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Abstract. The homogeneous equation with five unknown 22233 )())(( pwzyxyx −=−−  
is analyzed for its nonzero distinct integer solutions. Employing the transformation and 
applying the method of factorization, different patterns of nonzero distinct integer 
solutions to the above bi-quadratic equation are obtained. A few interesting relations 
between the solutions and special number patterns namely polygonal and pyramidal 
numbers are presented.  
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1. Introduction 
Bi-quadratic Diophantine equations, homogeneous and non -homogeneous, have aroused 
the interest of numerous mathematicians since ambiguity as can be seen from [1-2] 
particularly In [3-5] bi-quadratic diophantine equations with three unknowns are 
considered In [6-9] bi-quadratic equation with four unknowns are considered In [10-12] 
bi-quadratic equation with five unknowns are considered. In this paper, another 
interesting bi-quadratic equation with five unknown given by  

22233 )())(( pwzyxyx −=−−  
is considered and five different patterns of integral solutions are illustrated. A few 
interesting properties between the solutions and special number patterns are exhibited. 
 
2. Notation 
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( )( )
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1,

mn
nT nm - Polygonal number of rank n with side m. 

� ( ) 116 +−= nnSn   - Star number of rank n 
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� ( )1+= nnPRn   - Pronic number of rank n 

� 
2

3

3,

nn
CPn

+=            - Centered triangular pyramidal number  of rank n 

� 
3

6, nCPn =   -Centered hexagonal pyramidal number of rank n 

� 12
2

−= nGno   - Gnomonic number 

� ( )12 2 −= nnSO n
 - Stella Octangular number of rank n 

� ( )( )nn
nJ 12

3

1 −−=  - Jacobsthal number of rank n. 

3. Method of analysis 
The Diophantine equation representing the biquadratic equation with five unknowns 
under consideration is. 

22233 )())(( pwzyxyx −=−−                            (1) 
The substitution of the linear transformations in (1) gives 

1-uv  w,1uvz v,-u y  , =+==+= vux               (2) 
222 3 pvu =+                  (3) 

We solve (3) through different methods and thus obtained different patterns  
of solutions to (1) 
 
3.1. Pattern 1 
Equation (3) can be written as  

0  B e      wher
3

≠=
−

=+
B

A

up

v

v

up               (4) 

Equation (4) is equivalent to the system of double equations. 

 
0 pB - vA  

0pA  -  vB 

=+
=+

uB

uA
                 (5) 

Solving (5) by applying the method of cross multiplication and using (2) the 
corresponding non-zero integer solution to (1) are obtained as 

( )
( )

( )
( )
( ) 22

33

22

22

22

3A    B A,  

126A    B A,  

126A    B A,  

23A    B A, 

23A    B A,  

Bpp

ABBww

ABBzz

ABByy

ABBxx

+==

+−==

+−==

−−==

+−==

               (6) 

 
Properties: 

1. ( ) ( ) ( ) 226   1 A,41 A,5y1 A,5 Apx =++ is a perfect square 

2. ( ) ( ) 0   4 20 - 2A 1,ApA 1,A ,4,4 =+++−+ AA ttz  

3. ( ) 42A
n 3J    1 ,2 +=p  
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Remark:  
In addition to (4), (3) may also be expressed in the form of ratios as presented below 

0  B       where
B

A

v

up3v ≠=+=
−up

 

  

Following the procedure as presented above the corresponding non zero integer solutions 
to (1) are found to be as given below. 

( )
( )
( )

( )
( ) 22

2244

2244

22

22

3A    B A,p  

1109A    B A, w 

1109A   B A,z  

23B    B A,  

23B    B A,  

Bp

BABw

BABz

ABAyy

ABAxx

+==

−−+==

+−+==

+−==

−−==

 

 
Properties: 

1. ( ) 04, ,4 =− AtAAp  

2. ( ) ( ) 24 A A,A A, Ayx =+  is a perfect square 

3. ( ) ( ) 04- 2PR-B 1,B 1, A =+ px  

 
3.2. Pattern 2 

 Let ( ) 22 3   b a,p  bap +==                (7) 
where a and b are non-zero district integers 
Using (3) and (7) and applying the method of factorization, define 

( )( ) ( ) ( )22
3333 biabiaviuviu −+=−+  

Equating real and imaginary parts we have 
 

abv

bau

2

3 22

=
−=

 

                (8) 

 
using (8) in (2), the corresponding non-zero distinct integral solutions of (1) are given by 

( )
( )
( )
( ) 162b a,

162b a,

23b a,

23b a,

33

33

22

22

−−==

+−==

−−==

+−==

abaww

abbazz

abbayy

abbaxx

 

                          (9) 

 
Thus, (7) and (9) represent the non- zero distinct integral solutions to (1) 
 
Properties: 
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1. ( ) ( ) 02881,11,1 ,3,4 =−−++++ AA ttAyAx  

2. ( ) ( ) 0241,1, ,4,3 =−++++ AA ttBBpBBy  

3.  ( ) ( ) ( ) 06241,1, ,4
2

,4,3 =+−++++ AAA tttBBpBBy  

4.    ( ) ( ) 027221,91, ,206, =−−−−+ AOAA GtCPApAw  

 
3.3. Pattern 3 
(3) can be written as 

1*3u 222 pv =+                (10) 

Write 1 as,  

 
( )( )

4

3131
1

ii −+=               (11) 

Using (7) and (11) in (10) and applying the method of factorization, define 

( ) ( ) ( )
2

31
33

2 i
biaiu

++=+
 

Equating the real and imaginary part, we have 

( ) ( )
( ) ( )abbavv

abbauu

23
2

1
b a,

63
2

1
b a,

22

22

+−==

−−==

 As our interest is to find integer solution so we replace a by 2A and b by 2B we get, 

( )
( ) ABBAvv

ABBAuu

462B A,

1262B A,
22

22

+−==

−−==

  

           (12) 

 
Using (12) in (2) the corresponding non-zero distinct integral solutions of (1) are given by 

( )
( ) ABBAyy

ABBABAxx

16,

8124, 22

−==
−−==

 

( ) 1369624324, 432234 ++−++== BABBAAABAzz     

( ) 1369624324, 432234 −+−++== BABBABAABAww  

( ) 22 3, BABApp +==
 

 
Properties: 

1. ( ) ( ) ( ) 0316,, ,4
2

,46,
22 =−−+− AAA ttCPAAyAAp  

2. ( ) ( ) ( ) 072208320328,1,1 ,3,4
2

,4 =−−+−−+ AAAA ttSOtBzBw  

3. ( ) ( ) 0121616641,1, ,4,3 =+−+++++ AAA tprtAAyAAx  

 
3.4. Pattern 4 
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     Write 1 as, 
( )( )

27

341341
1

ii −+=  

Proceeding as in Pattern: 3 the non-zero distinct integral solutions to (1) are 
( )
( ) ABBAyy

ABBAxx

1826321B A,

15410535B A,
22

22

−+−==

−−==

 
( ) 117641381846063528A 196  BA, 433224 +++−−== BABBABAzz

 ( ) 117641381846063528A 196  BA, 433224 −++−−== BABBABAww  

( ) 22 49147B A, ABpp +==  
 
Properties: 

1. ( ) 196147,12 2
n += AJp  

2. ( ) ( ) ( ) 0168A A,A A,A A, ,4 =+++ Atpyx  

3. ( ) ( ) ( ) 6,,4,4
22 1544284A ,AA ,A AAA CPttpx −−−+  

 
3.5. Pattern 5 
Write equation (3) as 

 1*3 222 uvp =−              (13) 

Let  22 3bau −=                      (14) 
Write 1 as, 

 ( )( )32321 −+=              (15) 
Using (14) and (15) in (13) and applying the method of factorization, define 

( ) ( ) ( )3233
2

++=+ bavp  

Equating the positive and negative parts of the above equations, we have 
             (16) 
             (17) 
 

Substituting(13) and (17) in (2) we get 

( )
( ) ABByy

ABAxx

43B A,

421B A,
2

2

+−==

+==
              (18) 

( )
( ) 19124B A,

19124B A,
4334

4334

−−−+==

+−−+==

BBABAAww

BBABAAzz
 

Thus, (16) and (18) represent the non-zero distinct integral solutions to (1) 
 
Properties: 

1. ( ) ( ) ( ) 03432A ,AA ,A ,46,
2

,4
22 =+−−−−+ AAAAA tCPOHSOtyx  

2. ( ) ( ) ( ) 0182161 A,1 A, 2
,46, =+−++ AA tCPwz  

22

22

B3A4),(

6B6A2),(

++==

++==

ABBAvv

ABBApp
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3. ( ) ( ) 04362A 1,AA1,A ,3,4 =−−−+++ AA ttxp  

Note: 
Write 1 as 

 ( )( )3473471 −+=  
Proceeding as in the Pattern 5, the non-zero distinct integral solutions to (1) are 

( )
( )
( )
( )
( ) 22

334

334

2

2

14749B A,

1124B A,

1124B A,

43B A,

42B A,

BApp

BABAAww

BABAAzz

ABByy

ABAxx

+==

−−+==

+−+==

+−==

+==

     

 
Properties: 

( ) ( ) )3(mod010,446,357,6
2

,436B 1,B 1,.1 =−−−−−+ 






AtACPACPAtpw  

 ( ) ( ) 0,420A A,A A,.2 =−+ Atyp  

 ( ) ( ) 06Pr241 A,1 A,.3 ,3 =++−+ AAtyx
 

 
4. Conclusion 
In this paper, we illustrated different methods of obtaining integer solutions to the bi-

quadratic equation with five unknowns ( )( ) ( ) 22233 w-zy-xy-x p= . As bi-quadratic 
equations are rich in variety, one may consider the other forms of equations and search 
for their corresponding integer solutions. 
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