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1. Introduction 
This paper is concerned with the existence of positive solutions to the following coupled 
elliptic system of Kirchhoff type equations with Sobolev critical exponent 
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where 3Ω ⊂ ℝ  is a bounded domain with smooth boundary, , , , 0,a b λ µ > 1 2,r< <  
, 1α β > , 6α β+ =  is the Sobolev critical exponent.  

System (1) is a nonlocal problem because of the terms 
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This problem is analogous to the stationary case of the following equation  

( ) ( )2
,ttu a b u dx u f x u

Ω
− + ∇ ∆ =∫ , 

which was proposed by Kirchhoff [1] as an extension of the classical D'Alembert's wave 
equation for free vibrations of elastic strings. The nonlocal effect also appears in 
biological systems where u  describes a process. Equation (2) has attracted a considerable 
attention only after Lions [2] presented an abstract framework to this problem. In recent 
years, some interesting results can be found in [3-6] and the references therein. 

Without the nonlocal terms, (1) is related to the following semilinear elliptic system 
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      (3) 

where 2
22 ( 3).N

N Nα β ∗
−+ = = ≥  In fact, system (3) is a special case of (1) when 1,a =  

0.b =  Fan [7] researched system (3) by using the Nehari manifold and the Lusternik- 

Schnirelman category, and proved that the system admits at least ( )cat 1Ω +
 
positive 

solutions. Recently, the existence of multiple positive solutions for the p-q-Laplacian 
system with critical nonlinearities has been received much attention. Especially, Li and 
Yang [8] obtained the existence of ( )cat 1Ω +

 
positive solutions, Yin [9] obtained the 

existence of ( )cat Ω  positive solutions.  

 Motivated by [7, 9], in this work we are concerned with the existence of positive 
solutions for system (1). System (1) arouses some interesting results due to the lack of 

compactness of the embedding 1 2
0

,2( ) ( ).W L
∗

Ω ⊂ Ω�� Hence, the corresponding energy 

functional to system (1) do not satisfy the Palais-Smale condition, which is the difficulty 
of this paper for system (1). Therefore, we can’t use the standard variational methods. 
Moreover, as far as we known, there are few works on the existence of positive solutions 
for system (1). we shall extend the study of [8] to overcome the difficulty and obtain the 
existence of positive solutions for (1). The following theorem is our main result. 

 

Theorem 1.1. There exists * 0Λ >  such that if ( )2 2
2 2

*0,r rλ µ− −+ ∈ Λ , system (1) admits 

at least one positive solutions. 
 
Remark 1.1. The existence result of system (1) in the case 1a = , 0b =  has been 
obtained in [7]. The result has been extended to the p-q Laplacian equations in [8, 9]. 
 
2. Preliminaries results 
For a bounded domain 3Ω ⊂ ℝ  with smooth boundary, we denote by || ||⋅ , | |p⋅

 
the 

norm of 1
0( )H Ω  and ( )pL Ω  respectively as follows  
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Obviously, 1
0( )H Ω  is a normal Sobolev space and ( )21
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is a Hilbert space. 

Let H ′  be dual of H . The norm on H  is given by  
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It is known that S  is independent of Ω  and never achieved except when 3Ω = ℝ (see 

[10]). Obviously, by (4), we have ( ) 63
,| | | | , .
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We associate with system (1) a functional given by 
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 where max{ ,0}, max{ ,0}.u u v v+ += =  It is trivial to verify that the energy functional 

(5) is of 1.C Then the nontrivial critical points of the functional (5) are the nonzero weak 

solutions of system (1). Accurately, ( ),u v is a weak solution of system (1) if ( ), .u v H∈
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In order to obtain existence results, we introduce the following Nehari manifold 

( ) ( ) ( ){ }, : , \ {(0,0)}: , , , 0u v H I u v u vλ µ ′= ∈ =N .  

Then by (6), we find ( ) ,,u v λ µ∈N
 
if and only if 

( ) ( ) ( ) ( ) ( ) ( )2 4 4
, 2 0.

r r

H
a u v b u v u v dx u v dx

α β
λ µ+ + + +

Ω Ω
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Obviously, ,λ µN
 
contains all positive weak solutions of system (1). If ( ) ,,u v λ µ∈N , 

we deduce that  
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Then, we conclude from 1 2r< <  and the Hölder inequality that ( ),I u v  is coercive and 

bounded below on ,λ µN . 

 For each 0t > , we define the fibering maps 
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We split the Nehari manifold ,λ µN
 
into three parts corresponding to the local minima, 

the local maxima and the points of inflection 
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which is similar to the method used in [8]. 
Throughout this paper, we denote the weak convergence by⇀ , and the strong 

convergence by→ . We denote positive constants by 0C , *Λ , * ( 1,2)i iΛ = . Then we 

have the following lemmas. 
 
Lemma 2.1. (See [11, Lemma 2.4]) Assume that ( )0 0,u v  is a local minimizer for ( ),I u v  
on ,λ µN  and ( ) 0

0 0 ,,u v λ µ∉N . Then ( )0 0, 0I u v′ =  in H ′ . 

 
Lemma 2.2 For ( ) ,,u v λ µ∈N ,

 
there exists a positive constant 0C (depending on , ,p r

 

, ,N S Ω ) such that ( ) ( )2 2
2 2

0, .r rI u v C λ µ− −≥ − +   

Proof: The proof is similar to that of [12, Lemma 2.2]. 
 

Lemma 2.3 There exists *
1 0Λ >  such that 0

,λ µ = ∅N
 
if ( )2 2

2 2 *
10,r rλ µ− −+ ∈ Λ . 

Proof:  Now we define 
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Based upon the Hölder inequality and the Sobolev embedding theorem, we obtain 
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which contradicts with the assumption. Therefore, we conclude that there exists a 

constant *
1 0Λ >  such that 0
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for ( )2 2
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Then we have the following results. 
 

Lemma 2.4. There exists *
2 0Λ >  such that if ( )2 2

2 2 *
20,r rλ µ− −+ ∈ Λ  we obtain 

(i) , 0λ µγ + < ; 

(ii) , 0dλ µγ − ≥
 
for some 0 0d > . 

Proof: (i) For any ( ) , ,,u v λ µ λ µ
+∈ ⊂N N , we have  
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Then, we conclude that there exists *2 0Λ >  small enough and 0 0d >  such that 

, 0 0dλ µγ − ≥ >
 
for all ( ) ,,u v λ µ

−∈N
 
if ( )2 2

2 2 *
20, .r rλ µ− −+ ∈ Λ    □ 

According to the fibering maps and Nehari manifold, we consider the following 
function , ( ) :u vJ t + →ℝ ℝ , which is defined by 
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Taking into account (8), we have ( ),0
lim u vt
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= −∞ , ( ),lim 0t u vJ t→+∞ =

 
and  
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By direct computation, we obtain 
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( ),u vJ t

 
achieves its maximum at 

the point ( )max max ,t t u v= , where maxt  is the unique solution of the equation 
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and ( ), 0u vJ t′ > , as ( )max0,t t∈ ; ( ), 0u vJ t′ < , as ( )max,t t∈ +∞ . This lemma is 

completed. □ 
 

Lemma 2.5. For each ( ), \ {(0,0)}u v H∈ , if ( ) ( ) 0u v dx
α β+ +

Ω
>∫ , then there exists a 

unique ,t+
 a unique t −  and max0 t t t+ −< < <  such that ( ) ,, ,t u t v λ µ

+ + +∈N  

( ) ,,t u t v λ µ
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≤ ≤ ≥
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Proof: Due to ( ) ( ) 0u v dx
α β+ +

Ω
>∫ and ( ), max 0,u vJ t >  we deduce that the equation 

 

( ) ( ) ( ), 2u vJ t u v dx
α β+ +

Ω
= ∫  

has two solutions 
maxt t t+ −< <  such that ( ), 0u vJ t+′ >

        

and ( ), 0.u vJ t−′ <  Taking into account ( ) ( ) ( )5

, , 0,u v u vt t J tφ + + +′′ ′= > we obtain 

( ) ,,t u t v λ µ
+ + +∈N , ( ) ,,t u t v λ µ

− − −∈N . Therefore, we conclude that ( ),u v tφ
 
is decreasing 

on ( )0,t+ , increasing on ( ),t t+ −
 and decreasing on ( ),t− +∞ . Then (9) holds.  □ 

In the following, we give the corresponding definition of the Palais-Smale sequence 

in H  for  ( ),I u v . 



Qian Zhang and Zhiying Deng 

26 
 

 

Definition 2.6. (i) For c R∈ , a sequence {( , )}n nu v H⊂
 
is a ( )cPS  sequence for 

( ),I u v
 
if ( ),n nI u v c→  and ( ), 0n nI u v′ →  strongly in H ′  as ;n → ∞    

(ii) c R∈  is a ( )PS  value in H  for ( ),I u v
 
if there exist a ( )cPS  sequence in H  

for ( , )I u v ; 

(iii) ( , )I u v  satisfies the ( )cPS  condition in H  if any ( )cPS  sequence in H  for 

( ),I u v  contains a convergent subsequence. 

 

Lemma 2.7. For any , 0λ µ >  and 1 2r< < , ( ),I u v
 
satisfies the ( )cPS  condition for  

( ) ( )
3

2 22, 2 22
03 2, r r

aS
c Cα β λ µ− −

 ∈ −∞ − + 
 

.                                       (10) 

Proof: Assume that {( , )}n nu v H⊂  is a ( )cPS  sequence for ( ),I u v
 
satisfying (10). 

Then we have 

( ) ( ), (1), , (1).n n n nI u v c o I u v o′= + =                                  (11) 

In the following, we will prove that {( , )}n nu v  is bounded in .H  Assume that 

( ), ,n n H
u v → ∞   ( ) ( ) ( ), ,

ˆ ˆ, ( , ).n n

n n n nH H

u u
n n u v u v

u v =
 

Obviously, ( )ˆ ˆ, 1n n H
u v =

 
is bounded in .H  Up to a subsequence, we suppose that 

( ) ( )ˆ ˆ ˆ ˆ, ,n nu v u v⇀
 
in ,H  

which implies that 
ˆ ˆ ˆ ˆ,n nu u v v⇀ ⇀  in ( )1

0H Ω , 

ˆ ˆ ˆ ˆ,n nu u v v→ →  in ( )sL Ω , where 1 6s≤ < , 

( ) ( ) ( ) ( )ˆ ˆ ˆ ˆ .
r r r r

n nu v dx u v dxλ µ λ µ+ + + +

Ω Ω
   + → +      ∫ ∫  

By means of (10), we deduce 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2 2 4 64 4 1
ˆ ˆ ˆ ˆ ˆ ˆ(1) , , , ,

2 4 3
1

ˆ ˆ, , as ,

n n n n n n n n n nH H H H

r rr

n n n nH

a b
c o u v u v u v u v u v u v dx

u v u v dx n
r

α β

λ µ

+ +

Ω

+ +

Ω

+ = + + −

 − + → ∞  

∫

∫
 

and 

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

2 2 4 64 4
ˆ ˆ ˆ ˆ ˆ ˆ(1) , , , 2 ,

ˆ ˆ, , as .

n n n n n n n n n nH H H H

r rr

n n n nH

o a u v u v b u v u v u v u v dx

u v u v dx n

α β

λ µ

+ +

Ω

+ +

Ω

= + + −

 − + → ∞  

∫

∫
Therefore, by ( ),n n H

u v → ∞ , we obtain
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( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2 2 44 4

2

1
ˆ ˆ ˆ ˆ ˆ ˆ(1) , , ,

2 4 3
1

ˆ ˆ, , as ,

n n n n n n n n n nH H H

r rr

n n n nH

a b
o u v u v u v u v u v dx

u v u v dx n
r

α β

λ µ

+ +

Ω

− + +

Ω

= + + −

 − + → ∞  

∫

∫
 

and 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

2 2 44 4

2

ˆ ˆ ˆ ˆ ˆ ˆ(1) , , 2 ,

ˆ ˆ, , as .

n n n n n n n n n nH H H

r rr

n n n nH

o a u v b u v u v u v u v dx

u v u v dx n

α β

λ µ

+ +

Ω

− + +

Ω

= + + −

 − + → ∞  

∫

∫
 

Then, as n → ∞ , we get
 ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )2 2 44 44 2 6

ˆ ˆ ˆ ˆ ˆ ˆ, , , (1).
2 2 3 2n n n n n n n n n nH H H

b r r
u v u v u v u v u v dx o

a r a r

α β+ +

Ω

− −
= + + +

− − ∫

Therefore, we deduce that ( ) 2
ˆ ˆ, ,n n H
u v → ∞ as ,n → ∞ which contradicts with 

( ) 2
ˆ ˆ, 1n n H
u v = , thus the sequence ( ){ }ˆ ˆ,n nu v

 is bounded in H . 

Going if necessary to a subsequence, we suppose that 

( ) ( ), ,n nu v u v⇀  in H , 

,n nu u v v→ →  in ( )sL Ω , where 1 6s≤ < , 

( ) ( ) ( ) ( )r r r r

n nu v dx u v dxλ µ λ µ+ + + +

Ω Ω
   + → +      ∫ ∫ . 

According to the Brezis-Lieb lemma and [11, Lemma 2.1], we obtain 

( ) ( ) ( )2 2 2
, , , (1)n n n nH H H

u u v v u v u v o− − = − + , 

and 

( ) ( ) ( ) ( ) ( ) ( ) (1).n n n nu u v v dx u v dx u v dx o
α β α βα β + + + +

+ +Ω Ω Ω
− − = − +∫ ∫ ∫  

Then for any ( )1 2, Hϕ ϕ ∈ , there holds 

( ) ( ) ( ) ( )1 2 1 2lim , , , , , , 0n n
n

I u v I u vϕ ϕ ϕ ϕ
→∞

′ ′= = , 

which means ( ),u v is a critical point of ( ), .I u v Now, we only need to show 

( ) ( ), ,n nu v u v→
 
in H . By (11), we deduce 

( ) ( ) ( ) ( ) ( )2 4 4 1
(1) , ,

2 4 3n n n n n nH

a b
c o I u v u u v v u u v v u u v v dx

α β
+ +Ω

+ = + − − + − + − − − −∫ ,
 

(12)
 and 

( ) ( )
( ) ( ) ( ) ( )2 4 4

(1) , , ,

, 2 .

n n

n n n n n nH

o I u v u u v v

a u u v v b u u v v u u v v dx
α β
+ +Ω

′= − −

= − − + − + − − − −∫
 

Without loss of generality, we set 
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( ) 2 4 4
, (1), (1).n n n nH

u u v v m o u u v v l o− − = + − + − = +  

Then 

( ) ( )2 (1).n nu u v v dx am bl o
α β
+ +Ω

− − = + +∫  
If 0a = , then the conclusion of this lemma holds. On the contrary, now we 
suppose 0a > . Then by the Sobolev inequality, we derive 

1 1
3 3

, , .
2 2

am bl am
m S Sα β α β

+   ≥ ≥   
                                         

(13) 

In view of (12), (13) and ( ) ,, \ {(0,0)}u v λ µ∈N , we deduce 

( ) ( ) ( )
3
2

2 2
2 2,

0

2
, ,

2 4 6 3 3 2
r r

aSam bl am bl am
c I u v I u v Cα β λ µ− −

 += + + − ≥ + ≥ − + 
 

, 

which contradicts (10).
 
Therefore, we conclude 0m = , and hence ( , ) ( , )n nu v u v→  

strongly  in H . The lemma is proved.  □ 
 
3. Proof of Theorem 1.1 
In order to prove Theorem 1.1, we need the following lemmas.  

 

Lemma 3.1. If ( )2 2
2 2

*0, ,r rλ µ− −+ ∈ Λ  there exists a 
,

( )PS
λ µγ  

sequence ( ){ } ,,n nu v λ µ
+⊂ N   

in H  for ( ),I u v . 

Proof: The proof is almost the same as that of Wu [13, Proposition 9]. 

To obtain the existence of a local minimum for ( ),I u v on ,λ µ
+

N , we need the 

following lemma: 
 

Lemma 3.2. If ( )2 2
2 2

*0,r rλ µ− −+ ∈ Λ , there exists * 0Λ >  such that ( ),I u v  has a 

minimizer ( ), , ,,u vλ µ λ µ λ µ
+∈N

 
and it satisfies 

(i) ( ), , , ,, 0I u vλ µ λ µ λ µ λ µγ γ += = < ; 

(ii)  ( ), ,,u vλ µ λ µ  
is a positive solution of system (1). 

Proof: From Lemma 3.1, there exists a minimizing sequence ( ){ },n nu v  for ( ),I u v  on 

,λ µN
 
such that  

,( , ) (1) and ( , ) (1) in .n n n nI u v o I u v o Hλ µγ ′ ′= + =                (14) 

Since ( ),I u v  is coercive and bounded below on 
,λ µN , ( ), ,,u vλ µ λ µ  

is bounded in H . 

Then there exists a subsequence ( ){ },n nu v  and ( ), ,,u v Hλ µ λ µ ∈
 
such that  
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( )

( )

1
, , 0

, ,

, ,

, in ,

, a.e. in ,

, in , 1 6,

n n

n n

s
n n

u u v v H

u u v v

u u v v L s

λ µ λ µ

λ µ λ µ

λ µ λ µ

→ →

→

 Ω

→

 Ω
 Ω ≤ <

⇀ ⇀

 

which implies 

( ) ( ) ( ) ( ), , as .
r r r r

n nu v dx u v dx nλ µ λ µλ µ λ µ+ + + +

Ω Ω
   + → + → ∞      ∫ ∫

     

   (15) 

Thus, by using a standard argument, we have ( ), ,, 0I u vλ µ λ µ′ =
 
and ( ), ,,u vλ µ λ µ  

is a 

nontrivial solution of system (1). From ( ), , ,,u vλ µ λ µ λ µ∈N , we deduce that 

( ) ( ) ( ) ( ) ( )2 4 42 6
, ,

6 2(6 ) 6

r r

n n n n n n n nH

ar br r
u v dx u v u v I u v

r r r
λ µ+ +

Ω
 + = + + −   − − −∫ . 

(16) 

Taking n → ∞  in (16), we deduce by (14), (15) and , , 0λ µ λ µγ γ +≤ <  that 

( ) ( ), , ,

6
0.

6

r r r
u v dx

rλ µ λ µ λ µλ µ γ+ +

Ω
 + ≥ − >   −∫  

Thus, ( ) ( ), ,, 0,0u vλ µ λ µ ≡/  and  ( ), ,,u vλ µ λ µ  
is a nontrivial solution of system (1). Now we 

prove that ( ) ( ), ,, ,n nu v u vλ µ λ µ→  in H  and ( ), , , ,,I u vλ µ λ µ λ µ λ µγ γ += = . Applying the 

Fatou lemma, if ( ) ,,u v λ µ∈N , we conclude from (5) that 

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( )

, , ,

2 4 4

, , , , , ,

2 4 4

,

,

1 1
,

3 12 6

1 1
liminf ,

3 12 6

liminf , .

r r

H

r r

n n n n n nHn

n n
n

I u v

a b
u v u v u v dx

r

a b
u v u v u v dx

r

I u v

λ µ λ µ λ µ

λ µ λ µ λ µ λ µ λ µ λ µ

λ µ

γ

λ µ

λ µ

γ

+ +

Ω

+ +

Ω→∞

→∞

≤

   = + + − − +     

    ≤ + + − − +       

≤ =

∫

∫

 

This implies that , , ,( , )I u vλ µ λ µ λ µγ=  and  

( ) ( ) 22

, ,lim , ,n n H Hn
u v u vλ µ λ µ→∞

= ,
   

( ) 4 44 4

, ,lim n n
n

u v u vλ µ λ µ
→∞

+ = + . 

Let ( ) ( ) ( ), ,, , ,n n n nu v u v u vλ µ λ µ= −ɶ ɶ , then the Brezis-Lieb lemma implies 

22 2

, ,( , ) ( , ) ( , ) (1),n n n nH H H
u v u v u v oλ µ λ µ= − +ɶ ɶ   as .n → ∞  

Thus ( ) ( ), ,, ,n nu v u vλ µ λ µ→
 
in .H  In the following, we will prove ( ), , ,,u vλ µ λ µ λ µ

+∈N . 

On the contrary, if ( ), , ,,u vλ µ λ µ λ µ
−∈N , then by Lemma 2.5, there exist unique t+ , t−
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such that ( ), , ,,t u t vλ µ λ µ λ µ
+ + +∈N

 
and ( ), , ,, .t u t vλ µ λ µ λ µ

− − −∈N
 
In particular, we have 

1t t+ −< = . By means of 

( ), ,, 0
d

I t u t v
dt λ µ λ µ

+ + = ,    ( )
2

, ,2
, 0,

d
I t u t v

dt λ µ λ µ
+ + >

 
we deduce that there exists t t t+ −< <  such that ( ) ( ), , , ,, ,I t u t v I tu tvλ µ λ µ λ µ λ µ

+ + < . From 

Lemma 2.5, we have 

( ) ( ) ( ) ( ), , , , , , , , , ,, , , ,I t u t v I tu tv I t u t v I u vλ µ λ µ λ µ λ µ λ µ λ µ λ µ λ µ λ µ λ µγ γ+ + + − −≤ < ≤ = = , 

which is a contradiction, and thus ( ), , ,, .u vλ µ λ µ λ µ
+∈N In view of 

( ) ( ), , , ,, | |,| |I u v I u vλ µ λ µ λ µ λ µ=  and ( ), , ,| |,| |u vλ µ λ µ λ µ
+∈N , we conclude from Lemma 

2.1 that ( ), ,,u vλ µ λ µ  
is a nontrivial nonnegative solution of system (1). Moreover, if 

, 0λ µ > , then ( ), ,,u vλ µ λ µ  is a positive solution of system (1) by the strongly maximum 

principle. Therefore, we obtain ( ), , , ,,I u vλ µ λ µ λ µ λ µγ γ+ = = .  □ 

Proof of Theorem 1.1.  Taking into account Lemma 3.2, we obtain that for all λ , 0µ >  
and ( )2 2

2 2
*0,r rλ µ− −+ ∈ Λ ,

 
system (1) has a positive solution ( ), , ,,u vλ µ λ µ λ µ

+∈N . Then 

the conclusion of Theorem 1.1 follows.  □ 
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