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Abstract. This paper studied about the problem of estimation of fuzzy number. Fuzzy 
numbers can fill the essence of things or procedures more accurately than real numbers. 
And it has a better efficiency without too much calculation cost. So it is widely applied in 
industries and many science field. However, data missing and data skew are big trouble 
caused by some uncontrolled factors. Considering this problem and focusing on how to 
make up that emergency immediately at less computational costs, we proposed a linear 
method based on retrieval to figure out this kind of problems. It’s a universal method, not 
only suitable to solve the fuzzy data problem, but also for real number. It is powerful and 
efficient with both linear system and non-linear system without too much calculation. 
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1. Introduction 
In the real world, uncertainty is ubiquitous. Much of the information which decision 
making usually based on is fuzzy. Although human has a significant capacity to deal and 
make rational and logical decisions based on these uncertain information [1], human’s 
computing power is not a patch on computers in terms of whether imprecise accuracy or 
processing speed. Since any non-linear system can be transformed into fuzzy set 
according to fuzzy set theory [2], fuzzy models performs well for uncertainty systems and 
based on fuzzy rules. In fact, fuzzy models have been used in many areas because of its 
advantages to extract full information of things or any procedures much better than real 
number (both linear or nonlinear system, since any nonlinear system can be approximated 
by several piecewise linear systems [3]), such as operation research [4], decision science 
[5], physic [6,7,8] and many other branches of social science and hard science.  

However, unforeseen emergency like data missing or data skew can be caused by 
some unpredictable factors, like equipment failure, workers mistake and power failure. 
Causing a huge loss if we cannot get it right as fast as possible. There are some studies 
about this, like linear programming (LP), it is often considered to solve this kind of 
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problems. The concept of fuzzy LP was first proposed by Zimmerman[9]. As the well-
known operation research technique frequently used by researchers and practitioners in 
the fields of science, economics, business, management science and engineering. In 
classical LP models, a number of parameters is needed to be fixed in the constraint 
condition equation and objective function (depended on the result that people expected). 
Interval analysis and type-1 and type-2 fuzzy set theories have been also applied to 
formulating of LP models. And corresponding methods to capture uncertainty of an 
investigated real-world problem have been developed [10]. An interval arithmetic-based 
LP approach is considered in [11,12]. The first research about taking into account real-
world soft constraints in the LP problem by using fuzzy sets was suggested in the famous 
work by Zadeh and Bellman [13]. Some methods base on the Fuzzy Bayes models give a 
more accurate result from the probability theory. A few Certain methods are very 
successful in the fields of artificial intelligence and decision making. Such as fuzzy along 
with the probability method based on Bayesian model, that mainly concerns on the 
reasoning with uncertain data. Bayes models are most popular for the probability 
distribution, that usually fits the information of the data in the conditional probability 
tables, which acts as a subjective probability. 

However, all these methods above need to divided problems to the independent part 
and the connection (or affection) part, then to figure out two parts respectively. This 
procedures-dividing problems into two parts and figuring them out, would cause some 
information losing. What’s more, we need to analyze the differences of different system 
as detailed as possible, It’s a big work with much computer calculation costs. In the era of 
big data, little reduce on the quantity of calculation in one step, would bring a great 
energy efficiency and working efficiency improvement, less time cost on calculation. 
Consequently, more economic benefits come.  

Why not use the information contained in data directly? Our work proposes a new 
method to making an estimation or prediction about the fuzzy data in a procedure. 
Generally, Historical data from productive processes or others include the normal 
situation of every link in a procedure (if we have record it). No matter linear systems or 
non-linear system, a certain situation of a link is influenced by last one or even far-off 
ones, and it might influence the next one and after that. Also, the value of every datum is 
influenced by self-factors of system and other external random factors. So every set of 
data from a recording reflect the current integer situation. All the possibility situation 
about the machines, workers, and other random factors is contained in the recorded data. 
Generally, production runs normally in most time, which is tenable according to our 
experiences. We don’t need to know the certain relationship between any two links of all. 
The inspiration of this new method based on retrieval is to find the most similar situation 
in recording while a contingency happened. we put all the data in a matrix,  and each 
event ��� in this matrix contains the connection of �� and ��. If we got the data of most ��, 
we can find the current situation in recording. Then it will not be a problem to get an 
estimation value of a losing data ��  through a certain method. While we got all the F = {�� , j = 1 … n, j ≠ k}, and we need to construct a matrix M = {��� , i = 1,2 … n, j =1,2 … n}to extract the connections of the links related and the attribution information of 
each ��. Also, the final result still need a reliability test by statistical approaches. 
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2. Preliminaries 
Here, we are going to introduce some basic knowledge which we might need. Some of 
them come the studies by predecessors, basic conceptions of fuzzy number were defined 
and developed by Zadeh and other mathematicians. 
 
2.1. Fuzzy numbers  
Fuzzy number was firstly proposed by Zadeh, that can fetch more information from the 
nature than real number and formalizing the ability to make fuzzy decision making by 
human to some degree. It has been a hit since it was born. There are varies kinds of fuzzy 
number, they have different features and fit for dissimilar conditions. Since the triangular 
fuzzy numbers is most widely-used, this paper just introduces the basic definition about 
it. 
 
Definition 2.1. A triangular fuzzy number f is defined by a triplet, f = �a, b, c�, a, b, c ∈ℜ. The left value ‘a’ and ‘c’ are the points which minimize the degree of membership. 
The middle value ‘b’ is this point that maximizes the degree of membership.  
 
Example 2.1. A triangular fuzzy number f = �1,5,6�, the maximal degree of membership 
is obtained at the middle point whose value is 5 and the degree of membership is 1. 
Similarly, at the left point and the right one, the degree of membership is minimal to 0. 
The certain degree of membership of one point is depended on the membership function. 
 
2.2. Approximation operators 
After getting the final result, we need to test the reliability of result. This need to transfer 
fuzzy number to real number. There are some mature methods to get there. we might 
need the following algorithm. 
   One of the most widely used methods. For example, in risk analysis [14], is the so-
called. 

○1  Center of gravity[15]:        COG�A� = # $%�$�&$# %�$�&$ ;                                                            (1)  

○2  The Possibility mean by Goetschel and Voxmanand[16] and later studied by Carlsson 
and Fuller[17]:  

                    E�A� = # )�*+, + *+.�/0 1)                                                             (2) 

○3  In the R&D project portfolio selection[18], Amado[19] defined the extremely simple 
method: 

                                         A2+�3� = *+,                                                                   (3) 

○4 Yager’s method [20]:         Y�A� = /5 # �*+, + *+.�/0 1)                                                (4) 

    These methods are not just suitable to approximate triangular fuzzy number, but also 
other kinds. Science triangular fuzzy number is most widely applied, we just take this 
kind as instance. 
 
Example 2. For a triangular fuzzy number A=(3/, 35, 36),  COG�A� =  78,79,7:6 ;    E�*� =  78,;79,7:< ;   *20.>�A� = 79,7:5 ;   Y�A� = 78,579,7:;  
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3. Basic concepts and algorithm 
This section will introduce numerical concepts which may be involved in this method, 
according to the fundamental theory of probability theory. Also, the algorithm of this 
methods will be introduced. 
 
3.1. Basic concepts and theorem 
This section would introduce some concepts involved in this method, some of them may 
notapplied in real practice. But it is necessary to describe and understand the organizing 
form of sample data. For convenience, we defined a new multiple which is needed in last 
step. 
 

Definition 3.1. Every element 
??@A ��  represent the relationship of ��  and �� . It’s just a 

visual form of the relationships between these data, we don’t need to do any calculation. 
m is the times of observation frequency, so the number of abstract reference matrix is k. 
Each �� = �3� , B� , C��. So this matrix is like this: 

D� = E
E FF�/ �/ FF�5 �/FF�/ �5 FF�5 �5

… FF�G �/
… FF�G �5⋮ ⋮FF�/ �G FF�5 �G
⋱ ⋮… FF�G �GE

E , k = 1,2 … m 

For convenience, denoted ���� is the event ��� in the KLM matrix D� , ���  is the value of KLM  observation of ��� . ��� = �3�� , B�� , C���, 3��  is the value of 3�  observed in the KLM 
observation. So, the matrix D� can be expressed by:  D� = N FF��� ���O = {����} 
According to the definition, all the element in kth row of the matrix includes the 
relationship between �� and all other indicators. If we know all the data about others. We 
can calculate the discreet value. A convenience is that data can be easily organized in 
computer and dealt with a simple data structure, which means a lot of work saved.  

Then we shall to making estimation, for a certain event in the matrix,  ���� = P@Q8@A8 , @Q9@A9 … @QR@AR … @QS@AST，��/ ≤ ⋯ ≤ ��� ≤ ⋯ ≤ ��W�. 
 
Definition 3.2. To define a new multiplication denoted by *. Giving a real number x from 
the sample population about ��, which is N�Y� , Z�5�. And ��~N�Y�, Z�5� 

x ∗ ���� = ^ ���,              _�  ` = ������ + a` − ���c ∗ a@Q�Rd8�.@QRc@A�Rd8�.@AR , _� ��� < ` < ����,/� f         (8) 

 
Examples 3.1.  If `/ = 5, p = �>5 , h6 , /5; , /<> , 50< , 5>i �, then x ∗ j = 16 

If `/ = 5.5, p = �>5 , h6 , /5; , /<> , 50< , 5>i �, then x ∗ j = 16 + �20 − 16� ∗ �>.>.>�<.> = 18 
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Also, for a real number vector X = �`/, `5, … , `G�, 
                           X ∗ ���� = ∑ `o ∗ ����Gop/                                                                          (9) 
Obviously, this is a linear operation.  
 
Theorem 1. The result is still obeying the same kind distribution, if the sample 
population obeying normal distribution. 
Proof: For example, supposing �� obeying normal distribution NaY� , Z�5c. According to 
the calculation formula about x ∗ ����. The result is nothing else than these two kinds, ��� 

or ��� + a` − ���c ∗ a@Q�Rd8�.@QRc@A�Rd8�.@AR . The former one, obviously it belongs to sample 

population about ��. For the latter one, since  

q0 < a` − ���c����,/� − ��� = K < 1
a����,/� − ���c~N�0,2Z�5� f 

So the result x ∗ ����~N�Y� , Z�5 + 2kZ�5�, the average value is still unchanged. But just 
the variance have a little expanding. We can still get to know the new variance: Z�_Gst5 =Z�5 + 2kZ�5. Sox ∗ ����~N�Y�, Z�_Gst5 � 
 
Theorem 2. To make a transformation to standard normal distribution: x′ = $.vQw6xQ9, since 

standard normal distribution is x = $.vQxQ , according to the ′′3σ′′ principle, while |x| ≤2.78 , the confidence level 1 − α ≥ 99.73% , α  is significance level. Then, the x is 
acceptable, Meanwhile,  |x�| = �√3x� ≤ √3 ∗ 2.78 = 4.8151 
Also, if x� satisfies this condition, we should accept it as a reliable value. 
 
3.2. Algorithm of this method 
This part would introduce the steps of algorithm in appliance, according to the 
property1. 
Step 1. As we need to use the information from historical data. So the firststep is to get 
primary data, denoted by F = [f/, f5, … , f�], �� is a link in this procedure, and its value is �� = [3�, B� , C�], i = 1,2 … n  If each ��  has been observed m times. Denoted that ��� =[3�� , B�� , C��], k = 1,2, … m.  
 
Step 2. The data we have get is ‘original’. They have many skew data from some 
extremity. So we should make some preprocess. Filtering some bad original data, 
according to conventional statistical theory. If a fuzzy sample ��� = [3�� , B�� , C��] , 
satisfies any following requirement, we will delete it. 

A. 3�� ∉ [��/ − 1.5��/, ��6 + 1.5��/],   ��/ = ��6 − ��/                                      (10) �6  is the upper quarterback point of {3��}, k = 1,2 …  m , ��/  is the lower 
quarterback point of {3��}. 

B. B�� ∉ [��/ − 1.5��/, ��6 + 1.5��/],    ��/ = ��6 − ��/                                      (11) 
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 �6  is the upper quarterback point of {B��}, k = 1,2 …  m , ��/  is the lower 
quarterback point of {B��}. 

C. C�� ∉ [��/ − 1.5��/, ��6 + 1.5��/],    ��/ = ��6 − ��/                                      (12) �6  is the upper quarterback point of {C��}, k = 1,2 …  m , ��/  is the lower 
quarterback point of {C��}.  ��� is an outlier, if it satisfies any one condition, which will be deleted. After this step, if 

the number of sample data is not the same, we should delete the redundant data of a 
indicator to make sure the same number of data sample.  
 
Example 3.2.1. If the numbers of data of indicators are x, y, z, and x > � > �. Then, the 
amount of redundant data for indicator �$ is �x − z�, we should delete �x − z� data from �$ randomly. And so on, delete �y − z� data from ��. 
 
Step 3. Supposing we still have m times observation value after last step.  3�� = �3�/3�/ , 3�53�5 … 3�W3�W� 

B�� = �B�/B�/ , B�5B�5 … B�WB�W� 
C�� = �C�/C�/ , C�5C�5 … C�WC�W� 

We can construct such a reference matrix M = {���|��� = a3��� , B��� , C��� c}.Then we reorder 
the 3�� according the value of 3��, so we get:  

3��� = �3�/3�/ , 3�53�5 … 3�W3�W� 3�/ < 3�5 < ⋯ < 3�W 

B��� = �B�/B�/ , B�5B�5 … B�WB�W� B�/ < B�5 < ⋯ < B�W 

C��� = �C�/C�/ , C�5C�5 … C�WC�W� C�/ < C�5 < ⋯ < C�W 

 
Step 4. the matrix includes all the relationship between all indicators, while the data of 
ith is missing, we just need these event, that related with ��. according to the definition 
2, we just need the data in ithrow. So constructing a n-order matrix  

�� = �0 0 ⋯0 0 … 1 ⋯ 01 … 0⋮ ⋮ ⋱0 0 0 ⋮ … ⋮1 … 0� 
just the events on column i are 1, and all other events is 0. i is the sequence number of the 
lost indicator in F. A default vector is F = [�/, �5 … , �o�, … �G], the event �o� is unknown, �o� = (0,0,0). 

                     �� ∗ D = ( ??@8 �� , ??@9 �� , … , ??@� ��)                                                           (13) 

We call this a reference vector, denote V = �� ∗ D 
 
Step 5. Using the data we have known in F, F = [�/, �5 … , ���, … �G] to calculate. 
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    �o� = /G./ F ∗ V� = /G./ [∑ ��G�p/,��� ∗ V�]                                                            (14) 

The * is the multiplication defined in definition 4. According to the last discussion, we 

can know that �� ∗ ��~N(Y� , 3Z�5). So 
/G./ ∑ ��G�p/,��� ∗ V�~N(Y� , 3Z�5). So this result 

would have the same average value, with three times expansion about variance 
unfortunately. 
 
4. Application 
This section gives an application about this proposed method. Since this method is 
proposed for this condition in which a fuzzy number is lost in a successive procedure. We 
will use recorded historical data to make an immediately estimation. So this method 
involves data obtaining, data preprocessing, abstracting proper data we needed, and 
calculation. The last step is making a test of the final result. 
 
4.1. Obtaining data sample  
For a 3-indicator procedure F = [�/, �5, �6]. since every data from a link in a procedure. 
So we must give those data certain meaning. We generated 100 sample data of each 
indicator randomly by computer software, according to an average array and a covariance 
matrix. So we set:  obj1 = [1  4.5  8]�obj2 = [0  3.5  8]�obj3 = [1  5  9]� 

sigma1 =  5 1 31 5 23 2 8¡ sigma1 =  4 1 31 7 23 2 7¡ sigma1 =  3 1 31 2 23 2 6¡ 
The obj1~obj3 is the mean value of �/~�6 respectively, which gives ‘meaning’ to the 
data, just like real data from a procedure. and the sigma1~sigma3 is the variance of 
matrix of �/~�6 respectively, representing some uncontrolled random factors in real life. 
Here is just a part of data (We don’t have enough space show them all): 
 �/.a �/.b �/.c  �5.a �5.b �5.c  �6. 3 �6.b �6.c 
1 -0.045 2.887 5.966  4.048 5.605 8.853  0.478 4.913 7.759 
2 0.720 8.407 7.933  -4.719 3.361 5.304  -0.210 4.355 7.479 

3 4.307 2.795 14.115  -1.019 3.492 4.788  2.442 5.857 9.602 
4 -0.924 4.551 9.261  -2.643 4.129 4.213  -0.203 5.874 9.076 
5 2.754 1.518 7.041  -1.272 5.993 6.176  0.199 5.240 12.168 
 …… …… ……  …… …… ……  …… …… …… 
96 

-1.501 2.834 2.243 
 

-1.185 
-
2.520 

9.759 
 

0.338 5.576 9.117 

97 -0.400 6.350 8.181  -0.939 1.780 4.553  1.742 6.038 9.574 
98 1.557 3.467 8.906  1.772 4.499 14.486  0.481 5.200 9.261 
99 -1.220 4.442 6.234  -2.770 5.255 9.619  -0.558 4.990 7.803 
100 3.180 7.062 7.163  -3.913 2.765 5.468  2.099 4.242 8.860 
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4.2. Filtering data  
Since all the data is normally distributed, there are just few samples don’t meet the 
specification in step2. For example, the upper quarterback point of each component of �/ 
is (2.323,5.984,9.668) , The lower quarterback point of each component of �/  is (−0.543, 3.176,5.842). So according to equation 10~12, the distance between upper 
quarterback and lower quarterback of each component is 

¢2.323 − (−0.543) = 2.8665.984 − 3.176 = 2.8089.668 − 5.842 = 3.826 f. 
the upper critical value is:   ¢ 2.323 + 1.5 ∗ 2.866 = 6.6225.984 + 1.5 ∗ 2.808 = 10.1969.668 + 1.5 ∗ 3.826 = 15.407f 
also the lower critical value is ¢−0.543 − 1.5 ∗ 2.866 = −4.8423.176 − 1.5 ∗ 2.808 = −1.0365.842 − 1.5 ∗ 3.826 = 0.103 f 
if any number in �/. a is bigger than 6.622 or smaller than −4.84161, then delete this 
sample, there is only one sample satisfying, so we delete 1 sample. Do the same to �/. b 
and �/. c. So we get: 

 �/.a �/.b �/.c  �5.a �5.b �5.c  �6. 3 �6.b �6.c 
1 -0.045 2.887 5.966  4.048 5.605 8.853  0.478 4.913 7.759 

2 0.720 8.407 7.933  -4.719 3.361 5.304  -0.210 4.355 7.479 

3 4.307 2.795 14.11
5 

 -1.019 3.492 4.788  2.442 5.857 9.602 

4 -0.924 4.551 9.261  -2.643 4.129 4.213  -0.203 5.874 9.076 
5 2.754 1.518 7.041  -1.272 5.993 6.176  0.199 5.240 12.16 
 …… …… ……  …… …… ……  …… …… …… 
95 -1.501 2.834 2.243  1.772 4.499 14.48  0.338 5.576 9.117 
96 -0.400 6.350 8.181  -2.770 5.255 9.619  1.742 6.038 9.574 

97 1.557 3.467 8.906  -3.913 2.765 5.468  0.481 5.200 9.261 

98 -1.220 4.442 6.234      -0.558 4.990 7.803 

99 3.180 7.062 7.163      2.099 4.242 8.860 

   So the final number of each component in �/ is(99,97,99). To guarantee all the 
indicators have Same number of samples, we should delete 2 samples in �/. b, and 2 
samples in �/. c according to the Step2. By the way, another simulation experiment with 
1000 data suggests that there are about 2% normal random data generate from computer 
meet the filtering rules in Step2. Then we get:  

1 -0.045 2.888 5.967 
 

4.049 5.605 8.853 
 

0.479 4.913 7.760 
2 0.720 8.408 7.933 

 
-4.720 3.361 5.304 

 
-0.210 4.355 7.480 

3 4.307 2.796 14.116 
 

-1.020 3.4921 4.789 
 

2.442 5.857 9.603 
4 -0.924 4.551 9.261 

 
-2.643 4.130 4.214 

 
-0.203 5.874 9.076 

5 2.754 1.519 7.041 
 

-1.272 5.994 6.177 
 

0.200 5.241 12.169 
… …… …… ……  …… …… ……  …… …… …… 
93 -1.501 2.835 2.243 

 
-1.185 -2.521 9.760 

 
0.339 5.576 9.118 

94 -0.401 6.351 8.181 
 

-0.940 1.781 4.55 
 

1.743 6.039 9.578 
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95 1.558 3.468 8.907 
 

1.773 4.500 14.487 
 

0.482 5.201 9.261 
96 -1.220 4.443 6.234 

 
-2.770 5.256 9.620 

 
-0.559 4.991 7.804 

97 3.180 7.063 7.163 
 

-3.914 2.765 5.469 
 

2.100 4.243 8.860 

 
4.3. Constructing an abstracting matrix  
Supposing we lost some data, there is just  F = [�/, 0, �6].we can get, and�/ = [1  4.5  8]�, �5 is lost and �6 = [1  5  9]�. the 
number £ is 2, according the step 4, we can construct an extracting matrix �o =
¤0 1 00 1 00 1 0¤. 
 
4.4. Calculation 
According to the equation 14， 

�5 = 13 − 1 ∗ [�/ ∗ (ED)� + �6 ∗ (ED)�] = (0.982, 4.009, 6.657) 

This is the final estimation value of �5.  
 
4.5. Making a hypothesis test  
The last step is to check up on the reliability of this result. For convenience, denoting the 
sample population of �5 by S, the final result by R. Since this comparing is between a 
vector and a sample population, and the data are normal random. we consider making this 
check with one-sample t test method [21]. 
 
4.5.1. Making test hypothesis: ¥  The Null Hypothesis:  ®0:  θ = 0  Alternative Hypothesis: ®/:  θ ≠ 0f 
And we should convert the fuzzy number in sample of �5 to a real number.  

 f 5. a f 5. b f 5. c f 5. R  f 5. a f 5. b f 5. c f 5. R 
1 4.049 5.605 8.853 6.028 ⋮ ⋮ ⋮ ⋮ ⋮ 
2 -4.720 3.361 5.304 1.827 90 0.241 6.541 6.537 4.965 
3 -1.020 3.492 4.789 2.688 91 -1.980 4.558 6.116 3.313 
4 -2.643 4.130 4.214 2.457 92 2.396 0.770 10.810 3.686 
5 -1.272 5.994 6.177 4.223 93 -1.185 -2.521 9.760 0.883 
6 0.636 6.180 6.330 4.832 94 -0.940 1.781 4.554 1.794 
7 0.276 2.092 7.358 2.954 95 1.773 4.500 14.486 6.314 
8 -1.421 5.250 5.411 3.622 96 -2.770 5.256 9.620 4.340 ⋮ ⋮ ⋮ ⋮ ⋮ 97 -3.914 2.765 5.468 1.771 

And do the same to R, �³ = (0.h´5,5∗;.00h,<.<>i); = 3.914, and subtract �³ with f 5. R. 

denote a vector v = f 5. R − �³ = {µ� , i = 1,2 … 97}. 
 
4.5.2. Calculating average value and variance of each component in �5, according to 
equation 6~7: 
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`̅ = /hi a∑ µ�hi�p/ c = −0.478. 

·5 = 196 ¸ (µ� − `̅)5hi
�p/ = 2.202 

And the test statistic t = √97 $̅¹ ≈ −3.173 

This is a reliable result, since |t| = 3.173 ≤ 4.815 according to theory 1. 
 
4.5.3. According to the critical value table, since:  |t| = 3.173 > »/.¼9�97� ≈ 2.63,   ∂ = 0.01 

So we cannot reject the null hypothesis, while the significant level ∂ is 0.01. we can 
accept this estimation as a reliable result. 
 
5. Conclusion 
This method is largely depended on the retrieval with little calculation, just once deal to 
preprocess original samples and construct the relationship by an abstract matrix. Then, all 
the operation depends on retrievals and compare, it would not be a big problem to find 
position of a certain value while we put all data in order. And little calculation is needed 
in last step. Which can save a lot of computational and time costs. “Invest once, lifelong 
benefit” is the most prominent property. Generally, this method is more efficient and 
accurate while dealing with more criteria procedure.  
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