Journal of Mathematics and | nformatics
Vol. 15, 2019, 19-31

| SSN: 2349-0632 (P), 2349-0640 (online) Journal of ]
Published 27 January 2019 Mathematics and
WwWw.resear chmathsci.org =
DOI: http://dx.doi.org/10.22457/jmi. 127v15a3 Informatics

Existence of Positive Solutionsfor a Coupled System of
Kirchhoff Type Equations with Sobolev Critical
Exponent
Qian Zhang" and Zhiying Deng?

School of Science, Chongging University of Post$ Belecommunications
Chongging — 400065, Chongging, China. E-mail: zhémrqupt@163.com
Key Lab of Intelligent Analysis and Decision on Quex Systems

Chonggqing University of Posts and Telecommunication
Chongging — 400065, Chongging, China. E-mail: dg@equpt.edu.cn

Received 20 December 2018; accepted 9 January 2019

Abstract. In this paper, we consider a coupled system ofhioff type equations with
Sobolev critical exponent. Based upon the Nehariifola, fibering maps and variational
methods, we prove an existence result of positiations.

Keywords: Kirchhoff type system; Sobolev critical expongmisitive solutions
AMS Mathematics Subject Classification (2010): 35B33, 35J48, 35J50

1. Introduction
This paper is concerned with the existence of pasgolutions to the following coupled
elliptic system of Kirchhoff type equations witht&ev critical exponent

- a+ij|Du|2dx)Au:)I|u|r_2u+ 20 |u|”_2u|v|ﬂ, in Q,
a+p
(asbf v aav= g v 22t ing, @
Q a+18
u=v=0, onoQ,

where Q O R? is a bounded domain with smooth boundayb, A, 4> 0,1<r <2,
a,B>1, a+ [ =6 is the Sobolev critical exponent.

System (1) is a nonlocal problem because of thastérj.Q|Du|2dx, and the operator

b(jQ|Du|2dx)Au appears in the Kirchhoff equation

{—(a+ bIQ|Du|2dX)Au =f(xu), inQ, 2

u=0, onoQ.
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This problem is analogous to the stationary cagkeofollowing equation
U, —(a+ ij|Du|2 dx)Au = f (xu),

which was proposed by Kirchhoff [1] as an extensibithe classical D'Alembert's wave
equation for free vibrations of elastic strings.eThonlocal effect also appears in
biological systems whera describes a process. Equation (2) has attractedsaderable
attention only after Lions [2] presented an abstfinework to this problem. In recent
years, some interesting results can be found 8] fd the references therein.

Without the nonlocal terms, (1) is related to tbkofving semilinear elliptic system

du= Al Pur 2Ly e, inQ,

a+pf
—Av=ﬂ|"|r_2V+a2T'Bﬁ|u|”|v|ﬂ_2v, inQ, 3)

u=v=0, onoQ,

wherea + 8 = ZD=%(N > 3). In fact, system (3) is a special case of (1) whenl,
b=0. Fan [7] researched system (3) by using the Nehariifioid and the Lusternik-
Schnirelman category, and proved that the systemitscht Ieaslcat(Q)+ 1 positive

solutions. Recently, the existence of multiple fhesisolutions for the p-g-Laplacian
system with critical nonlinearities has been reedimuch attention. Especially, Li and

Yang [8] obtained the existence odit(Q)+ 1 positive solutions, Yin [9] obtained the

existence ofcat(Q) positive solutions.

Motivated by [7, 9], in this work we are concerngith the existence of positive
solutions for system (1). System (1) arouses son@dsting results due to the lack of

compactness of the embeddilwol'Z(Q)gLf(Q). Hence, the corresponding energy

functional to system (1) do not satisfy the Pafisale condition, which is the difficulty
of this paper for system (1). Therefore, we casé the standard variational methods.
Moreover, as far as we known, there are few workthe existence of positive solutions
for system (1). we shall extend the study of [8pt@rcome the difficulty and obtain the
existence of positive solutions for (1). The follagytheorem is our main result.

Theorem 1.1. There exists\. >0 such that ifA?* +,uﬁ D(O,/\*) , system (1) admits
at least one positive solutions.

Remark 1.1. The existence result of system (1) in the casel, b=0 has been
obtained in [7]. The result has been extendedetl] Laplacian equations in [8, 9].

2. Preliminaries results
For a bounded domai 0 R® with smooth boundary, we denote Hy]|, |, the

norm of H}(Q) and L°(Q) respectively as follows
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Wn:UJmurd4?|qp=“guwdqi,(p>n.

Obviously, H}(Q) is a normal Sobolev space ahbl::(Hé(Q))2 is a Hilbert space.
Let H' be dual ofH . The norm onH is given by

), =(1F +IMP)

2 2
S:= inf e S = inf [(u.v)l

uOH2(Q)\(0} 0 \2 YT (uv)oH (0,0 ez
(IQ|uF dx) (J.Q|u|"|vf?dx)
It is known thatS is independent of) and never achieved except whé&r R*(see
[10]). Obviously, by (4), we hav§ |u v f dx< S (u v)|]
We associate with system (1) a functional given by
1 2 b 4 2 1 \r R 2 RARY:
1 =)+l ) =AY ) o o () () e
(5)

whereu” = max{u,0}, v =max{v,0}. It is trivial to verify that the energy functional

We define

4)

(5) is of C*. Then the nontrivial critical points of the functain(5) are the nonzero weak
solutions of system (1). Accuratelf,v) is a weak solution of system (1)(iéi,v) O H.

Thus for all(¢,,¢,) OH it holds
a_[Q (Dubg, + OvOg,)dx +bul’ IQ Oul ¢, dx + b||v|* JQ Ovd ¢,dx

_IQ[A (u+)*‘l 6.+ #(V+)H¢2}dx— 2a ,[Q (u*)”_l (v* )ﬁ¢1dx (6)

a+pf
2 RV
—afngu)(v)ﬁ¢ﬂx:0

In order to obtain existence results, we introdihesfollowing Nehari manifold
N, ::{(u,v) OH\{(0,00}: (1" (wv), (uv)) :0} .
Then by (6), we findu,v) 0., , if and only if
(w9, + ool ) - [ () + ) Jox-2f, () (v =0,

Obviously, j\/M contains all positive weak solutions of system (flI.u,v) Dj\/w,

we deduce that
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() =2, 2l ) - [ Al) () - 2UI( u (v o

ol 1 ) o (v e
= ol ) g JLA) ) }:x

Then, we conclude frorfi<r < 2 and the Hdélder inequality thdt(u,v) is coercive and
bounded below oV, ,.
For eacht > 0, we define the fibering maps

2 bt* r A\ RY; 6 Nay .
=%”(UV)"Z +L4(||u”4 +||v||4)—tTIQ[/](u ) +u(v') }dx_%'l'g(u (v )/)‘dx.
(")

Then for eac{u,v) 0.#, ,, we have

.0 =a(2-D)un)f, +o{ a-r)[uf* +]) - 4 ) [ (o) (v o
= ~aal(u V), - 2]l M)+ (6 [ A(u) + ) o

We split the Nehari manifoldV/, , into three parts corresponding to the local minima,
the local maxima and the points of inflection

N, :={(u,v)Dj\/M :ng’yv(l)>c} ,

Ar={(uv)ON,, 4, 0=1,

Ny, :={(u,v)[]j\/M :@"V(1)<(} ,

which is similar to the method used in [8].
Throughout this paper, we denote the weak convemydrty— , and the strong

convergence by . We denote positive constants By, A., A (i =1,2). Then we
have the following lemmas.

Lemma 2.1. (See [11, Lemma 2.4]) Assume tHat,V,) is a local minimizer fort (u,v)
on AV, , and(uy, Vo) DA, Thenl'(u,,v,) =0 in H',

Lemma 2.2 For (u,v) Dj\/m, there exists a positive constan(depending onp, r,
N,S,]Q)]) such thatl (u,v) = ~C, (1% + ).
Proof: The proof is similar to that of [12, Lemma 2.2].

Lemma 2.3 There exists\; >0 such thatA? =0 if A%+ 17 D(O,/\i).
Proof: Now we define
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= Se e [Sars ]
2(6—I’) : 23

Arguing by the way of contradiction we assume tihatre existsl +qu% D(O,/\;) ,
such that’, # 0 . Then for any(u,v) 0.V}, we obtain

a(2-r)|uv)f; <a(2-n)Ju)f; +8 4-r)(lul* + M) = 4 &) (u")" (v) ex

and

4al(u)f, < dal(um); w2l + M) = (&) ], [ A(w) +alv) fox

Based upon the Hoélder inequality and the Sobolevesiding theorem, we obtain
+\ (. +\P = 6
2(6—r)jQ(u )" (v') o< 2(6-1)S%|(u ).
and

(6-)[,[A(u) +u(v) Jxs(6-r)[0

<2(6-1)|Q

%5t +u)|(uv)[

st et ) s,

Then, we deduce

o, 2|3, |

This implies

NG

6-— 6 _r 2 2 2 \3
l(wv)]. s{ “Tlof*s } (1 + )

2 2 a(2—r) 3 %{6—r (=3 _r]zz’ .
/]Zfr = > —S _Q 6 Sz :/\,
o >{2(6—r) "ﬁ} 2 | '

which contradicts with the assumption. Therefore wonclude that there exists a
constantA\; >0 such thatA’, =0 for A7+ ,uTEr D(O,/\I). 0
By Lemma 2.3, forAz +,uz%r D(O,/\l), j\/M = ‘7\/;,;1 Uj\/;#, and we define
y,”, . (u,vI)Q;/A,u ! (U, V) ' y/u, . (u,vl)rD]EVﬁp ! (u’ V) ’ y/u, . (u,vl)rD]E‘G_,ﬂ ! (u’ V) .
Then we have the following results.

Lemma 2.4. There exists\, > 0 such that ifA7" + 1% D(O,/\;) we obtain
® Vi <O0;
(i) ¥, ,=d, for somed, >0.

Proof: () For any(u,v)0A,, 0N, ,, we have
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a(2=r)(un)f}, +o(a=r)(jul" + M) > 2 6-r) ] ()" (v) o,

and hence
(o) = 32, o 22 2 2 )

a(2-r) > b(4=r)( 4
<=5 vl == (el +M°) <o

This impliesy, , <y, ,<O0.
(i) For any (u,v)OA, , O A, ,, we deduce

a(2-r)(uv)[; +o( 4=r)(Jul’ +M)

<2(6-1)] (u)" (v) ok 2 6-r) S J(unf,
which implies that

c

’ )a (v+ )ﬁdx

a(2-r ‘
ol 2|3,
Then, we obtain from (5), the Holder inequality dhe Sobolev embedding theorem that
1 1 1 1 1 1 A\ A\
| (uv)= a(z—?j”(u,v)”i +b[71 —?j(||u||4+||v||4)+£?—F] J[A() + () Jox

1 l 6r 1 2 2 z%r r
> 2l -2 2- 2 )l s (4% ) ()

' —r 1 1 6 i f 2 2 \&
-, 2l -2 2-2)el 57 (2% 0 )

] {:Ez::g Ss"’T HZ&:I; S‘?“’T ﬂ[%‘%jlﬂl* SH +/1)}

Then, we conclude that there exists, >0 small enough andd, >0 such that
Viu2do>0forall (uv)OA;, if A% + 47 0(0A;). o

According to the fibering maps and Nehari manifalk consider the following
function J, ,(t) :R" - R, which is defined by

3o, (0) =at )]+t (ol + M) =t f, [ Aw) +a(v) e @
Then by (7), we derive
@.(0) =] 3,00 -2 () (v) x|

Taking into account (8), we hatien . J, (t) =, lim__ J, (t)=0 and

t - +oo u,v
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(u)lf, =2t (Jul* + M) = (r - | A(u) + y(w)’}dx}.

Jou(t) = tf‘7{—4at2‘r
Now we define

0, (0) ==t J(u )], = 2t (Juff +[M*) = (r = 9 [ A () +se(v) o
By direct computation, we obtain

limy,, (t)=(6- r)jQ[A (u+)r + ,u(v*)r}dx, lim ¢, (t) = -,

t -+

and
¢, (0)==4(2= 1) (u )]}, = 2A 4= r)e (ol +M°) < ¢
Thus, for(u,v)OH with L[,{(u*)' +,u(v+)r}dx>0, J,,(t) achieves its maximum at

the pointt =t (u,v), wheret_ . is the unique solution of the equation

~ “max

(), + 20 (Juf +°) = (6-r) [ [ () + ) Jo.
Moreover, we deduce
_a(2-r) > b(4-r), -
‘]u,v (tmax) _?tmax (U,V)”H + 6-r tm?”(
and J,(t)>0, astO(0t,,): J.,(t)<0, astO(t
completedo

dat*’

ul* +M‘) > 0

+0) . This lemma is

max’

Lemma 2.5. For each(u,v)OH \{(0,0)}, if jg(u+)a(v+)ﬁdx>0, then there exists a
unique t*, a unique t~ and O<t’<t, <t~ such that (t*u,tW)Dﬂ/jy,
(t‘u,t‘v) own, , and

I (t*u,t+v) _ Osigmaxl (tu,tv), I (t'u,t'v) = iLgpI (tu tv) (9)
Proof: Due to J'Q(u+)a(v+)'gdx>0and Juv (thax) >0, we deduce that the equation
3o (t) =2_[Q(u+)a(v+)ﬂdx has two solutionst’ <t,, <t” such thatJ, (t")>0
and J[,’V(t') <0. Taking into account gzg”v(t*) =(t+)5 Jiy (t*) >0, we obtain
(t*u,t*v) oN; . (t‘u,t‘v) O, ,. Therefore, we conclude thgt, (t) is decreasing

on (O,t*), increasing or(t*,t‘) and decreasing o(t‘,+oo). Then (9) holdso
In the following, we give the corresponding defimit of the Palais-Smale sequence
in H for 1(u,v).
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Definition 2.6. (i) For cOOR, a sequencg(u,Vv,)} OH is a (PS), sequence for
I (u,v) if 1(u,v,) - c and1’(u,,v,) - O stronglyinH" asn - ;
(i) cORis a(PS) value inH for I (u,v) if there exist aPS), sequence irH
for 1(u,v);
(iii) 1(u,v) satisfies the(PS), condition in H if any (PS), sequence irH for
I (u,v) contains a convergent subsequence.

Lemma2.7. ForanyA, 4 >0 and1<r <2, | (u,v) satisfies thg(PS), condition for
CD[—oo,g(as‘;ﬂ)z—Co(Azzf +,uzzf)j- (10)

Proof: Assume tha{(u, v,)} OH is a(PS), sequence for (u,v) satisfying (10).
Then we have

I(u,v,)=c+o@), 1'(u,v,)=0(). (11)
In the following, we will prove thaf(u,, v,)} is bounded inH. Assume that
‘(un’vn)
g = 1is bounded inH. Up to a subsequence, we suppose that

(4,,9,)—(G,9) in H,

Lo, (un,vn)=(m’m)'

Obviously,

(a,.%)

which implies that
0,—a, v —VinH(Q),
-0, ¥, - ¥inL3(Q), wherel<s<®6,

n

. b L s
oo = 0,9 8 8 Gl 1+ 5°)-he w 60) (
ol L[A@) (o) o asn o,
and
o= a(uy. v, ) (6, % I, + bl )l (Il +194°) = 2w w1, (67 (%) ax

)+ () o asn e

(U o),

_|(un’vn)

Therefore, b)4 — 00, we obtain

26



Existence of Positive Solutions for a Coupled Systé Kirchhoff Type Equations with
Sobolev Critical Exponent

2

s e b . - L\ (o
o) = 20,9, + 2l v J81"+15") - w1 [, (2 () o
- (u,,v,) ;_ZJ'Q[A(GH*)r +,u(\7;)rde, asn - o,
and
o(@) = a (., ), +bl(u, wa )5, (81 +1917) = 2w o)l T, (85)° (9) o
~l(u,v,) ;_ZIQ[A(G;)r +,u(\7;)r}dx, asn - o,
Then, asn — o, we get
5050, = 0 )+ S ) oo

Therefore, we deduce thf#(an’on)i

(G,,V,) i =1, thus the sequendgd, ¥, )} is bounded inH .
Going if necessary to a subsequence, we suppdse tha
(uyv,) —(uv) in H,
u, - U, Vv, -VvinL*(Q), wherel<s<®,
L) ) Jo s [[A(u) +av) o
According to the Brezis-Lieb lemma and [11, LemmniH,2ve obtain
(uy,v,) i —||(uv)||i +0(D),

- 0, as N - o, which contradicts with

(u,-uv, —v)||i1 =

and
Jat, =) (v =)= J () () = [ () (v) x+ o),
Then for any(¢,,¢,) OH , there holds
lim (1" (u,, v, ), (81,22)) =(1' (uV) (4,.82)) = O,

which means(u,v) is a critical point ofl(u,v). Now, we only need to show
(u,v,) - (u,v) in H. By (11), we deduce

b 1 a
(8=, o, =l =) -2 (0,0 (v~
(12)

- a
c+o(@)=1(u,v)+ 5

and

o(@) =(1"(u.v) (u, ~uy, -v))

(4 =uvy =), +0(Ju, =ul* + vy =v1*) = 2] (u, = u)? (v, ) o
Without loss of generality, we set

=a
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(u, —u.v, —v)||i| =m+o0(), |u,-ul"+|v,-Vv| =1 +0().
Then
2| (u, =) (v, —v)’dx = am+bl +0(1).

If a=0, then the conclusion of this lemma holds. On tbatmary, now we
supposea > 0. Thenby the Sobolev inequality, we derive

am+bl : am :
mzsm( 5 jzsm(7j. (13)

In view of (12), (13) andu,v) 0., , \{(0,0)} , we deduce

am bl am+bl am_2(as,, ) P
C=I(u,v)+7+z— 2|(u,v)+_32_i_ﬁ) _CO(/]Z—r+/12—r),

2

which contradicts (10)Therefore, we concluden=0, and hence(u,,v,) — (u,v)
strongly inH . The lemma is proveds

3. Proof of Theorem 1.1
In order to prove Theorem 1.1, we need the follggmmas.

2

Lemma 3.1 If A% + y/2 0(0,A.), there exists Ps),, sequence{(un,vn)} ON;

M

in H for 1 (u,v).

Proof: The proof is almost the same as that of Wu [18p&sition 9].
To obtain the existence of a local minimum fofu,v) on A

a1, we need the
following lemma:

Lemma 3.2. If /12%’+/12%’D(0,/\*) , there exists/\. >0 such thatl (u,v) has a
minimizer (UM,VM) O, , and it satisfies
) (U Vo) = Vi = Vi <O;
(i) (UM,VM) is a positive solution of system (1).
Proof: From Lemma 3.1, there exists a minimizing seque{lﬁu;?,vn)} for | (u,v) on
N, such that

l(u,v,)=y,,+0(d) and I'@, v, o) inH’ (14)
Sincel (u,v) is coercive and bounded below o#, . (u, .V, ,) is bounded irH .

Then there exists a subsequefite, v, )} and (UM,VM) OH such that
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un - U/Ly’ Vn - VA,,u

inH3(Q),
U, > U, v, - v, , ae. inQ ,

n , n

Uy - Uy V, -V, InL°(Q), 1<s< 6,

n

which implies
_[Q[/](u;)r +,u(v;)r}dx - _[Q[/](u;#)r +/,1(vjyﬂ)r}dx asn -, (15)
Thus, by using a standard argument, we hb(\(ew,vw):o and (uM,vM) is a

nontrivial solution of system (1). Fro(ruﬂ'#,vM) 0N, . we deduce that
+\' +\' — 2ar
J[A(u) + ) Joe= 22

Taking N — oo in (16), we deduce by (14), (15) apg , < y;y <0 that

L}[/i (u;‘ﬂ)’ + y(\,;w)r }dxz _%Vm >0.

Thus, (UM,VM) = (0,0) and (UM,VM) is a nontrivial solution of system (1). Now we

2

br 4 4 or
-— )
R (W PTIRE ST
(16)

(U v4)

prove that(u,.v,) - (u,,.v, ) in H and I (u,,.v, ,)=¥,, =¥, Applying the
Fatou lemma, i{u,v) 0O, . we conclude from (5) that

yﬁyﬂsl(uﬁ,ﬂ,vﬁyﬂ)

o P e T ) R AR T R
el ) (R A +alv) ]

<liminf I (u,v,) =y, .

n-oo

L a
<I f<—=[(u,
= ITJD {3|(u” V”)

This implies thatl (u, ,,v, ,) =V, , and

(o = i+l =l <o

Let (,,v,) =(u,,v,) - (UM,VM), then the Brezis-Lieb lemma implies

lim|

n- o

||(l]n’\7n)||2H :“(un’vn)”Z _H(UA,;(’V/I,;{)HZH +0(1)1 asn — oo,
Thus (u,,v,) - (UM,VM) in H. In the following, we will prove(uﬁyy,vA’ﬂ)Dﬂ/;#.

On the contrary, i(uA'ﬂ,VA'ﬂ)DJ\Q‘Y”, then by Lemma 2.5, there exist unidte t
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such that(t*um,va)Dj\f;ﬂ and (t’uAyﬂ,t’vA'ﬂ)Dj\/;‘ﬂ. In particular, we have

t" <t” =1. By means of

d + + _ d2 + +
al(t u, .t VM)—O, Fl(t u, .t VM)>0,
we deduce that there exidfs<t <t~ such thatl (t*uM,va) <I(t,, &,,). From

Lemma 2.5, we have

Vi< (t*uﬁvu,fvw) < (t_uﬁyﬂ,t_vjyy)s I (t‘uM,t'vM) = (uM,VM) =V
which is a contradiction, and thus(ujyﬂ,vw) Dﬂ/jﬂ. In view of
I (uM,vM) =1 (|Uw LIV, ) and(|um [V, bDj\ny, we conclude from Lemma
21 that(u/]’ﬂ,v/]’ﬂ) is a nontrivial nonnegative solution of system (Moreover, if
A, 1u>0, then(uﬂly,vﬁvy) is a positive solution of system (1) by the stigmgaximum

principle. Therefore, we obtaig; , =y, =1 (uA m Y#). O

Proof of Theorem 1.1. Taking into account Lemma 3.2, we obtain thatibid , 1#>0
and A% + 15 0(0,A.), system (1) has a positive soluti()ujyﬂ,vA,N)Dﬂ/Afﬂ. Then
the conclusion of Theorem 1.1 follows.
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