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Abstract. The homogeneous equation with five unknown (x - y)(x® - y®) = (22 - w?) p?

is analyzed for its nonzero distinct integer solutions. Employing the transformation and
applying the method of factorization, different patterns of nonzero distinct integer
solutions to the above bi-quadratic equation are obtained. A few interesting relations
between the solutions and special number patterns namely polygonal and pyramidal
numbers are presented.
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1. Introduction

Bi-quadratic Diophantine equations, homogeneous and non -homogeneous, have aroused
the interest of numerous mathematicians since ambiguity as can be seen from [1-2]
particularly In [3-5] bi-quadratic diophantine equations with three unknowns are
considered In [6-9] bi-quadratic equation with four unknowns are considered In [10-12]
bi-quadratic equation with five unknowns are considered. In this paper, another
interesting bi-quadratic equation with five unknown given by

(x=Y)(¢-y)=(Z -w)p’

is considered and five different patterns of integral solutions are illustrated. A few
interesting properties between the solutions and special number patterns are exhibited.

2. Notation
-1m-2
» Tan= {1+w2m)]_ Polygonal number of rank n with side m.

> S :6n(n—]) +1 - Star number of rank n
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> PR= r‘(n+]) - Pronic number of rank n

> CP,,= n32+ n - Centered triangular pyramidal number of rank n
> CRg= n’ -Centered hexagonal pyramidal number of rank n
> G, =2n-1 - Gnomonic number

> 0, = n(2n 2 _ 1) - Stella Octangular number of rank n

> J, = %(2” -(- 1)“) - Jacobsthal number of rank n.

3. Method of analysis

The Diophantine equation representing the biquadratic equation with five unknowns
under considerationis.

x=N0C-y) =(Z -wW)p? @
The substitution of the linear transformationsin (1) gives

X=u+v,y=u-v,z=u+l,w=uv-1 ()]
u?+3v? = p? 3)

We solve (3) through different methods and thus obtained different patterns
of solutionsto (1)

3.1 Pattern 1
Equation (3) can be written as
PrU__V _A  hereB#0 4)

3v p-u B
Equation (4) is equivalent to the system of double equations.
UA+VvB-pA=0
uB+VA-pB= } ©)
pB=0
Solving (5) by applying the method of cross multiplication and using (2) the
corresponding non-zero integer solution to (1) are obtained as

x=x(A,B) =3A2-B?+2AB

y=y(A,B) =3A%-B?-2AB

z=2(A,B) =6A%B-2AB?+1 (6)
w=w(A,B) =6A°B-2AB%+1

p=p(A,B) =A%+3B?

Properties:
1. 5{A)+5y(A)+4p(A]) =62A2isa perfect square
2. z(A+1,A)-p(A+1,A)+2t,,-20t,,+4 =0

3. 021 =3ma0s
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Remark:
In addition to (4), (3) may also be expressed in the form of ratios as presented below

i :w :A where B0

p-u \Y B
Following the procedure as presented above the corresponding non zero integer solutions
to (1) are found to be as given below.

x=x(A,B) =3B%- A%-2AB

y=y(A,B) =3B%- A% +2AB

z=2(A,B) =A% +9B* -10A?B? +1

w=w(A,B) =A*+9B*-10A%B% -1

p=p(A,B) =A% +3B?

Properties:
1. p(A A)_4t4,A =0
2. XAA)+yAA)=4~ isaperfect square
3. X1B+p1,B)-2PR-4=0

3.2. Pattern 2
Let p=pab) =+37 ©

where aand b are non-zero district integers
Using (3) and (7) and applying the method of factorization, define

u+ivavu-ivav)=(a+ivaof(a-ivaof

Equating real and imaginary parts we have

u=a’-3° } ®
v=2ab

using (8) in (2), the corresponding non-zero distinct integral solutions of (1) are given by
x:x(a,b) =a®-? +2ab

y=y(a,b) =a? - -2ab

z=2a,b)=2ab-6al’ +1 9
w=w(a,b)=2a>-6ab*-1

Thus, (7) and (9) represent the non- zero distinct integral solutionsto (1)

Properties:
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1. x(A+11)+y(A+11)+8t, ,—8t,,—2=0
2. y(B,B+1)+p(B,B+1)+4t,,-2t,, =0
3. Y(B\B+3)+P(B\B+])+4taA‘2(t4A)2+a4,A:0
4. w(A1)+9p(A1)-2CP,, — 2ty , ~Gp —27=0
3.3. Pattern 3
(3) can be written as
37 =l (10)
Write 1 as,

1= (1”"/521(1"‘/5) (12)
Using (7) and (11) in (10) and applying the method of factorization, define
- 2
Equating the real and imaginary part, we have
u=ula, b):%(az -3? —eab)
v=\(a b):%(a2 -3b? +2ab)
Asour interest is to find integer solution so we replace aby 2A and b by 2B we get,
u=u(A,B)=2A?-6B? -12AB

(12)

v=V(A,B)=2A%-6B? +4AB

Using (12) in (2) the corresponding non-zero distinct integral solutions of (1) are given by
x=xAB) =44 ~128°-8AB
y=)y(AB)=-16AB
2= 7(A B) = 4A* +32A°% + 24A%B% -96AB° +36B* +1
w=w(A B) = 4A" + 32A°B + 24A?B? - 96AB® +36B* -1
p=p(AB)=A*+38
Properties:
1. p(a2,A)-y(a?,A)+16CP, - (t, . F -3t,, =0
2. w1,B)+2LB)-8lt, ) -3250, +320t, , — 208, , ~72=0
3. x(A A+1)+y(A A+1)+64t,, +16pr, —16t, , +12=0

3.4. Pattern 4
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+iay3i-iav3)
72

Proceeding asin Pattern: 3 the non-zero distinct integral solutionsto (1) are
x = x(A, B) = 35A2 -105B2 -154 AB

y = y(A,B)=-21A% + 63B? -182AB

z=7(A,B)=196 A* - 3528A%B? - 4606A°B +13818AB® +1764B* +1
w=w(A,B)=196 A* - 3528A?B? - 4606 A°B +13818AB°> +1764B* -1
p=p(A,B)=147B2 + 49A2

Writelas, 1= (1

Properties:
1 pl2n1)=1479,, +19

2. x(A,A)+y(A A)+p(A,A)+168t, , =0
3. x(a%,A)+ plaz A)-saft, o)-42t, o ~154CP, ¢

3.5. Pattern 5
Write equation (3) as
p?-3vi=u’*1

Let u=a?-3b2
Write 1 as,

1=[2+/3J2-13)
Using (14) and (15) in (13) and applying the method of factorization, define
[p+31)=(a+va0] o+ 43)
Equating the positive and negative parts of the above equations, we have
p= p(A B) =2A%+6B? +6AB
v=V(A B) =4AB+A? +3B?
Substituting(13) and (17) in (2) we get
x=x(A,B)=21A2 +4AB
y=y(A,B)=-3B%+4AB
z=7(A,B)= A*+4A°B-12A°B-9B* +1
w=wA,B)= A* +4A°B-12A°B-9B* -1
Thus, (16) and (18) represent the non-zero distinct integral solutionsto (1)

Properties:
1 x(AZ,A)+ y(AZ,A)—Z(tLLA)Z ~ S0, ~30H, ~4CPy g +31, o =0

2. ZA1)+WA,1)+16CP, s - 2t, ) +18=0
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3. p(A+1,A)+x(A+1,A)-2t,,-36t,,-4=0

Note:
Write 1 as

1= (7+4J§)(7—4J§)
Proceeding asin the Pattern 5, the non-zero distinct integral solutionsto (1) are
x=x(A,B) = 2A? + 4AB
y=y(A,B)=-3B2 +4AB
z=7(A,B)= A* +4A°B-12A°B +1
w=wA,B)= A* +4A°B-12A°B-1
p= p(A, B) = 49A% +147B>

Properties:

2

1w(L, B)+ p(L, B)—36[t4 Aj ~BCP, 7-35CP 5 g —tgy a —10 =0(mod 3)
2.p(A,A)+y(A,A)-20ty o =0

3xX(AY)+y(A)-4t, o +2Pr,+6=0

4. Conclusion
In this paper, we illustrated different methods of obtaining integer solutions to the bi-
guadratic equation with five unknowns(X-y)(Xs-yz):(ZZ-WZJpz. As bi-quadratic
equations are rich in variety, one may consider the other forms of equations and search
for their corresponding integer solutions.
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