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1. Introduction  
A continuous complex-valued function ivuf +=  defined in a domain C⊆D  is a 

harmonic in D  if u  and v  are real harmonic in D . We call h  the analytic part and 
g  the co-analytic part of f . In any simply connected domain we can write ghf += , 

where g  and h  are analytic and g  denotes the function )(zgz → . Clunie and 

Sheil-Small [2] pointed out that a necessary and sufficient condition for f  to be locally 

univalent and sense preserving in D  is that |)(|>|)(| zgzh ′′  in D . Let H  denote the 
class of complex-valued harmonic functions which are univalent, orientation preserving, 
and normalized in the open unit disk 1}|<:|{= zzU  for which 0.=1(0)=(0) −zff  

Functions in H  can be written in the form ghf +=  where  

1.|<|,=)(,  =)( 1
1=2=

bzbzgzazzh n
n

n

n
n

n
∑∑

∞∞

+
                       

(1) 

 We note that the family H  of orientation preserving, normalized harmonic univalent 
functions reduces to the well known class S  of normalized univalent functions in ,U  if 

the co-analytic part of f  is identically zero, that is 0.≡g  

In [2], Clunie and Sheil-Small investigated the class H  as well as its geometric 
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subclasses and their properties. Since then, there have been several studies related to the 
class H  and its subclasses. Following Clunie and Sheil-Small [2], Frasin[3], 
Subramanian et al [1], Jahangiri et al. [4, 5, 6, 7], Silverman [10], Silverman and Silvia 
[11], and others have investigated various subclasses of H  and its properties.  
 
Definition 1.1. Let k  be any positive integer. A domain D  is said to be k -fold 

symmetric if a rotation of D  about the origin through an angle 
k

π2
 carries D  onto 

itself. A function f  is said to be k -fold symmetric in D  if for every z  in D  we have  

 .),(=
22

D∈









zzfezef k

i

k

i ππ

 

 The family of all k -fold symmetric functions is denoted by kS , and for 2=k  
we get the class of odd univalent functions. The notion of ),( kj -symmetrical functions  

( …2,3,=k , and 1,0,1,2,= −kj … ) is a generalization of the notion of even, odd, k
-symmetrical functions and also generalizes the well-known result that each function 
defined on a symmetrical subset can be uniquely expressed as the sum of an even function 
and an odd function. The theory of ),( kj -symmetrical functions has many interesting 
applications; for instance, in the investigation of the set of fixed points of mappings, for the 
estimation of the absolute value of some integrals, and for obtaining some results of the 
type of Cartan’s uniqueness theorem for holomorphic mappings, see [9]. 

Denote the family of all ),( kj -symmetrical functions by ),( kj
S . We observe 

that, (0,2)
S , (1,2)

S  and )(1,k
S  are the classes of even, odd and k -symmetric functions 

respectively. We have the following decomposition theorem: 
 
Theorem 1. [9] For every mapping C֏U:f , and a k -fold symmetric set, there exists 

exactly one sequence of ),( kj -symmetrical functions kjf ,  such that  

 ),(=)( ,

1

0=

zfzf kj

k

j
∑

−

 

where  

 ( ) .,
1

=)(
1

0=
, U∈−

−

∑ zzf
k

zf vvj
k

v
kj εε                                      (2) 

  
Remark 1.2. Equivalently, (4) may be written as  

 1,=  ,=)( 1,
1=

, azazf n
njn

n
kj δ∑

∞

                                     (3) 

 where  
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= )(
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−
−

∑ jlkn
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k
vjn
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v
jn εδ

                        

(4) 

  
 1).,0,1,2,=,1,2,=,( −∈ kjkl ……N  

 

Definition 1.3. ghf +=  where h  and g  are given by (1). Let 1<0 β≤  and 

0.≥α  Then ),(),*( βαkj
HSf ∈  if and only if  
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                                                                      (5) 

 where πθθ 2<1,0<,0= ≤≤ rrez i  and kjkjkj ghf ,,, = +  where kjkj gh ,,   ,  given 

by  

).(
1

=)(),(
1

=)(
1

0=
,

1

0=
, zg

k
zgzh

k
zh vvj

k

v
kj

vvj
k

v
kj εεεε −

−
−

−

∑∑                    (6) 

 
 

2. Main results 
We need the following sufficient condition studied by Jahangiri [7].  
 

Theorem 2.1.  Let ghf +=  with h  and g  are given by (1) and let  

 1,||
1

||
1 1=2=

≤
−
++

−
−

∑∑
∞∞

n
n

n
n

b
n

a
n

β
β

β
β

                                  (7) 

 where 1.<0 β≤  Then f  is harmonic orientation preserving, and univalent in U  and 

)(* βHSf ∈ .  
 The first theorem of this section determines the sufficient coefficient condition 

for function ghf +=  belong to the class ),(),*( βαkj
HS .  

 

Theorem 2.2. Let ghf +=  of the form (1) and kjkjkj ghf ,,, = +  with kjh ,  and kjg ,  

given by (6) If  

2.||
)(1

)(
||

)(1

)(

1,

,
2

1=1,

,
2

1=

≤
−

−−+
−

−
−+−

∑∑
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n
j

jn

n
n

j

jn

n

b
nnn

a
nnn

δβ
βδαα

δβ
βδαα

        

(8) 

 for some β , 1)<(0 β≤  and 0≥α  then f  is harmonic,orientation preserving,and 

univalent in U  and .),(),*( βαkj
HSf ∈   
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Proof:. Since βαβ −+−≤− nnnn 1)()(  and 1)(  ,1)()( ≥+++≤+ nnnnn βαβ , it 

follows from Theorem 7 that ),(),*( βαkj
HSf ∈  and hence f  is harmonic, orientation 

preserving, and univalent in .U  Now, we only need to show that if (8) holds then  

.
)(

)(
=

)(1)(2)()()(

,,

22

ββααα ≥








≥














+
′−+′′+′+′′

zB

zA
Re
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zgzzgzzhzzhz
Re

kjkj

        (9) 

 Using the fact that β≥)(wRe  if and only if |1||1| ww −+≥+− ββ , it suffices to 
show that  

0,  |)()(1)(||)()(1)(| ≥+−−−+ zBzAzBzA ββ                          (10) 

 where )(1)(2)()()(=)( 22 zgzzgzzhzzhzzA ′−+′′+′+′′ ααα  and kjkj ghzB ,,=)( +  

Substituting )(zA  and )(zB  in (10), we obtain 

|)()(1)(||)()(1)(| zBzAzBzA ββ +−−−+   
 

)()()(1)(1)(2)()()(= ,,
22 zgzhzgzzgzzhzzhz kjkj +−+′−+′′+′+′′ βααα
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The harmonic function  
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 where  
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The functions of the form (8) are in ),(),*( βαkj
HS  because  

2.|=|||1=
)(1
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 If 1== kj  will get the following result introduced by [8].  

 
Corollary 2.3.  
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 for some β , 1)<(0 β≤  and 0≥α  then f  is harmonic, orientation preserving and 

univalent in U  and ).,(* βαHSf ∈   

We denote by ),(
),*(

βα
kj

HS  the class of function ),(),*( βαkj
HSf ∈  whose 

coefficients satisfy the condition (7).  
 

Theorem 2.4.  Let 21 <0 αα≤  and 1.<0 1β≤  Then ),(),( 1
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Theorem 2.5. Let ghf +=  of the form (1) and kjkjkj ghf ,,, = +  with kjh ,  and kjg ,  

given by (6) and ),(
),*(
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Proof: Let ),(
),*(
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HSf ∈ . Then we have 
n

nnn
rbarbzf |)||(||)|(1)(

2=1 +++≤ ∑
∞

2

2=
1 |)||(||)|(1 rbarb nn

n

+++≤ ∑
∞

2

1,

2,

2=1,

2,

2=2,

1,
1 ||

)(1

22
||

)(1

22

22

)(1
|)|(1 rbarb n

j

j

n
n

j

j

nj

j













−
−+

+
−

−+
−+

−
++≤ ∑∑

∞∞

δβ
βδα

δβ
βδα

βδα
δβ

2

1,

,

2=1,

,

2=2,

1,
1 ||

)(1

]1)[(
||

)(1

]1)[(

22

)(1
|)|(1 rb

nnn
a

nnn
rb n

j

jn

n
n

j

jn

nj

j













−
−−−

+
−

−+−
−+

−
++≤ ∑∑

∞∞

δβ
βδα

δβ
βδα

βδα
δβ

 

2
1

1,

1,

2,

1,
1 ||

)(1

12
1

22

1
|)|(1 rbrb

j

j

j

j













−
−−

−
−+

−
++≤

δβ
βδα

βδα
βδ

 

2
1

2,

1,

1,

1,
1 |]|

22

12

12

)(1
{|)|(1 rbrb

j

j

j

j

βδα
βδα

βδα
δβ

−+
−−

−
−−

−
++≤  

and 
n

nnn
rbarbzf |)||(||)|(1)(

2=1 +−−≥ ∑
∞

 

2

2=
1 |)||(||)|(1 rbarb nn

n

+−−≥ ∑
∞

 

2

1,

2,

2=1,

2,

2=2,

1,
1 ||

)(1

22
||

)(1

22

22

)(1
|)|(1 rbarb n

j

j

n
n

j

j

nj

j













−
−+

+
−

−+
−+

−
−−≥ ∑∑

∞∞

δβ
βδα

δβ
βδα

βδα
δβ

2

1,

,

2=1,

,

2=2,

1,
1 ||

)(1

]1)[(
||

)(1

]1)[(

22

)(1
|)|(1 rb

nnn
a

nnn
rb n

j

jn

n
n

j

jn

nj

j













−
−−−

+
−

−+−
−+

−
−−≥ ∑∑

∞∞

δβ
βδα

δβ
βδα

βδα
δβ

 

2
1

1,

1,

2,

1,
1 ||

)(1

12
1

22

1
|)|(1 rbrb

j

j

j

j













−
−−

−
−+

−
−−≥

δβ
βδα

βδα
βδ

 

2
1

2,

1,

1,

1,
1 |]|

22

12

12

)(1
{|)|(1 rbrb

j

j

j

j

βδα
βδα

βδα
δβ

−+
−−

−
−−

−
−−≥  

The upper bound given for ),(
),*(

βα
kj

HSf ∈  is sharp and the equality occurs for the 
function  

),=(||
22

12

12

)(1
||1=)( 2

1
2,

1,

1,

1,
1 rzzbzbzzf

j

j

j

j













−+
−−

−
−−

−
+++

βδα
βδα

βδα
δβ

      

(18) 



Some Results on (j,k) Symmetric Starlike Harmonic Functions 

35 
 

 where 
j

b
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1 22

)(1
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−≤ . This completes the proof of theorem.  

 if 1== kj  will get the following results proved by [8].  
 

Corollary 2.6. Let ghf +=  of the form (1) and ),(
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 Using definition (5), and according to the arguments given in [4] we obtain the 

following the extreme points of the closed convex hulls of ),(
),*(
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HS  denoted by 
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3. Convolution and convex combinations 
Definition 3.1. For two harmonic functions  
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 Using this definition, we show that the class ),(
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HS  is closed under convolution.  
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Proof: We observe that 1≤nA  and 1≤nb , For the convolution )*( Ff , we have  
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Theorem 3.3. The class ),(
),*(
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HS  is closed under convex combination.  
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4. Class preserving integral operator 

In this section , we consider the closure property of the class ),(
),*(

βα
kj

HS  under the 
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Bernardi integral operator )(zF , which is defined by  
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Theorem 4.1. Let ghf +=  be in the class ),(
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HS , where h  and g  are given 
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Proof: From the representation of F , we have  
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