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Abstract. In this paper, considering of the fuzziness and uncertainty of the objective things
and the connection of the weight vector, the OWA operators for fuzzy number based on a
non-additive measurewith o — A rulesand its recursive aggregation theory are proposed
and investigated by means of the g — A rules of a non-additive measure. In addition, the
calculation methods are present and an illustrative exampleis designed.
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1. Introduction

Since Yager [13] proposed Ordered Weighted Averaging operators in 1988, the OWA
operators has been widely used in many fields [2,14]. In 2005, Yager proposed the
recursive forms of OWA operators [11], and after that, Jin investigated the discrete and
continuous recursive forms of OWA operator [7], However, the recursive forms of OWA
operators based on the classical probability measure and Lebesgue integral integration
operator. We must note that when using the existing aggregation results, an indisputable
fact is that the attribute index is mostly related with each other, and not mutually
independent. In other words, the weight vector is not able to be measured independently,
and it may also not satisfy countable additivity of the classical probability measure. In
1974, Sugeon [9] proposed the concept of fuzzy measure, which can be used to study the
correlation problem of attribute index [3, 5, 6, 12, 15]. On the other hand, due to the
fuzziness and uncertainty of the objective things, the evaluation values involved in the
decision problems are not always expressed as crisp numbers, and some of them are more
suitable to be denoted by fuzzy number. So, the fuzzy setstheory introduced by Zadeh was
avery good tool to deal with vagueness and uncertainty in real decision problemg[15]. The
fuzzy number, as a specia fuzzy sets, has been applied to many aspects [1, 10]. Based on
the above consideration, in this article, the OWA operators for fuzzy number based on a
non-additive measurewith g — A rulesand its recursive aggregation theory are proposed
and investigated. In addition, the calculation methods are put forward and an illustrative
exampleis given.

2. Preliminaries
Definition 1. [5, 6, 12, 15] Let X beanonempty setand A a o —algebraonthe X.
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A set function p iscalled aregular fuzzy measure if
@ u(0)=0;
(2 u(X)=1,
(3)forevery A and BOA suchthat AOB, wu(A) < u(B).
A regular fuzzy measure 4 is caled Sugeno measure if y satisfies 0 — A

rules, briefly denoted as g, . The fuzzy measure shown in this paper is Sugeno measure.

Definition 2. [5, 6, 12, 15] g, iscalled afuzzy measurebasedon g — A rulesif

1{‘”

o — [1+/19A(A)]-1}, A#£0,

gA(UA} A I
=7 Xuw(A) 4=0,

where AD(_SJLW’OO)U{O}’ {A}DA, AnA =0 fordl i,j=12, and

I Z .
Particularly, if A =0, then g, isaclassic probability measure. If X isafinite
set, for any subset A of X, then

1

=J[[1+ Ag, -1}, A%0,
o (8- A{Q[ +g, ()] } ’

>0,08), A=0.

If X isafiniteset, thenthe parameter A of aregular Sugeno measure basedon g — A
rulesis determined by the equation

n
1+ = [(1+ 9, (%)).
1=1
Definition 3. [12] Fuzzy set ADE iscalled a fuzzy number if A isanormal, convex
fuzzy set, upper semi-continuous and supp A, ={xUOR: A(x) >0} iscompact. We use

E to denote the fuzzy number space.
[4] Let (a,8,,--+,a,)OR",if a OE, and its membership function is

L-'-d'l a1'_5ilsxsai’
O, |
_ & +5i,2_x
U%(X)— T & <X<a +4,,,
0 else,
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then & =(a —J,,,8,8 +3J,,) issaid to betriangle fuzzy number.

For any two triangle fuzzy numbers a and é’j , 1# ], then

5 +§j =(a _Ji,1+aj _51,1131 +ta;,8 +5i,l+aj +51,1)
k& = (ka —kd;,ka, ka +kJ,).

[8] Let U,VOE , the partiad order U<V means tha it saisfy the conditions
[U], <[V],, rO[01],i.e. U <V~, U’ <u’, rO[0,1].

DenOtIng A:{Xl’XZ’“.’Xi} ) i:1121”'1n ’ |et g/]({xl}):gl ’ then
9,(A)=9,{x}) =9

Definition 4. Let g, befuzzy measure satisfying o —A rules. Denote

A ={X, %+, %}, 1=1,2,---,n. An OWA operator of dimension n for fuzzy number
based on a non-additive measurewith g —A rulesisa mapping

F :ExE,xIXE, — E definedas

R, ,8) = 2(0,(A)~,(A.) b,
where ly isthei-th largest vdlueout of = (&,,3,,---,3,) (i.e,b=b,>---2h,).

Corollary 1. When A =0 and a is a crisp number, then the definition 4 degeneratesto
the classic OWA operator.

Definition 5. The measure of orness (andness) associated with an OWA operator En of

dimension n for fuzzy number based on a non-additive measurewith g — A rulesis
defined as

n 1 & n
orness(g{”) = ——->g{"(A),
n-14=
n-1
andness(g”) = 1-orness(gf?) =1~~~ 3 g (A),
4=

3. Recursive forms of the OWA operator for fuzzy number based on a non-additive
measurewith g —A rules

Theorem 1. Let g, be fuzzy measure satisfying d—A rules. Denote A ={X,%,, -,
x}, i=12,-,n. (9" (A)-9{"(A.,)) isthei-th element for the weighting vector of

dimension n. PL(“) denotes correlation coefficient. Left Recursive form (LRF) of the
OWA operator for fuzzy number based on a non-additive measure with o —A rules can
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be written as

F,=R" Eﬂi(gsﬂ’ (A) =" (A M) +(a(A) - 95" (A1) b,

=R [F,, +(1-g{" (A)) b,
where
R™ =1-(1-g{"(AL) = 9" (AL),
ai”(A) -9 (A) =RV Mo (A) - g™ (AL)),

i(gﬁ”‘l’ (A)-g{"™(AL) =1.

For afixed level of orness a , we get

1+ Egﬁ“‘l’ (A)
g (A) =g (A) R,

93" (A2) = 97 (AL R,

gi”(A.) =R".
Proof: The simplest aggregation is for two elements, as

F, = 9P (A) b +(1-9P(A)) b, orness(g’) =g (A)=a.
Let usnow consider the aggregation |53. In this case

orness(gY) = %igf’ (A)=a.
This|eads to the system of independent equations -
95 (A)+ 97 (A) =2a,
(957 (A)-0)+(g5 (A) -9 (A)) + (9 (A) - 957 (A)) =1,
i’ (A) =g’ (A)RY,
(97 (A)- 97 (A)) = (1-g? (A)) BT,

The solutionis
@ _ 2a

pO=_ %

© o 1+9P(A)
9 (A) =g (A)R®,
g (A) =R,

More generdly, in the case of n arguments, we can get theorem 1.

Corollary 2. It isinteresting to noticethat P™ dependson n and a , as
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(n-Da

P™ =P (na)=———"—".
L  (n,a) (n-2a+1

Theorem 2. Let g, be fuzzy measure satisfying 0 —A rules. Denote A(”’l) ={%,,,
X}, i=2-n, A™=0 in F,. A”={x, %, X}, i=12-n,
A" =0. (g!"(A)-9\"(A,)) is the i-th dement for the weighting vector of

dimension n. PL(”) denotes correlation coefficient. Right Recursive form (RRF) of the

OWA operator for fuzzy number based on a non-additive measure with g — A rules can
be written as

F, = (@ (A) -0 (A7) B+ Y (03 (0 (A™) - g (A ) )

=g (A") b, + RV [F,
where
PR(n) = 1— g;n) (Afn))’

g/(1n) (A(n)) - g/(ln) (A(Pl)) — Pan) mg/(]n—l)(A(n—l)) _ gﬁ”'l’(A‘_“‘l))),
i(gﬁn‘l’ (A" ) - g (AT =1.

For afixed level of andness a , we get

-Sair A -1y

0 (A”) =1- R,
Y (A7) = (9" (") ~) B 41,

o (AD) = (g (A1) -1 IR +1.
Proof: The simplest aggregation is between two elements
F, = g?(A?) b +(1-g?(A”)) I, andness(gy’) =1-0}"(A?)=a,

Let usnow consider the aggregation F;. In thiscase
13 _
andness(g}”) =1-23 9,"(A%) =2
i=1

Thisleadsto the system of independent equations
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-9 (A%)- 9P () +2= 2,
(7 (A7) - 9 (A7) + (0 (A7) - 6 (A7) + (9 (A?) - 9 (A7) =1
0 (A%) =1-RY,
(9 (A?) - 9 (A7) = (9 (AP) - 57 (A”)) (B,

the solution is
@ _ 20

" PRy 2
0 (A7) =1-RY,

9 (A”) = (9 (A”) ~DRY +1
More generdly, in the case of n arguments, we can get theorem 2.

Corollary 3. Itisinteresting to noticethat P™ dependson n and a , as
(n-1)(1-a)

a+(n-1)(1-a)’

Theorem 3. Let g, be fuzzy measure satisfying 6 —A rules. Denote A ={X,X,, ",
x}, i=1,2,--,n. (g (A)-g{"(A.)) isthei-th element for the weighting vector of

PR(n) =PR.(na)=

dimenson n. P™ denotes correlation coefficient. A more general form of the OWA

operator for fuzzy-number based on a non-additive measure with g — A rules can be
written as

E=(S (0 (A)- 9 (AL) B)+ (0 (A) - 0 (AL)

= R 3(97(A) - 9™ (AL) 1) + (67 (A) - 9 (AL B,
=R I, +(9)" (A) - 9" (A) Db,

where
(07 (A) =g (A ). = {Pk“‘) o™ (A) =g (A), i<k

R g (AL) - 97 (AL), i>k.
R =1-(@1 (A) - 0 (A1) = 3 (0" (A) - (A).

For afixed level of orness a , we get
) _ (n-1)a +(k-n)
© (n-2a+k-m+g"V(AL)’
g (A) = R g™ (A),
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93" (Ac) = R 97 (A,
gi”(A) =R" g (AL) - +1,

g (A) = R Hgi™ (A, ) ~1) +1

Proof: According to the given conditions, we have the linear equation system
n-1

Y9’ (A)=(n-1a,

i=1

3 (07 (A)- g (A) =1
0" (A) -0 (A) = RV Ugl™ (A) ~ g (A).

g;n) (A<—1) - ggn) (A<—2) = Fi(n) Eﬂgﬂn_n (A<—1) - ggn_l) (Ak—z))’
95" (A) - 9" (A) =1-R"
05" (Aw) — 95" (A) = RV TG ™ (A) - 95 (AL)),

g,”(A) - 97" (A) = RV UGy ™ (A) — 92 (AL)-

The solution is theorem 3.

Corollary 4. For a more general recursive form of the OWA operator for fuzzy number
based on a non-additive measurewith g —A rules. When

(1) k=n, we get the LRF of the OWA operator for fuzzy number based on a
non-additive measurewith g —A rules.

(2) k=1, we get the RRF of the OWA operator for fuzzy number based on a
non-additive measurewith g —A rules.

4. |llustrative example
A management selects 4 expertsto evd uate for ascheme. Information evaluation values as

shown in table 1, where expertis X , evaluation value is denoted as
a =(a—-4,a,a +J,) whichisatriangle fuzzy number.

Tablel:
expert evaluation g,
X, (0.20,0.30,0.40)| 0.1524
X, (0.80,0.90,1.00)| 0.1586
X, (0.50,0.60,0.70)|  0.2428
X, (0.120,0.20,0.30) 0.4292
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Step 1: Accordingto 1+ A = |_1|(1+ A9, ({x})), weknow A =0.05. Meanwhile

9" (A) = 9{°({x}) = 0.1524,
01 (A) = 1L+ A9l (xI)(L+ A9 (x}) ~1] =03122,

9 (A) = %[(1+ Ag () (@+ A9 ({x.1))(1+ A9} ({x})) —1] = 0.5588.

Step 2: According to definition 4, we can know the comprehensive evaluation IE4 of 4
experts.

F, = (9'(A)) {0.80,0.90,1.00) + (g% (A,) - 9% (A)) [{0.50,0.60,0.70)

+(99(A) - 9% (A,)) [0.20,0.30,0.40) + (1- g (A,)) [10.10,0.20,0.30)
=(0.2953,0.3953,0.4953).

Step 3: When anew expert X, givesavalue for this scheme whichis (0.30,0.40,0.50) .
According to Definition 4 and Theorem 1, we know that

1 3
a = orness(gf?) =2 > 0" (A) =0.3411,
j=1
Y (n-2a+1 3a+1
g (A,) = B® =0.6743,

F. = PO [F, + (1- g (A,)) x(0.30,0.40,0.50)) = (0.2968,0.3968,0.4968).
Step 4: When anew expert X, givesavalue for this scheme whichis (0.40,0.50,0.60) ,

=0.6743,

we can know the comprehensive evaluation I—f6 of 4 experts.

RO = > 07213
4a +1

9P (A)=PR® =0.7213
F, = PO [F, +(1- g (A,)) % (0.40,0.50,0.60) = (0.3256,0.4256,0.5256).
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