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1.Introduction  
In the papers (in particular [7,5,8,1]) have investigated the properties of fuzzy 
equivalence (congruence) relations of algebras. In particular Yuan and Wangming [9] 
investigated the relationship between fuzzy ideals and fuzzy congruences on a 
distributive lattice �. In this paper, we discuss the fuzzy congruence relations in MS-
algebras and we study the properties a fuzzy congruence relation generated by � × � on 
�.  
 
2. Preliminaries 
In this section, we recall some definitions and basic results on MS-algebras.  
 
Definition 2.1. [3] An MS-algebra is an algebra (�,∨,∧,∘ , 0,1) of type (2,2,1,0,0), such 
that (�,∨,∧ ,0,1) is a bounded distributive lattice and a → a∘ is a unary operation satisfies: 
� ≤ �∘∘, (� ∧ �)∘ = �∘ ∨ �∘ and 1∘ = 0. 

 
Lemma 2.2. [3] For any two elements �, � of an MS-algebra �, we have the following:   

    1.  0∘ = 1,  
    2.  � ≤ � ⇒ �∘ ≤ �∘,  
    3.  �∘∘∘ = �∘,  
    4.  (� ∨ �)∘ = �∘ ∧ �∘,  
    5.  (� ∨ �)∘∘ = �∘∘ ∨ �∘∘,  
    6.  (� ∧ �)∘∘ = �∘∘ ∧ �∘∘.  
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Definition 2.3. [4] Let L be a lattice and let � ⊆ � × �. We denote by �(�) the smallest 
congruence relation such that � ≡ � for all (�, �) ∈ �, and call it the congruence relation 
generated by �. If � = � × �, where � is an ideal, we write �[�] for all �(�).  

 
Definition 2.4. [2] An equivalence relation θ is a congruence relation in MS-algebra �, if 
it is a lattice congruence and (�, �) ∈ � implies (�∘, �∘) ∈ � for all �, � ∈ �.  

 If we delete the operation ∘, we shall speak the lattice congruence. To 
distinguish these two types, we shall use the subscript ′ �!′ to denote lattice congruence.   
Let � be an ideal of the MS-algebra �. Define �∘" = {$ ∈ �: &∘ ≤ $, for some & ∈ �}.       
�∘∘ = {$ ∈ �: $ ≤ &∘∘, for some & ∈ �}. Then �∘" is filter of � and �∘∘ is a ideal of �.  
 
Theorem 2.5. [3] Let � be an ideal of the MS-algebra �. Then �[�] = �/01[�∘"] ∨
�/01[�∘∘].  We recall that for any nonempty set �, the characteristic function of � defined 
as  

23($) = 41 &5$ ∈ �,
0 &5$ ∉ �.8 

Let � be a fuzzy subset of �. For any 9 ∈ [0,1], we shall denote the level subset 
�:;([9, 1]) by simply �<, i.e. �< = {$ ∈ �: 9 ≤ �($)}. 

 
Theorem 2.6. [8] Let � be a fuzzy subset of L. Then � is a fuzzy ideal of L if and only if 
any one of the following conditions is satisfied:   

    1.  �(0) = 1 and �($ ∨ =) = �($) ∧ �(=) for all$, = ∈ �,  
    2.  �(0) = 1 and �($ ∨ =) ≥ �($) ∧ �(=) and �($ ∧ =) ≥ �($) ∨

�(=) for all $, = ∈ �.  
 
A fuzzy relations on a set @ are maps �: @ × @ → [0,1]. For any $, = ∈ @ and 

fuzzy relations (� ∩ B)($, =) = C&D{�($, =), B($, =)},  
(� ∪ B)($, =) = C�${�($, =), B($, =)}, � ⊆ B means �($, =) ≤ B($, =).  

 
Definition 2.7. [5] Suppose that � and B are two fuzzy relations on a set @. Then 
(� ∘ B)($, =) = FGHI∈J((�($, K) ∧ (B)(K, =)).  

 
Definition 2.8. [5] A fuzzy relation B on @ is said two be a fuzzy equivalence relation on 
@ if  

    1.  B($, $) = 1 for all $ ∈ @ (reflexive),  
    2.  B($, =) = B(=, $) for all $, = ∈ � (symmetric),  
    3.  B($, K) ≥ B($, =) ∧ B(=, K) for all x, =, K ∈ � (transitive).  
 

 Throughout the next sections, � stands for MS-algebra.  
 
3. Fuzzy congruences on ms-algebras  
 In this section, we give various characterization for fuzzy congruences on MS-algebra �.  
 
Definition 3.1. A fuzzy equivalence relationBon an MS-algebra � is called fuzzy 
congruence relation on � if the following are satisfied: 
     1.  B($ ∧ K, = ∧ M) ∧ B($ ∨ K, = ∨ M) ≥ B($, =) ∧ B(K, M) for all $, =, K, M ∈ �,      
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     2.  B($∘, =∘) ≥ B($, =) for all $, = ∈ �.  
 
Example 3.2. Consider the MS-algebra � described as in following figure  
 

 
Figure 1: 

 Define a fuzzy relationB on � as follows: B(0,0) = B(1,1) = B($, $) =
B(=, =) = 1, B($, =) = B(=, $) = B(0, =) = B(=, 0) = B($, 0) = B(0, $) = 0.6. Then 
it can be easily verify that B is a fuzzy congruence relation on �.  

 
Theorem 3.3. A fuzzy equivalence relationBis fuzzy congruence on�if and only if 
B($, =) ≤ B($ ∧ K, = ∧ K) ∧ B($ ∨ K, = ∨ K) ∧ B($∘, =∘) for all $, =, K ∈ �.  
Proof: The forward proof is straightforward.Conversely, suppose that B is a fuzzy 
equivalence relation on � that satisfies B($, =) ≤ B($ ∧ K, = ∧ K) ∧ B($ ∨ K, = ∨ K) ∧
B($∘, =∘) for all $, =, K ∈ �. This implies B($, =) ≤ B($ ∧ K, = ∧ K),  B($, =) ≤ B($ ∨
K, = ∨ K) and  B($, =) ≤ B($∘, =∘) for all $, =, K ∈ �. 

B($, =) ∧ B(K, M) ≤ B($ ∧ K, = ∧ K) ∧ B(= ∧ K, = ∧ M) ≤ B($ ∧ K, = ∧ M) for all 
$, =, K, M ∈ �. Similarly B($, =) ∧ B(K, M) ≤ B($ ∨ K, = ∨ M) for all $, =, K, M ∈ �. Thus 
B is a fuzzy congruence relation on �.  

 
Theorem 3.4. A relation B on � is a fuzzy congruence on�if and only if every level 
subset B< of B at 9 ∈ [0,1] is congruence relation on �.  

 
Theorem 3.5. A congruence relation B is a congruence relation on � if and only if its 
characteristic function 2O is a fuzzy congruence on �.  

 
Theorem 3.6. If {BP: & ∈ Q} is a family of fuzzy congruence of �, then ∩P∈R BP is a fuzzy 
congruence on �. 
 

 We denoted that the set of all fuzzy congruences of � by ℱT(�) and the set of all 
congruences of � by T(�). U = {($, =) ∈ � × �: $ = =} is the smallest and V = � × � is 
the largest element of T(�). 

 2W($, =) = X1 if ($, =) ∈ U
0 if otherwise8 

for all $, = ∈ � is the smallest and 2]($, =) = 1 for all $, = ∈ � is the largest elements of 
ℱT(�).  
 
Definition 3.7. Let B and ^ be any two fuzzy congruence relation of �. Then define 
B ∨ ^ =∩ {� ∈ ℱT(�): B ⊆ � and ^ ⊆ �}, i.e B ∨ ^ is the fuzzy congruence generated 
by B ∪ ^.  
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Theorem 3.8. (ℱT(�), ⊆) is complete lattice. 
 
Proof: We note that both fuzzy congruences relations 2W and 2] are the least and the 
greatest elements of ℱT(�), respectively. Clearly (ℱT(�), ⊆) is poset and ∩P∈R BP is 
lower bound of any family {BP: & ∈ Q} of fuzzy congruences of �. Let Θ be any a lower 
bound of {BP: & ∈ Q}. Then � ⊆ BP for all & ∈ Q and so � ⊆∩P∈R BP. This implies ∩P∈R BP 
is a greatest lower bound of {BP: & ∈ Δ}. Hence (ℱT(�), ⊆) is a complete lattice.  

 
Theorem 3.9. Let B and ^ be any fuzzy congruence relations on an MS-algebra �. Then 
B ∨ ^ =∪cd;e �c, where �; = B ∘ ^ ∘ B, �f = B ∘ ^ ∘ B ∘ ^ ∘ B, �g = B ∘ ^ ∘ B ∘ ^ ∘
B ∘ ^ ∘ B.  
Proof: Let h =∪cdie Θc. We prove that h is the smallest fuzzy congruence relation in 
MS-algebra � containing B and ^. It can be easily verify that B ⊆ Θ; ⊆ Θf ⊆, . .. and 
^ ⊆ Θ; ⊆ Θf ⊆, . .. and so Θc ⊆ B ∨ ^. Now we see that h is a fuzzy congruence in MS-
algebra �.   

    1.  1 = B($, $) ≤ Θ;($, $) ≤∪cdie Θc = h($, $). Hence h($, $) = 1.  
    2.  Symmetric is straightforward.  
    3.  h($, =) ∧ h(=, K) =∪cd;e Θc($, =) ∧∪cd;e Θc(=, K) = supcΘc($, =) ∧

supcΘc(=, K) ≤∪cd;e Θc($, K). Since Θc($, =) ∧ Θl(=, K) ≤ Θcml($, K) for any real 
number D and C.     

 4.  h($, =) =∪cd;e Θc($, =) 
= sup

In,Io,...,Iop
(B($, K;) ∧ ^(K;, Kf) ∧ B(Kf, Kg) ∧. . .∧ B(Kfc, =)) 

≤ sup
In∧q,Io∧q,...,Iop∧q

(B($ ∧ r, K; ∧ r) ∧ ^(K; ∧ r, Kf ∧ r) ∧ B(Kf ∧ r, Kg ∧ r). . .∧ B(Kfc
∧ r, = ∧ r)) 

=∪cd;e Θc($ ∧ r, = ∧ r) = h($ ∧ r, = ∧ r) 
 Similarly h($, =) ≤ h($ ∨ r, = ∨ r) 

    5.  h($, =) =∪cd;e Θc($, =) 
 = sup

In,Io,...,Iop
(B($, K;) ∧ ^(K;, Kf) ∧ B(Kf, Kg) ∧. . .∧ Θ(Kfc, =)) 

 ≤ sup
In∘ ,Io∘ ,...,Iop∘ (B($∘, K;∘) ∧ ^(K;∘, Kf∘) ∧ B(Kf∘, Kg∘). . .∧ Θ(Kfc∘ , =∘)) 

 =∪cd;e Θc($∘, =∘) = h($∘, =∘) 
 This implies h is fuzzy congruence of an MS-algebra �.  
 

 Finally let s be any fuzzy congruence relation such that B ⊆ s and ^ ⊆ s. We 
prove that h ⊆ s.  

 h($, =) =∪cd;e Θc($, =) 
 = sup

In,Io,...,Iop
(B($, K;) ∧ ^(K;, Kf) ∧ B(Kf, Kg). . .∧ Θ(Kfc, =)) 

 ≤ sup
In,Io,...,Iop

(s($, K;) ∧ s(K;, Kf) ∧. . .∧ s(Kfc, =)) 

 = sc($, =) 
 Thus h is the smallest fuzzy congruence such that B ⊆ s and ^ ⊆ s.  
Hence B ∨ ^ =∪cdie Θc.  
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Definition 3.10. Let � be an MS-algebra. The smallest fuzzy congruence generated by 
the fuzzy relation B on � is defined by  �(B) =∩ {t ∈ uv(�): B ⊆ t}.  
If B = � × � is the product of fuzzy ideal � by itself, where(� × �)($, =) = �($) ∧ �(=) 
for all($, =) ∈ � × �. We write �[�] instead of �(B).  

 
Theorem 3.11. Let B is a fuzzy relation of �. Then �(B)($, =) = FGH{9: ($, =) ∈
�(B<)} for any ($, =) ∈ � × � and 9 ∈ [0,1].  
Proof: Let ^($, =) = sup{9: ($, =) ∈ Θ(B<)} for any ($, =) ∈ � × � and 9 ∈ [0,1]. We 
see that ^ = Θ(B). First we prove that ^ is a fuzzy congruence of �.   

    1.  ^($, =) = sup{9: ($, $) ∈ Θ(B<)} = 1 .  
    2.  ^($, =) = sup{9: ($, =) ∈ Θ(B<)} = sup{9: (=, $) ∈ Θ(B<)} = ^(=, $) 
    3.  ^($, =) ∧ ^(=, K) = sup{9: ($, =) ∈ Θ(B<)} ∧ sup{w: (=, K) ∈ Θ(Bx)} =

sup{9 ∧ w: ($, =) ∈ Θ(B<), (=, K) ∈ Θ(Bx)} ≤ sup{9 ∧ w: ($, =) ∈ Θ(B<∧x), (=, K) ∈
Θ(B<∧x)} ≤ sup{9 ∧ w: ($, K) ∈ Θ(B<∧x)} = ^($, K).  

    4.  ^($, =) ∧ ^(M, K) = sup{9: ($, =) ∈ Θ(B<)} ∧ sup{w: (M, K) ∈ Θ(Bx)} =
sup{9 ∧ w: ($, =) ∈ Θ(B<), (M, K) ∈ Θ(Bx)} ≤ sup{9 ∧ w: ($, =) ∈ Θ(B<∧x), (M, K) ∈
Θ(B<∧x)} ≤ sup{9 ∧ w: ($ ∧ M, = ∧ K) ∈ Θ(B<∧x)} = ^($ ∧ M, = ∧ K).  

Similarly ^($, =) ∧ ^(=, K) ≤ ^($ ∨ M, = ∨ K).  
    5.  ^($, =) = sup{9: ($, =) ∈ Θ(B<)} ≤ sup{9: ($∘, =∘) ∈ Θ(B<)} =

^($∘, =∘). Thus ^ is a fuzzy congruence of MS-algebra �. Next, we prove that B ⊆ ^. 
Now B($, =) = {9: ($, =) ∈ B<} ≤ {9: ($, =) ∈ Θ(B<)} = ^($, =). Hence B ⊆ ^.  

 Finally, let s be any fuzzy congruence of an MS-algebra � such that B ⊆ s. We 
see that ^ ⊆ s. 

If B ⊆ s, then B< ⊆ s< and so Θ(B<) ⊆ Θ(s<) = s<. Now ^($, =) =
{9: ($, =) ∈ Θ(B<)} ≤ {α: ($, =) ∈ s<} = s($, =). Thus ^ = Θ(B. ) 

 
4. Fuzzy ideals and congruences of  MS-algebras 
In this section, we study the relation of fuzzy ideals and fuzzy congruences of MS-
algebras. 

Let � be a fuzzy ideal of an MS-algebra �. Define �∘"($) = sup{�(&): &∘ ≤ $, & ∈
�} for all $ ∈ � and �∘∘($) = sup{�(&): $ ≤ &∘∘}. Easily verify that �∘" is a fuzzy filter of 
� and �∘∘ is a fuzzy ideal of �. 

 
The following is due to Yuan Bo and Wu Wangming [9]. 
 

Definition 4.1. Let � be a fuzzy ideal of a distributive lattice �. A fuzzy relation �/01[�] 
on � defined by setting �/01[�]($, =) = {�(&): $ ∨ & = = ∨ &, & ∈ �} for all $, = ∈ � is 
called the fuzzy relation induced by �.  
 

 It can be easily verify that it is the smallest lattice fuzzy congruence containing 
the product fuzzy ideals � × � of � × �. Using this definition the smallest lattice fuzzy 
congruence contains �∘∘ × �∘∘ defined as Θ[�∘∘] on � by setting Θ/01[�∘∘]($, =) =
{�∘∘(&): $ ∨ & = = ∨ &, & ∈ �} for all $, = ∈ �. 
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Lemma 4.2. Let μ be a fuzzy filter of a distributive lattice �. Let us define fuzzy relation 
�/01[�] on � by, �/01[�]($, =) = {�(&): $ ∧ & = = ∧ &, & ∈ �} for all $, = ∈ �. Then 
�/01[�] is the smallest fuzzy congruence on�containing the product of fuzzy filter � × � 
of � × �.  

By Lemma 4.2, let � be a fuzzy ideal of an MS-algebra �. The smallest fuzzy 
relation containing the product of fuzzy filter �∘" × �∘" is Θ[�∘"]($, =) = {�∘"(&): $ ∧ & =
= ∧ &, & ∈ �} for all $, = ∈ �. Then Θ{∘| is the smallest lattice fuzzy congruence 
containing the product of fuzzy filter �∘" × �∘".  

 
Lemma 4.3. Let � be a fuzzy ideal of an MS-algebra �. Then the following conditions 
are hold.   

    1.  Θ/01[�∘"]($, =) ≤ Θ/01[�∘∘]($∘, =∘) for all $, = ∈ � 
    2.  Θ/01[�∘∘]($, =) ≤ Θ/01[�∘"]($∘, =∘) for all $, = ∈ � 

Proof: (1) Θ/01[�∘"]($, =) = sup{(�∘")(&): $ ∧ & = = ∧ &, &, } ∈ �} = sup{(�)(}), }∘ ≤
&: $ ∧ & = = ∧ &, & ∈ �} ≤ sup{(�)(}), &∘ ≤ }∘∘: $∘ ∨ &∘ = =∘ ∨ &∘, &, } ∈ �} =
Θ/01[�∘∘]($∘, =∘). Similarly (2) holds.  

 
Theorem 4.4. For every fuzzy ideal�of an MS-algebra �. Then �[�] = �/01[�∘"] ∨
�/01[�∘∘].  
Proof: Let ^ = Θ/01[�∘"] ∨ Θ/01[�∘∘]. We prove that ^ is the smallest fuzzy congruence 
containing � × �. Easily verify that � × � ⊆ ^. Now we prove that ^ is a fuzzy 
congruence of �. Since Θ/01[�∘"] and Θ/01[�∘∘] are lattice fuzzy congruences, ^ is a lattice 
fuzzy congruence of �. 

By Theorem 3.9 and Lemma 4.3, 
^($, =) = supIn,Io,...,Iop(Θ/01[�∘"]($, K;) ∧ Θ/01[�∘∘](K;, Kf) ∧ Θ/01[�∘"](Kf, Kg) ∧

. . .∧ Θ/01[�∘"](Kfc, =)) ≤ supIn∘ ,Io∘ ,...,Iop∘ (Θ/01[�∘∘]($∘, K;∘) ∧ Θ/01[�∘"](K;∘, Kf∘) ∧
Θ/01[�∘∘](Kf∘ , Kg∘) ∧ Θ/01[�∘"](Kg∘ , K~∘) ∧. . .∧ Θ/01[�∘∘](Kfc∘ , =∘)) = ^($∘, =∘).  

Thus ^ is fuzzy congruence of MS-algebra �. Finally, we see that ^ is the 
smallest fuzzy congruence containing � × �. Since ^ a fuzzy congruence containing 
� × �, Θ[�] ⊆ ^. 

By Theorem 2.5 and Theorem 3.12, Θ/01[�∘∘]($, =) = sup{9: ($, =) ∈
Θ/01[(�∘∘)<]} ≤ sup{9: ($, =) ∈ Θ/01[�<] = Θ[�]($, =).  

Similarly Θ/01[�∘"] ⊆ Θ[�]. Thus Θ/01[�∘"] ∨ Θ/01[�∘∘] ⊆ Θ[�]. Hence ^ ⊆ Θ[�]. 
Therefore ^ = Θ[�].  

 The following Theorem is other useful description of Θ[�].  
 

Theorem 4.5. For every fuzzy ideal � of an MS-algebra �, �[�]($, =) = FGH{�∘∘(&) ∧
�∘"(}): ($ ∨ &) ∧ } = (= ∨ &) ∧ },    &, } ∈ �} for any $, = ∈ �.  
Proof: Put ^($, =) = sup{�∘∘(&) ∧ �∘"(}): ($ ∨ &) ∧ } = (= ∨ &) ∧ },    &, } ∈ �} for any 
$, = ∈ �. We show that ^ is fuzzy congruence of lattice �. For any $, =, K, &, }, �, �, r, � ∈
� 
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    1.  ^($, $) = sup{�∘∘(&) ∧ �∘"(}): ($ ∨ &) ∧ } = ($ ∨ &) ∧ },    &, } ∈ �} ≥
�∘∘(0) ∧ �∘"(1) = 1. Since in particular ($ ∨ 0) ∧ 1 = ($ ∨ 0) ∧ 1. Hence ^($, $) = 1 
for any $ ∈ �.  

    2.  ^($, =) = sup{�∘∘(&) ∧ �∘"(}): ($ ∨ &) ∧ } = (= ∨ &) ∧ },    &, } ∈ �} =
sup{�∘∘(&) ∧ �∘"(}): (= ∨ &) ∧ } = ($ ∨ &) ∧ },    &, } ∈ �} = ^(=, $) 

    3.  If ($ ∨ �) ∧ � = (= ∨ �) ∧ �, (= ∨ r) ∧ � = (K ∨ r) ∧ �, then  
(($ ∨ (� ∨ r)) ∧ (� ∧ �) = {($ ∨ �) ∨ r) ∧ �} ∧ �) = ({($ ∨ �) ∧ �} ∨ {r ∧

�}) ∧ � = ({(= ∨ �) ∧ �} ∨ {r ∧ �}) ∧ � = ({= ∨ (� ∨ r)} ∧ (� ∧ �) = ({(= ∨ r) ∧ �} ∨
{� ∧ �}) ∧ � = ({(K ∨ r) ∧ �} ∨ {� ∧ �}) ∧ � = ({K ∨ (� ∨ r)} ∧ (� ∧ �) = {(K ∨ r) ∧
�} ∨ {� ∧ �}) ∧ � = (K ∨ (� ∨ r)) ∧ (� ∧ �) . 

^($, =) ∧ ^(=, K) = sup{�∘∘(�) ∧ �∘"(�): ($ ∨ �) ∧ � = (= ∨ �) ∧ �,    �, � ∈
�} ∧ sup{�∘∘(r) ∧ �∘"(�): (= ∨ r) ∧ � = (K ∨ r) ∧ �,    r, � ∈ �} = sup{�∘∘(�) ∧ �∘∘(r) ∧
�∘"(�) ∧ �∘"(�): ($ ∨ �) ∧ � = (= ∨ �) ∧ �, (= ∨ r) ∧ � = (K ∨ r) ∧ ��, �, r, � ∈ �} ≤
sup{�∘∘(� ∨ r) ∧ �∘"(� ∧ �): ($ ∨ (� ∨ r)) ∧ (� ∧ �) = ((= ∨ (� ∨ r)) ∧ (� ∧ �),
�, �, r, � ∈ �} = ^($, K).  

Hence ^($, =) ∧ ^(=, K) ≤ ^($, K).  
    4.  If ($ ∨ �) ∧ � = (= ∨ �) ∧ �, (K ∨ r) ∧ � = (M ∨ r) ∧ �, then  
after routine work we have got, (($ ∧ K) ∨ (� ∨ r)) ∧ (� ∧ �) = ((= ∧ M) ∨ (� ∨

r)) ∧ (� ∧ �). 
^($, =) ∧ ^(K, M) = sup{�∘∘(�) ∧ �∘"(�): ($ ∨ �) ∧ � = (= ∨ �) ∧ �,   �, � ∈

�} ∧ sup{�∘∘(r) ∧ �∘"(�): (K ∨ r) ∧ � = (M ∨ r) ∧ �,    r, � ∈ �} = sup{�∘∘(�) ∧ �∘∘(r) ∧
�∘"(�) ∧ �∘"(�): ($ ∨ �) ∧ � = (= ∨ �) ∧ �, (K ∨ r) ∧ � = (M ∨ r) ∧ ��, �, r, � ∈ �} ≤
sup{�∘∘(� ∨ r) ∧ �∘"(� ∧ �): (($ ∧ K) ∨ (� ∨ r)) ∧ (� ∧ �) = ((= ∧ M) ∨ (� ∨ r)) ∧ (� ∧
�), �, �, r, � ∈ �} = ^($ ∧ K, = ∧ M). Hence ^($, =) ∧ ^(K, M) = ^($ ∧ K, = ∧ M).  

Similarly ^($, =) ∧ ^(K, M) = ^($ ∨ K, = ∨ M). This implies ^ is a lattice fuzzy 
congruence of �.  

    5.  Now for every fuzzy ideal � of an MS-algebra �, ^($, =) = sup{�∘∘(&) ∧
�∘"(}): ($ ∨ &) ∧ } = (= ∨ &) ∧ },    &, } ∈ �} ≤ sup{�∘"(}): $ ∧ } = $ ∧ ($ ∨ &) ∧ } = $ ∧
(= ∨ &) ∧ },    &, } ∈ �} = Θ/01(�∘")($, $ ∧ (= ∨ &)). 

    6.  Again, ^($, =) = sup{�∘∘(&) ∧ �∘"(}): ($ ∨ &) ∧ } = (= ∨ &) ∧ },    &, } ∈ �} ≤
sup{�∘∘(&): ($ ∧ (= ∨ &)) ∨ & = ($ ∨ &) ∧ ((= ∨ &) ∨ &) = ($ ∧ =) ∨ &,    &, } ∈ �} =
Θ/01(�∘∘)($ ∧ (= ∨ &), $ ∧ =). 

From (5) and (6) ^($, =) ≤ Θ/01(�∘")($, $ ∧ (= ∨ &)) ∧ Θ/01(�∘∘)($ ∧ (= ∨ &), $ ∧
=)) ≤ (Θ/01(�∘") ∨ Θ/01(�∘∘))($, $ ∧ =). 

 Similarly ^($, =) ≤ (Θ/01(�∘") ∨ Θ/01(�∘∘))($ ∧ =, =). Again ^($, =) ≤
(Θ/01(�∘") ∨ Θ/01(�∘∘))($, $ ∧ =) ∧ (Θ/01(�∘") ∨ Θ/01(�∘∘))($ ∧ =, =) ≤
sup�∧�{(Θ/01(�∘") ∨ Θ/01(�∘∘))($, $ ∧ =) ∧ (Θ/01(�∘") ∨ Θ/01(�∘∘))($ ∧ =, =)} ≤
((Θ/01(�∘") ∨ Θ/01(�∘∘)) ∘ (Θ/01(�∘") ∨ Θ/01(�∘∘))($, =) ≤
(Θ/01(�∘") ∨ Θ/01(�∘∘))($, =) = Θ[�]($, =). 

Conversely, Θ(�)($, =) = (Θ/01(�∘∘) ∨ Θ/01(�∘"))($, =) = ((Θ/01(�∘∘) ∘
Θ/01(�∘") ∘ (Θ/01(�∘∘) ∘. . .∘ Θ/01(�∘∘)($, =) = supIn,Io,I�,...,Iop{(Θ/01(�∘∘)($, K;) ∧
Θ/01(�∘")(K;, Kf) ∧ (Θ/01(�∘∘))(Kf, Kg) ∧. . . . } = {�∘∘(&;) ∧ �∘∘(&f) ∧. . . . �∘∘(&c) ∧
�∘"(};) ∧ �∘"(}f) ∧. . . . �∘"(}c): $ ∨ &; = K; ∨ &;, K; ∧ }; = Kf ∧ };, Kf ∨ &f = Kg ∨ &f, Kg ∧
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}f = K~ ∧ }f, . . . . , for each �, &�, }� ∈ �} ≤ {�∘∘(⋁&�) ∧ �∘"(⋀}�): ($ ∨ ⋁&�) ∧ ⋀}�) = (= ∨
⋁&�) ∧ ⋀}�): ⋁&�, ⋀}� ∈ �} = ^($, =). 

Because for each &� , }� ∈ �, we have ⋁&� , ⋀}� ∈ �.  
 ($ ∨ ⋁&c) ∧ ⋀}c = (K; ∨ ⋁&c) ∧ ⋀}c 
 = (K; ∧ ⋀}c) ∨ (⋁&c ∧ ⋀}c) 
 = (Kf ∧ ⋀}c) ∨ (⋁&c ∧ ⋀}c) 
 = (Kf ∨ ⋁&c) ∧ ⋀}c 
 =. . .. 
 = (= ∨ ⋁&c) ∧ ⋀}c 

 Hence Θ(�)($, =) = ^($, =). Therefore Θ(�)($, =) = sup{�∘∘(&) ∧ �∘"(}): ($ ∨ &) ∧ } =
(= ∨ &) ∧ },    &, } ∈ �} for any $, = ∈ �.  

 
Definition 4.6. A kernel fuzzy ideal � of an MS-algebra � is a fuzzy ideal � of � for 
which there exists a fuzzy congruence B of � such that � = ���B   i.e.   � is the kernel 
fuzzy ideal of B, where ���B($) = B($, 0) for all $ ∈ �.  

 
Definition 4.7. A cokernel fuzzy filter � of an MS-algebra � is a fuzzy filter � of � for 
which there exists a fuzzy congruence ^ of � such that � = r����^   i.e.   δ is the 
cokernel fuzzy filter of ^, where r����^($) = ^($, 1) for all $ ∈ �.  

 
Lemma 4.8. Let � be a kernel fuzzy ideal of an MS-algebra �. Then � = ����/01[�].  

 
Theorem 4.9. A fuzzy ideal � of an MS-algebra�is a kernel fuzzy ideal if and only if   

    1.  �∘∘ = � (i.e �(&∘∘) ≥ �(&)), for all & ∈ �,  
    2.  �($ ∧ }) ∧ �∘"(}) ≤ �($) for all $, } ∈ �.  

Proof: If � is a kernel a fuzzy ideal of fuzzy congruence � on �, then for ∀$ ∈ �,  
�($) = �($, 0) ≤ �($∘∘, 0) = �($∘∘).* 

Now �∘∘($) = sup{�(&): & ≤ $∘∘} ≤ �($∘∘) ≤ �($). (Since � is an ideal and and 
by (*)). Clearly � ⊆ �∘∘. This implies � = �∘∘. 

For any $, } ∈ �,  �∘"(}) = sup{�(&): &∘ ≤ }} = sup{�(&, 0): &∘ ≤ }} ≤ �(&∘, 1) =
�(&∘, 1) ≤ �(}, 1) ≤ �(} ∧ $, $).  

Now �($ ∧ }) ∧ �∘"(}) ≤ �(} ∧ $, $) ∧ �($ ∧ }, 0) ≤ �($, 0) = �($). 
Conversely, suppose that (1) and (2) hold. By Theorem 4.5 for any $ ∈ �,  

 Θ[�]($, 0) = sup{�∘∘(&) ∧ �∘"(}): ($ ∨ &) ∧ } = & ∧ },    &, } ∈ �} 
 = sup {�(&) ∧ �∘"(})�$ ∨ &) ∧ } = & ∧ },    &, } ∈ �}  (�=  (1)  �∘∘ = �) 
 ≤ �(($ ∨ &) ∧ j) ∧ �∘"(})  5��  ($ ∨ &) ∧ } = & ∧ },    &, } ∈ � 
 ≤ �($ ∨ &)  �=(2) 
 ≤ �($) 

 This implies ���Θ[�] ⊆ �. By Lemma 4.8, � = ���Θ/01[�] and Θ/01[�] ⊆ Θ[�], then 
� = ���Θ/01[�] ⊆ ���Θ[�]. Hence ���Θ[�] = �. Thus � is kernel fuzzy ideal of �. 
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