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Abgtract. This paper studied about the problem of estimatibfuzzy number. Fuzzy
numbers can fill the essence of things or procedarere accurately than real numbers.
And it has a better efficiency without too muchcecadtion cost. So it is widely applied in
industries and many science field. However, datssimij and data skew are big trouble
caused by some uncontrolled factors. Considerirgggtoblem and focusing on how to
make up that emergency immediately at less conipatdtcosts, we proposed a linear
method based on retrieval to figure out this kihgroblems. It's a universal method, not
only suitable to solve the fuzzy data problem, dab for real number. It is powerful and
efficient with both linear system and non-lineasteyn without too much calculation.
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1. Introduction

In the real world, uncertainty is ubiquitous. Muoh the information which decision
making usually based on is fuzzy. Although humas daignificant capacity to deal and
make rational and logical decisions based on thesertain information [1], human’s
computing power is not a patch on computers in $evfniwhether imprecise accuracy or
processing speed. Since any non-linear system earradmsformed into fuzzy set
according to fuzzy set theory [2], fuzzy modelsfgens well for uncertainty systems and
based on fuzzy rules. In fact, fuzzy models havenhgsed in many areas because of its
advantages to extract full information of thingsamy procedures much better than real
number (both linear or nonlinear system, sinceramlinear system can be approximated
by several piecewise linear systems [3]), suchpasation research [4], decision science
[5], physic [6,7,8] and many other branches of alostience and hard science.

However, unforeseen emergency like data missindatet skew can be caused by
some unpredictable factors, like equipment failuverkers mistake and power failure.
Causing a huge loss if we cannot get it right @ &8 possible. There are some studies
about this, like linear programming (LP), it is aft considered to solve this kind of
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problems. The concept of fuzzy LP was first propgobg Zimmerman[9]. As the well-
known operation research technique frequently usetesearchers and practitioners in
the fields of science, economics, business, managemscience and engineering. In
classical LP models, a number of parameters iseatkéd be fixed in the constraint
condition equation and objective function (dependedhe result that people expected).
Interval analysis and type-1 and type-2 fuzzy $eties have been also applied to
formulating of LP models. And corresponding methddscapture uncertainty of an
investigated real-world problem have been develdaé#l An interval arithmetic-based
LP approach is considered in [11,12]. The firseegsh about taking into account real-
world soft constraints in the LP problem by usingZy sets was suggested in the famous
work by Zadeh and Bellman [13]. Some methods basth® Fuzzy Bayes models give a
more accurate result from the probability theory.féw Certain methods are very
successful in the fields of artificial intelligenaad decision making. Such as fuzzy along
with the probability method based on Bayesian mottet mainly concerns on the
reasoning with uncertain data. Bayes models aret rmpopular for the probability
distribution, that usually fits the information thie data in the conditional probability
tables, which acts as a subjective probability.

However, all these methods above need to dividedigms to the independent part
and the connection (or affection) part, then taufig out two parts respectively. This
procedures-dividing problems into two parts andirfigg them out, would cause some
information losing. What's more, we need to analifze differences of different system
as detailed as possible, It's a big work with macmputer calculation costs. In the era of
big data, little reduce on the quantity of calciglatin one step, would bring a great
energy efficiency and working efficiency improvereless time cost on calculation.
Consequently, more economic benefits come.

Why not use the information contained in data diy@cOur work proposes a new
method to making an estimation or prediction abih& fuzzy data in a procedure.
Generally, Historical data from productive processw others include the normal
situation of every link in a procedure (if we haeeord it). No matter linear systems or
non-linear system, a certain situation of a linknuenced by last one or even far-off
ones, and it might influence the next one and d&lfftat. Also, the value of every datum is
influenced by self-factors of system and other mwkerandom factors. So every set of
data from a recording reflect the current integarasion. All the possibility situation
about the machines, workers, and other randomrfagtaontained in the recorded data.
Generally, production runs normally in most timejieh is tenable according to our
experiences. We don't need to know the certairtioglship between any two links of all.
The inspiration of this new method based on re#liévto find the most similar situation
in recording while a contingency happened. we fiutha data in a matrix, and each
eventm,; in this matrix contains the connectionfpandf;. If we got the data of mogt,
we can find the current situation in recording. Aliewill not be a problem to get an
estimation value of a losing dafathrough a certain method. While we got all the
F={fj,j=1..nj*k}, and we need to construct a mamx= {e;;,i = 1,2...n,j =
1,2 ...n}to extract the connections of the links related #medattribution information of
eachf;. Also, the final result still need a reliabilitydt by statistical approaches.
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2. Preliminaries

Here, we are going to introduce some basic knovaedgch we might need. Some of
them come the studies by predecessors, basic dwrepf fuzzy number were defined
and developed by Zadeh and other mathematicians.

2.1. Fuzzy numbers

Fuzzy number was firstly proposed by Zadeh, thatfeéech more information from the
nature than real number and formalizing the abilitynake fuzzy decision making by
human to some degree. It has been a hit sincesithen. There are varies kinds of fuzzy
number, they have different features and fit fasthilar conditions. Since the triangular
fuzzy numbers is most widely-used, this paper ijisbduces the basic definition about
it.

Definition 2.1. A triangular fuzzy numbefris defined by a triplef, = (a,b,c), a,b,c €
R. The left value ‘a’ and ‘c’ are the points whichinimize the degree of membership.
The middle value ‘b’ is this point that maximizéstdegree of membership.

Example 2.1. A triangular fuzzy numbefr= (1,5,6), the maximal degree of membership
is obtained at the middle point whose value is 8 #re degree of membership is 1.
Similarly, at the left point and the right one, tihegree of membership is minimal to 0.
The certain degree of membership of one pointjiedded on the membership function.

2.2. Approximation operators
After getting the final result, we need to test thability of result. This need to transfer
fuzzy number to real number. There are some mahethods to get there. we might
need the following algorithm.

One of the most widely used methods. For exanipleisk analysis [14], is the so-

called.
L L15]: _ [ xA()adx,
@ Center of gravity COG(A) = T2 (1)

@ The Possibility mean by Goetschel and Voxmanarjdihfl later studied by Carlsson
and Fuller[17]:

E(A) = [; a(4f + A7) da )
® In the R&D project portfolio selectifff, Amado[19] defined the extremely simple
method:
AD,(a) = A} 3)
@Yager's method [20]:  Y(A) = %fol(A; + Az) da 4)
These methods are not just suitable to apprmberntriangular fuzzy number, but also

other kinds. Science triangular fuzzy number is thvaslely applied, we just take this
kind as instance.

Example 2. For a triangular fuzzy number Ax(, a,, a3),
tazx+ +4a,+ + +2a,+
COG(A) = Lttes; (y) = Dtlatds, yp (p) = G220 y(p) = Dt2dates
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3. Basic concepts and algorithm

This section will introduce numerical concepts whigay be involved in this method,
according to the fundamental theory of probabilitgory. Also, the algorithm of this
methods will be introduced.

3.1. Basic concepts and theorem

This section would introduce some concepts involuettiis method, some of them may
notapplied in real practice. But it is necessargidscribe and understand the organizing
form of sample data. For convenience, we defineeva multiple which is needed in last
step.

Definition 3.1. Every elemen%fi represent the relationship ffandf;. It's just a
J

visual form of the relationships between these,dagadon’t need to do any calculation.
m is the times of observation frequency, so the bmmof abstract reference matrix is k.
Eachf; = (a;, b;, ¢;). So this matrix is like this:

d 0
a_f1f1 an aﬁ
0 0 d
Mk: af1f2 a_fzfz afnfz ,k=1,2 m
9 9 9
a_flfn a_fzfn afn

For convenience, denoteg is the eveng;; in thek,, matrix My, f; is the value of
k:, observation off. fix = (aix, bix, Cix), air 1S the value ofy; observed in thé,,
observation. So, the matrdf, can be expressed by:

0
M, = {@fik} = {eiji}

According to the definition, all the element in, kow of the matrix includes the
relationship betweefi* and all other indicators. If we know all the dataout others. We
can calculate the discreet value. A conveniendbds data can be easily organized in
computer and dealt with a simple data structurégivmeans a lot of work saved.

Then we shall to making estimation, for a certaiard in the matrix,

fir fiz fik fim
Cii = |7, ...”— .. y . S--.S . S...S A .
ik (fj1 fiz  fjk fjm) fin fik fim)

Definition 3.2. To define a new multiplication denoted hyGiving a real number x from
the sample population abog#, which isN(w;, 67). And f'~N(u;, 67)

fik' lf X = fjk

(Fik+ny—fik) .
fie + (x = fire) *m;lffjk <x < fik+1)

X*€jjr =

©)

Examples3.1. If x; =5,p = (,2,2,%,2,2), thenx+ p = 16
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Also, for a real number vect®r= (x, xy, ..., Xn),
X% ejjp = N1 X * €k 9)
Obviously, this is a linear operation.

Theorem 1. The result is still obeying the same kind distribnt if the sample
population obeying normal distribution.

Proof: For example, supposing obeying normal distributioN(ui,aiz). According to
the calculation formula abowut« e; ;. The result is nothing else than these two Kiffigs,
(ficksn—fir)
or f; — fix) *x —————
fue (x f]k)* Fjtery=Fjk
population abouf®. For the latter one, since
x —_ .
0 < (x = fix)
fitk+r) — fi
(fick+1y — fir)~N(0,267)
So the resulk * el-jk~N(ul-,ai2 + 2ko?), the average value is still unchanged. But just
the variance have a little expanding. We can g#tito know the new variance?,,.,, =
O'l'2 + ZkO'iZ. S * el-jk~N(ui, aiz_new)

. The former one, obviously it belongs to sample

=k<1

Theorem 2. To make a transformation to standard normal distion: x’ = ﬂ, since

2
30;

standard normal distribution is= % according to th&€3c¢" principle, while|x| <
2.78, the confidence level —a > 99.73%, a is significance level. Then, the x is
acceptable, Meanwhile,

x| = |V3x| < V3278 = 4.8151
Also, if x" satisfies this condition, we should accept it agliable value.

3.2. Algorithm of this method

This part would introduce the steps of algorithnajapliance, according to the

propertyl.

Step 1. As we need to use the information from historidatda. So the firststep is to get
primary data, denoted W= [f;,f,, ..., f,], f; is a link in this procedure, and its value is
. =la; b;,c;],i=1,2...n If eachf; has been observed m times. Denoted fhat
[aik, bik' Cik]:k = 1,2, . 1

Step 2. The data we have get is ‘original’. They have mahkgw data from some
extremity. So we should make some preprocess.riRitesome bad original data,
according to conventional statistical theory. Iffuzzy samplef, = [aix, bik, Cix] »
satisfies any following requirement, we will deléte
A. ay € [Qin —1.5R;1,Qiz + L5R;1], Ry = Qi3 —Qn (10)
Q5 is the upper quarterback point ff;.},k=1,2.. m, Q;; is the lower
quarterback point dfa;; }.
B. bix € [Qi1 — 1.5Ri1, Qiz + L.5R;1], Ry = Qi3 —Qn (11)
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Q5 is the upper quarterback point i}, k=12.. m, Q;; is the lower
guarterback point dfb;;, }.
C. cik € [Qi1 — L.5R;1, Qi3+ 1.5Ryu], Ry = Qi3 —Qn (12)
Q5 is the upper quarterback point of;},k=1,2.. m, Q;; is the lower
quarterback point dic;; }.
fir is an outlier, if it satisfies any one conditiavhich will be deleted. After this step, if
the number of sample data is not the same, we dhirlete the redundant data of a
indicator to make sure the same number of datalsamp

Example 3.2.1. If the numbers of data of indicators afg,z,and x > y > z. Then, the
amount of redundant data for indicafdris (x — z), we should deleté& — z) data from
f* randomly. And so on, delefg — z) data fromf?.

Step 3. Supposing we still have m times observation valter last step.
Ai1 Ajz  Aim

ai=(—,—..—/)

J ajl ajz ajm

b = biy bz by

=G5
j1 Djz bj

_ Ci1 Ci2 Cim

Cij = (— ——)

1 €2 Cjm
We can construct such a reference matrix {e;;|e;; = (agj,b
thea;; according the value af;;, so we get:

!

{j»¢ij)}-Then we reorder

Ai1 A2 Ay
a;=|—,—.—laq <a, < <a;
ij J1 j2 jm
aj1 Qj2  Ajm

bi1 by, bim)

b}, = (4,—...— bj1 < bj < -+ < b
Y \bj1 by by

' Ci1 Ciz  Cim

=, — ... L Ciy L e L C

“u <Cj1 G2 ij) KRG om

Step 4. the matrix includes all the relationship betwebkindicators, while the data of

ith is missing, we just need these event, thateglaith . according to the definition
2, we just need the data in ithrow. So constructimgorder matrix

00 - 1 - 0
Fef2 0
0 00 1 ..0

just the events on columni are 1, and all othenEs/i§ Oi is the sequence number of the
lost indicator in F. A default vector B= [f1, f ..., fi, --- fn], the evenf; is unknown,

fi = (0,0,0).
ExM = G fugr oz ) (13)
: of’vaf Y T ot
We call this a reference vector, denéte E; + M

Step 5. Using the data we have known inf= [f, f ..., f,, ... f,,] to calculate.
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= 1 1

fi= = FxVl = — 37 i fix V'] (14)
The* is the multiplication defined in definition 4. Aaaling to the last discussion, we
can know thaff; * VT ~N(u;, 367). Soﬁ Ty jeifi * VI~N(u;,307). So this result
would have the same average value, with three tiggsansion about variance
unfortunately.

4. Application

This section gives an application about this predosmethod. Since this method is
proposed for this condition in which a fuzzy numlseliost in a successive procedure. We
will use recorded historical data to make an immely estimation. So this method
involves data obtaining, data preprocessing, atifiticp proper data we needed, and
calculation. The last step is making a test offita result.

4.1. Obtaining data sample
For a 3-indicator proceduie= [f1, 2, f3]. since every data from a link in a procedure.
So we must give those data certain meaning. Wergtte 100 sample data of each
indicator randomly by computer software, accordimgn average array and a covariance
matrix. So we set:
obj1l = [1 4.5 8]"obj2 = [0 3.5 8]Tobj3 =[1 5 9]T

5 1 3 4 1 3 3 1 3
1 5 2] sigmal = [1 7 2] sigmal = [1 2 2]
3 2 8 3 27 3 2 6
The objl~obj3 is the mean valuefdf~f3 respectively, which gives ‘meaning’ to the
data, just like real data from a procedure. andsitpmal~sigma3 is the variance of
matrix of f1~f3 respectively, representing some uncontrolled remtiztors in real life.
Here is just a part of data (We don’t have enoyggite show them all):

sigmal =

fla ftb | flc f2a | f%b | f?c f3a | fib f3.c

1 -0.045 | 2.887| 5.966 4.048 | 5.605| 8.853 0.478 | 4.913 | 7.759

2 0.720 | 8.407| 7.933 -4.719 | 3.361| 5.304 -0.210 | 4.355 | 7.479

3 4.307 | 2.795| 14.115 | -1.019 | 3.492| 4.788 2.442 | 5.857 | 9.602

4 -0.924 | 4551 | 9.261 -2.643 | 4.129| 4.213 -0.203 | 5.874 | 9.076

5 2.754 | 1.518| 7.041 -1.272 | 5.993] 6.176 0.199 | 5.240 12.168

96

97 |-0.400 | 6.350| 8.181 -0.939 | 1.780| 4.553 1.742 | 6.038 | 9.574

98 |1.557 | 3.467| 8.906 1.772 | 4499 14.484 | 0.481 | 5.200 | 9.261

99 | -1.220 | 4.442| 6.234 -2.770 | 5.255| 9.619 -0.558 | 4.990 | 7.803

100 | 3.180 | 7.062| 7.163 -3.913 | 2.765| 5.468 2.099 | 4.242 | 8.860
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4.2. Filtering data
Since all the data is normally distributed, there mst few samples don’'t meet the
specification in step2. For example, the uppertgubaack point of each component/df
is (2.323,5.984,9.668), The lower quarterback point of each componentf ofis
(—0.543,3.176,5.842). So according to equation 10~12, the distance dmtwupper
guarterback and lower quarterback of each compadsent

2.323 — (—0.543) = 2.866

{ 5.984 — 3.176 = 2.808

9.668 — 5.842 = 3.826
{ 2.323+1.5%2.866 = 6.622

the upper critical value is35.984 + 1.5 = 2.808 = 10.196

9.668 + 1.5 x 3.826 = 15.407
—0.543 — 1.5 x 2.866 = —4.842

also the lower critical value {33.176 —1.5%2.808 = —1.036

5.842 — 1.5 ¥ 3.826 = 0.103
if any number infl.ais bigger thar6.622 or smaller thar-4.84161, then delete this

sample, there is only one sample satisfying, sal@lete 1 sample. Do the samefiob
andf?!.c. So we get:

fla |flb | flc f?.a f2b | fic f3a | f3b | fic
1 -0.045 | 2.887 | 5.966 4.048 5.605 8.8p3 0.4Y8 3#.917.759
2 0.720 | 8.407 7.933 -4.719 3.361 5.3p4 -0.210 55%1.3 7.479
3 4307 | 2.795| 14.11 |-1.019 | 3.492| 4.78§ 2442 5857 9.602
5
4 -0.924 | 4551 | 9.261] -2.648 4129 4.2[13 -0.203874. | 9.076
5 2.754 1.518 7.041 -1.272 5993 6.1)/6 0.199 (b.2412.16
95 | -1.501| 2.834 | 2.243 1.772 4,499 1448 0.338 76.5 9.117
96 | -0.400| 6.350| 8.181 -2.770 5.255 9.6119 1.742 03&. | 9.574
97 | 1.557 3.467 | 8.90¢ -3.9183 2.765 5.468 0.481 0.2 9.261
98 | -1.220| 4.442 6.234 -0.558 4.990 7.803
99 | 3.180 | 7.062| 7.163 2.099 4242 8.860

So the final number of each componentiris(99,97,99). To guarantee all the
indicators have Same number of samples, we shaléded? samples ifit.b, and 2
samples inf1. c according to the Step2. By the way, another sitimria@xperiment with
1000 data suggests that there are about 2% noamzdm data generate from computer
meet the filtering rules in Step2. Then we get:

-0.045| 2.888 5.967 4.049 5.605 | 8.853 0.479 4913 7.760
0.720 | 8.408 7.933 -4.720 | 3.361| 5.304 -0.210 | 4.355 7.480
4307 | 2.796 14.11¢6 | -1.020 | 3.4921 4.789 2442 | 5.857, 9.603
-0.924 | 4.551 9.261 -2.643 | 4.130| 4.214 -0.203 | 5.874 9.076
2.754 | 1519 7.041 -1.272 | 5.994 | 6.177 0.200 5.241) 12.169

g | W[N]~

94| -0.401| 6.351 8.181 -0.940 | 1.781| 4.55 1.743 | 6.039 9.578
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95| 1558 | 3.468 8.907 1.773 | 4500 | 14.48Y | 0.482 | 5.201] 9.261
96 | -1.220| 4.443 6.234 -2.770 | 5.256 | 9.620 -0.559 | 4.991 7.804
97|3.180 | 7.063 7.163 -3.914 | 2.765| 5.469 2.100 | 4.243 8.860

4.3. Constructing an abstracting matrix

Supposing we lost some data, there is just

F=[f10,f3].we can get, antt = [1 4.5 8], f2islostandf® =[1 5 9] . the
numberl is 2, according the step 4, we can construct naeting matrixt; =

0 1 0
0 1 0
0 1 0

4.4. Calculation
According to the equation 14
1
2= =" [fL* (EM)T + f3 + (EM)T] = (0.982,4.009,6.657)
This is the final estimation value ¢Ff.

4.5. Making a hypothesis test

The last step is to check up on the reliabilityro$ result. For convenience, denoting the
sample population gf? by S, the final result by R. Since this compaimbetween a
vector and a sample population, and the data areati@andom. we consider making this
check with one-sample t test metHdd

4.5.1. Making test hypothesis:
The Null Hypothesis: Hy: 6 =0
{Alternative Hypothesis: H;: 6 # 0
And we should convert the fuzzy number in samplg?dfo a real number.

f2.a f2.b f2.c f2.R f2.a f2.b f2.c f2.R
4.049 | 5.605 8.853 | 6.028 | : : : : :
-4.720 | 3.3615.304 | 1.827 | 90 0.241 6.541 | 6.537| 4.9651
-1.020 | 3.4924.789 | 2.688 | 91-1.980 | 4.558 | 6.116| 3.313
-2.643 | 4.130 4.214 | 2.457 | 92 2.396 0.770 | 10.81D3.686
-1.272 | 5.994 6.177 | 4.223 | 93-1.185 | -2.521| 9.760| 0.883
0.636 | 6.180 6.330 | 4.832 | 94-0.940 | 1.781 | 4.554| 1.794
0.276 | 2.092 7.358 | 2.954 | 95 1.773 4,500 | 14.4866.314
-1.421 | 5.250 5.411 | 3.622 | 96 -2.770 | 5.256 | 9.620| 4.34(
: : : : 97|-3.914 | 2.765 | 5.468| 1.771

And do the same to R, = (0'98“2*4"}00%6'657) = 3.914, and subtrack with f2.R.

denote a vector = f2.R— R = {v;,i = 1,2...97}.

N0 BA|WIN| -

4.5.2. Calculating average value and variance of each oaewt inf 2, according to
equation 6~7:
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% =—(3¥,v;) = —0478.

97
1 97 _
_ s?= %Ziﬂ(vi —x)?=12.202
And the test statistic= v97~ ~ —3.173
This is a reliable result, sin¢g = 3.173 < 4.815 according to theory 1.

4.5.3. According to the critical value table, since:
t| =3.173>t 2(97) =~ 2.63, 0 =0.01
2

So we cannot reject the null hypothesis, while significant leveld is 0.01. we can
accept this estimation as a reliable result.

5. Conclusion

This method is largely depended on the retrievé#h Wiltle calculation, just once deal to
preprocess original samples and construct theaekdtip by an abstract matrix. Then, all
the operation depends on retrievals and comparegutd not be a big problem to find
position of a certain value while we put all dateorder. And little calculation is needed
in last step. Which can save a lot of computati@mal time costs. “Invest once, lifelong
benefit” is the most prominent property. Generathis method is more efficient and
accurate while dealing with more criteria procedure
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