y
_ 2 2
oL tay

6. Conclusion
In this paper, we have obtained infinitely many non-zero distinct integer solutions to the

ternary quadratic Diophantine equation represented by 7x° —3y” =16z°. As quadratic
eguations are rich in variety, one may search for their choices of quadratic equation with
variables greater than or equal to 3 and determine their properties through special
numbers.
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