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Abstract. In this paper, we study the fuzzy congruence relation of MS-algebra L and the
fuzzy congruence relation generated by a given fuzzy relation on L. We also investigate
some properties of the fuzzy congruence relation generated by a given fuzzy relation on
L.
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1.Introduction

In the papers (in particular [7,5,8,1]) have investigated the properties of fuzzy
equivalence (congruence) relations of algebras. In particular Yuan and Wangming [9]
investigated the relationship between fuzzy ideals and fuzzy congruences on a
distributive lattice L. In this paper, we discuss the fuzzy congruence relations in MS-
algebras and we study the properties a fuzzy congruence relation generated by u X u on
L.

2. Preliminaries
In this section, we recall some definitions and basic results on M S-algebras.

Definition 2.1. [3] An MS-algebra is an algebra (L,v,A,°,0,1) of type (2,2,1,0,0), such
that (L,v,A,0,1) isabounded distributive lattice and a — a° isa unary operation satisfies:
a<a’,(anb)’=a’Vvb®and1®° =0.

Lemma 2.2. [3] For any two elements a, b of an MS-algebra L, we have the following:
.00 =1,

a<b=b"<a’,

> = a°,

. (avb)’ =a’Ab°,

. (avb)” =a"’Vvb*,

. (@aAD)” =a Ab™.
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Definition 2.3. [4] Let L bealatticeand let H € L x L. We denote by ©(H) the smallest
congruence relation such that a = b for al (a, b) € H, and call it the congruence relation
generated by H. If H = I x I, where I isan ideal, we write O[I] for al O (H).

Definition 2.4. [2] An equivalencerelation 6 isacongruencerelationin MS-algebra L, if
itisalattice congruence and (a, b) € 6 implies (a°,b°) € 6 fordl a,b € L.

If we delete the operation °, we shall speak the lattice congruence. To
distinguish these two types, we shall use the subscript 'lat’ to denote lattice congruence.
Let I be an idea of the MS-agebra L. Define 1Z = {x € L:i* < x, forsomei € I}.
L, ={x € L:x <i®, forsomei € I}. Then IZ isfilter of L and I,, isaideal of L.

Theorem 2.5. [3] Let I be an idead of the MS-algebra L. Then O[I] = 04 [IZ] V
014¢11..]. We recall that for any nonempty set L, the characteristic function of L defined
as
(1 ifx€elL,
x.(x) = (0 ifx ¢ L.
Let u be a fuzzy subset of L. For any a € [0,1], we shal denote the level subset
# ([, 1) by Simply gy, i€ pg = {x € L < pu(x)}.

Theorem 2.6. [8] Let u be afuzzy subset of L. Then u isafuzzy ideal of L if and only if
any one of the following conditions is satisfied:

L u0)y=1andu(xVvy)=ulx)Au(y) forallx,y € L,

2. p(0) =1andpu(xVvVy) = ux) Au@) andu(x Ay) = u(x) v
u(y) forallx,y € L.

A fuzzy relations on a set X are maps 6: X x X — [0,1]. For any x,y € X and
fuzzy relations (6 N @) (x,y) = min{B(x,y), ¢(x,y)},
(O UP)(x,y) = max{b(x,y), ¢(x,y)}, 0 S ¢ meansb(x,y) < ¢(x,y).

Definition 2.7. [5] Suppose that 6 and ¢ are two fuzzy relations on a set X. Then
(00 P)(x,y) = supLex((0(x,2) A () (2,¥)).

Definition 2.8. [5] A fuzzy relation ¢ on X is said two be afuzzy equivaence relation on
X if

1 ¢(x,x) =1fordl x € X (reflexive),

2. ¢(x,y) = dp(y,x) for al x,y € L (symmetric),

3 d(x,2) = d(x,y) Np(y,z) fordl x,y,z € L (transitive).
Throughout the next sections, L stands for MS-algebra.

3. Fuzzy congruences on ms-algebras
In this section, we give various characterization for fuzzy congruences on MS-algebra L.

Definition 3.1. A fuzzy equivalence relationgpon an MS-agebral is caled fuzzy
congruence relation on L if the following are satisfied:
L oxAz,yAw)AP(xVz,yvw)=d(x,y)Ap(z,w) fordl x,y,z,w € L,
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2. ¢(x°,y°) = ¢p(x,y) fordl x,y € L.

Example 3.2. Consider the M S-algebra L described asin following figure

1:

x°=x<>}‘=3f°

0

Figure 1:
Define a fuzzy relationgp on L as follows: ¢(0,0) = ¢(1,1) = ¢p(x,x) =
¢(,y) =1, ¢(xy) =o,x) = ¢0,y) = ¢(¥,0) = ¢(x,0) = $(0,x) = 0.6. Then

it can be easily verify that ¢ is afuzzy congruence relation on L.

Theorem 3.3. A fuzzy equivalence relationgis fuzzy congruence onLif and only if
P, y) <Pp(xAz,yANZ)APp(xVzZ,yVz)Ap(x®,y°) fordl x,y,z€L.
Proof: The forward proof is straightforward.Conversely, suppose that ¢ is a fuzzy
equivalence relation on L that satisfies ¢p(x,y) < p(x Az, yAZ)AP(xVzZ,yVz)A
¢(x°,y°) for al x,y,z € L. Thisimplies ¢(x,y) < p(xAz,yAz), ¢d(x,y) < Pp(xV
z,yvz)and ¢(x,y) < p(x°,y°) foradl x,y,z € L.

Y NP(ZW) S PXAZYANZD)APYAZ,yAW) S Pp(x Az yAw) for dl
x,y,z,w € L. Smilarly ¢(x,y) Ap(z,w) < p(xVz,yVvw) for dl x,y,z,w € L. Thus
¢ isafuzzy congruencerelation on L.

Theorem 3.4. A relation ¢ on L is a fuzzy congruence onLif and only if every level
subset ¢, of ¢ a a € [0,1] iscongruencerelation on L.

Theorem 3.5. A congruence relation ¢ is a congruence relation on L if and only if its
characterigtic function x4 is afuzzy congruence on L.

Theorem 3.6. If {¢p;: i € A} isafamily of fuzzy congruence of L, then n;¢, ¢; isafuzzy
congruence on L.

We denoted that the set of al fuzzy congruences of L by FC(L) and the set of all
congruences of L by C(L). w = {(x,y) EL X L:x =y} isthesmalest andt = L X L is
the largest element of C(L).

_(1 if(xy)€ew
Xo(2,Y) (0 if otherwise
for dl x,y € L isthe smallest and y,(x,y) = 1 for dl x,y € L isthe largest elements of
Fe(l).

Definition 3.7. Let ¢ and ¢ be any two fuzzy congruence relation of L. Then define

Ve =n{0 € FC(L):¢ €Oandp S O}, i.e¢V e isthe fuzzy congruence generated
by ¢ U ¢.
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Theorem 3.8. (FC(L), <) iscompletelattice.

Proof: We note that both fuzzy congruences relations y,, and y, are the least and the
greatest elements of FC(L), respectively. Clearly (FC(L), <) is poset and N;ey ¢; IS
lower bound of any family {¢;:i € A} of fuzzy congruences of L. Let © be any a lower
bound of {¢;:i € A}. Then ® < ¢; foral i € A and s0 @ SNy ¢p;. ThisimpliesN;e,y P;
is agreatest lower bound of {¢;: i € A}. Hence (FC(L), S) isacomplete lattice.

Theorem 3.9. Let ¢p and ¢ be any fuzzy congruence relations on an MS-algebra L. Then

GV =Up_s Op,Where0; =dogpod, Oy =dopodopoed, O3 =dopopogeo
popod.

Proof: Let k =U;_, 0,,. We prove that k is the smallest fuzzy congruence relation in
MS-agebra L containing ¢ and ¢. It can be easily verify that p € 0, €0, <, ... and
pcS0O,€0,C, ..ands00, S ¢V . Now we seethat k isafuzzy congruencein MS-
algebra L.

L 1=¢0,x)<0:(x,x) <Up_y 0, = k(x,x). Hence k(x,x) = 1.

2. Symmetric is straightforward.

3. k(x,¥) ANk(y,2) =Ugy 0,(x,¥) AUzZy 0,(Y,2) = sup,0,(x,¥) A
sup,0,(y,2) <U;_; 0,(x,2). Since0,,(x,y) A0,,(y,2) < 0,,,,,(x, 2) for any red
number n and m.

4. k(x,y) =Upz1 0,(x,y)
= sup (P(x,z1) Ap(21,22) A P(22,23) Ao AN P(Z2n,Y))

Z1/22mZ2n
< sup (dxNnc,zy ANS)N@(zy N,z Ac)ANp(z; Nc,z3 Ac)...NP(Zay,

Z1AC,Z3 \C,osZa g NC
AcC,YyAC))
=Up_1 0, (xAc,yAc) =k(xAc,yAc)
Similarly k(x,y) < k(xVc,yVc)
5 k(x%,¥) =Unz1 0,(x,y)
= sup (P(x,z1) Ao(21,22) A P(22,23) A...AO (220, )

21,272,220

< sup (@(x%,21) Ap(21,22) A P(23,23).- A O (220, ¥7))

2123220
O =UR 0, y) = k(x°,y7)
Thisimplies k isfuzzy congruence of an MS-algebra L.

Finally let T be any fuzzy congruence relation such that ¢ € t and ¢ < 7. We
provethat k C t.
K(x,y) =Unz1 On(x,y)
= sup (@(x,2z1) Ap(z1,22) AN P(22,23)...A O(22, ¥))

21,22,0Z2n

< sup (T(x,21) AT(21,22) A A T(Z20,Y))

21,22 0Z2n
] = Tp(x,y)
Thus k is the smallest fuzzy congruence suchthat ¢ € 7 and ¢ < 7.
Hence¢p vV ¢ =U5-, 0,,.
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Definition 3.10. Let L be an MS-algebra. The smallest fuzzy congruence generated by
the fuzzy relation ¢ on L isdefined by 0(¢) =n {9 € FC(L): ¢ S 9}.

If ¢ = u x pisthe product of fuzzy ideal u by itself, where(u x @) (x,y) = u(x) A u(y)
for dl(x,y) € L x L. We write O[] instead of 8 (¢).

Theorem 3.11. Let ¢ isafuzzy relation of L. Then 6(¢)(x, y) = sup{a: (x,y) €
O(¢py)} forany (x,y) e L x Land a € [0,1].

Proof: Let ¢ (x,y) = sup{a: (x,y) € 0(¢,)} for any (x,y) €L x L and a € [0,1]. We
seethat ¢ = 6((1)). First we prove that ¢ isafuzzy congruence of L.

1 @(x,y) =sup{a: (x,x) €0(¢,)}=1.

2. @(x,y) = sup{a: (x,y) € 0(¢g)} = sup{a: (¥,x) € 0(¢a)} = ¢ (¥, x)

3. o, y) ANy, z) = sup{a: (x,y) € O(¢pg)} Asup{l: (¥,2) € O(¢)} =
supfa A L: (x,y) € 0(dg), (¥,2) € 0(P)} < sup{a AA: (x,y) € O(darr), (v,2) €
O(danr)} < sup{a A ki (x,2) € O(Parr)} = @(x,2).

4 9(x,y) AW, z) = sup{a: (x,y) € 0(Pg)} Asup{d: (w,z) € O(¢)} =
supfa A A: (x,y) € O0(pg), (W,2) € O(¢a)} < sup{a AL (x,y) € O(Pana), (W,2) €
O(danr)} < sup{a AL (x Aw,y A z) € O(Papr)} = @(X AW,y AZ).

Similarly @ (x,y) Ao(y,z) < p(x Vw,y V z).

5. ¢(x,y) = sup{a: (x,y) € 0(¢pg)} < sup{a: (x°,y°) € O(¢g)} =
@(x°,y°). Thus ¢ isafuzzy congruence of MS-algebra L. Next, we prove that ¢ < ¢.
Now ¢ (x,y) = {a: (x,¥) € ¢a} < {a: (x,y) € O(¢a)} = ¢(x,y). Hence ¢p < ¢.

Finally, let T be any fuzzy congruence of an MS-algebra L such that ¢ < 7. We
seethat ¢ < 7.
If ¢ <1, then ¢p, S 7, and s0O O(¢,) S O(1y) = T4 Now @(x,y) =

{a: (x,) € 0(de)} < {a: (x,) € 75} = 7(x,¥). Thus ¢ = 0(¢.)

4. Fuzzy ideals and congruencesof MS-algebras
In this section, we study the relation of fuzzy ideals and fuzzy congruences of MS-
algebras.

Let u be afuzzy ided of an MS-algebra L. Define uZ (x) = sup{u(i):i° < x,i €
L} foral x € L and p.,(x) = sup{u(i): x < i*°}. Easly verify that uZ is afuzzy filter of
L and u,, isafuzzy ideal of L.

The following is due to Y uan Bo and Wu Wangming [9].

Definition 4.1. Let u be afuzzy ideal of a distributive lattice L. A fuzzy relation 0,4, [u]
on L defined by setting @4 [u](x,y) = {u(@):xvi=yvi, i€ L} for dl x,y €L is
called the fuzzy relation induced by .

It can be easily verify that it is the smallest lattice fuzzy congruence containing
the product fuzzy ideals u x u of L x L. Using this definition the smallest lattice fuzzy

congruence contains p,, X f., defined as O[u.,] on L by setting 0,4¢[1..](x,y) =
{Uso(D):xVi=yVi, i€L}fordlx,y€lL.
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Lemma 4.2. Let u be afuzzy filter of adistributive lattice L. Let us define fuzzy relation
O1qelu] on L by, 0,4 [u](x,y) = {u@@):xAi=yAi, i€L} for al x,y €L. Then
0,4:[11] is the smallest fuzzy congruence onlLcontaining the product of fuzzy filter u x u
of L X L.

By Lemma 4.2, let u be a fuzzy ideal of an MS-algebra L. The smallest fuzzy
relation containing the product of fuzzy filter uZ x uz is O[uz](x,y) = {uZ():x Ai =
yAi, i€L} for dl x,y €L. Then ©,: is the smallest lattice fuzzy congruence
containing the product of fuzzy filter uz x uZ.

Lemma 4.3. Let u be afuzzy idea of an MS-algebra L. Then the following conditions
are hold.

L Oue[wE](x,¥) < Opge[pec] (x°, y°) foral x,y € L

2. Ouat[poc] (%, y) < O [uZ](x°,y°) fordl x,y € L
Proof: (1) Oy [uS](x,y) = sup{(u)(@D:x Ai =y AL, i,j € L} = sup{(w)()), j° <
itxANi=yAi, i €L} <sup{(u)(), i*<j:x°Vi°=y°Vi°, i,jeL}=
014 [1e0](x°, ¥°). Similarly (2) holds.

Theorem 4.4. For every fuzzy ideauof an MS-algebra L. Then O[u] = 0,4, [uZ] v

@lat [ﬂoo]'
Proof: Let ¢ = 0,q:[tiZ] V 0,4¢[1o0]. We prove that ¢ is the smallest fuzzy congruence
containing u x u. Easily verify that ux u € ¢. Now we prove that ¢ is a fuzzy
congruence of L. Since 0,4,[12] and 0,4, [1..] are lattice fuzzy congruences, ¢ is alattice
fuzzy congruence of L.

By Theorem 3.9 and Lemma 4.3,

(p(x, .V) = Supzl,zz,...,zzn (Elat [uf](x, Zl) A 6lat [:uoo] (le ZZ) A 6lat [.uoz] (ZZ: 23) A
A Ot [13](Zan ¥)) S SUD 2,25, Orar [1ee] (X7, 20) A Oy [Z] (21, 25) A
6lat [Moo](ZEz Z;) A 6lat [:u?] (Z;, ZZ-) AN 6lat [/’loo](zgnt yo)) = (p(xo' yo)-

Thus ¢ is fuzzy congruence of MS-agebra L. Finaly, we see that ¢ is the
smallest fuzzy congruence containing u X u. Since ¢ a fuzzy congruence containing

uxp Ou < o. _

By Theorem 25 and Theorem 312, 0;4:[tt..](x,y) = sup{a:(x,y) €
Otae[(He)a]} < sup{a: (x,) € Orae[a] = O[] (x,9). _ _

Similarly ©4¢[13] S ©[u]. Thus ©14¢[uZ]V Org¢[pec] < O[u]. Hence ¢ S O[u].
Therefore ¢ = O[u].

The following Theorem is other useful description of ©[u].

Theorem 4.5. For every fuzzy idea u of an MS-algebra L, O[u](x,y) = sup{u..(i) A
W(N:(xVi)Aj=@VIi)Aj, i,jeL}foranyx,y € L.

Proof: Put ¢(x,y) = sup{i.() AuZ():(xVi)Aj=(VIi)Aj, i,j€L} for any
x,y € L. We show that ¢ is fuzzy congruence of lattice L. For any x,vy,z,i,j,a,b,c,d €
L
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L o(x,x) =sup{le (D) AUE(): (x VI)Aj=(XxVI)Aj, L,jEL} =
Ueo(0) AuZ(1) = 1. Sinceinparticular (x VO)A1 = (x V0) Al. Hence p(x,x) = 1
forany x € L.
2. p(x,y) = sup{pee D AUSG): (X VD Aj= (VI AJ, L,jEL}=
sUp{oe ) ARS(G): YV Aj = (x V) AJ, §,j EL} = @(¥,x)
B If(xva)Ab=(yVa)Ab, (yVc)Ad = (zVc)Ad,then
(xv(@ave)nbad)y={(xva)Vc)Ab}And)={(xVa)Ab}V{cA
bhand={yva)ab}v{canbPYPrd={yVv(@veinbAad)={lyVc)Ad}v
fandhAab={zve)yndiviandHh)Ab={zv(aVc)}AbAd)={(zVCc)A
diviandh)And=(zV(avc)AbAd).
(x,y) Ap(y,2) = sup{p..(a) AuZ(b): (xVa) Ab=(yVa)Ab, abe€
L} Asup{i. () AuZ(d):(yVe)Ad = (zVe) Ad, ¢,d € L} = sup{ie.(@) A too(C) A
wW)Auz(d):(xva)Ab=(yVva)Ab,(yVc)Ad=(zVc)Ada,b,c,d €L} <
sup{tec(@aVe)AuZ(bAd):(xV(aVc)AbAD) =((yV(aVe)A(bAD),
a,b,c,d €L} = 2).
Hence p(x,y) A o(y,2) < ¢(x, 2).
4 f(xva)Ab=(yVvVa)Ab, (zVc)Ad=(wVc)Ad,then
after routine work we have got, (x Az)V(avVc)A(bAd) =((yAw)V (aV
c)AbAAD).
o, y) Ap(z,w) = sup{t..(@) AuZ(b):(xVa)Ab=(yVa)Ab, a b€
L} Asup{io () AuZ2(d):(zVe)Ad = (wVe)Ad, ¢ d €L} =sup{i..(a) A pt.(c) A
w)Auz(d):(xva)Ab=(yVva)Ab,(zVc)Ad=wVc)Ada,b,c,d €L} <
sup{..(avVe)AuzZ(bAd):(xAz)V(@aVve)AbAd) =((yAw)V(aVe)A(bA
d), a,b,c,d €L} =@p(xAz,yAw).Hencep(x,y) Ap(z,w) = p(x Az,y Aw).
Similarly o(x,y) A p(z,w) = @(x V z,y Vw). Thisimplies ¢ is alattice fuzzy
congruence of L.
5. Now for every fuzzy ideal p of an MS-algebra L, ¢(x,y) = sup{u..(i) A
PG VA=W VA, §,jELY<Ssup{ui()ixAj=xAXVI)Aj=xA
VO, i,j€LY= 01 (U)o, x Ay VD).
6. Again, o(x,y) = sup{ee (D ALZ(): (x VA= VIAj, ,jEL}<
sup{oe (D): (x Ay Vi) Vi=(xVDOA((yViVI)=(xAy)Vi, i,jEL}=
O () XA VD XAY). ~
From (5) and (6) ¢(x,y) < Oae (u) (6, x A (¥ V 1)) A O (o) (X A (¥ V 1), x A
Y)) < OV O (o)) (X, x Ay).
B Similarly — @(x,y) < (010 () V Orae (o)) (X Ay, y).  Again  p(x,y) <
(O1ae (43) V Orar (1ea)) (6, X AY) A (O (13) V O (1)) (X Ay, ) <
suPxay {(@1ac (5) V Orae (1oa)) (%, X A Y) A (O1¢ () V O (o)) (X Ay, )} <
(@rae(13) V Bat (100)) © Bpae (U3) V Brar (1ee)) (%, Y) <
®rat (42) V Blar (1)) (%, ) = O[] (x, ).

_ Conversdy,  8()(%Y) = @rae(tee) V 0rae (1)) (3, Y) = (Orae (B0 ©
glat(lu?) ° (elat(luOO_) °...0 Olat(ﬂoo) (x: y) = Supzl,zz,z3,...,zzn{(elat(ﬂoo)(x: Zl) A
Orae (US) (21, 22) A (Ot (1)) (22, 23) M- } = {Hoo (i1) A oo (i) A fhoo (i) A

UG AMSG A tZ ()X Vi =2y Vi, 2y AN jy = 23 Ny, 2o Vi = 23 Vip, 23 A
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J2 =2Z4 Njo,...., foreach k, iy, ji € L} < {poe(Vig) AuZ(Aji): (x VViR) ANji) = (Y vV
Vi) ANji):Vie, Njk € L} = ¢(x,y).
Because for each iy, ji € L, wehave Vi, Aj; € L.
(xVViy) AN, = (21 V Vi) AN
=(z1A /\]n) v (Vln A /\]n)
= (22 ANR) V (Vip ANjn)
= (22 VVin) AMNjn
= OVVI)AN.
Hence @(w)(x,¥) = ¢(x,y). Therefore 0(w)(x,y) = sup{peo (D A (): (x Vi) Aj =
(yVi)Aj, i,jeL}foranyx,y € L.

Definition 4.6. A kernel fuzzy ideal u of an MS-algebra L is a fuzzy idea u of L for
which there exists a fuzzy congruence ¢ of L such that u = ker¢ i.e. u isthe kernd
fuzzy ideal of ¢, whereker¢(x) = ¢(x,0) for al x € L.

Definition 4.7. A cokernel fuzzy filter § of an MS-algebra L is a fuzzy filter 6 of L for
which there exists a fuzzy congruence ¢ of L such that § = cokerep i.e. § isthe
cokernel fuzzy filter of ¢, where cokerp(x) = @(x, 1) fordl x € L.

Lemma 4.8. Let u be akernel fuzzy ideal of an MS-algebra L. Then u = ker®,4.[u].

Theorem 4.9. A fuzzy ided u of an MS-algebralis akernel fuzzy idedl if and only if
L poo=pu(i.ep@™)=u@)) fordliel,
2. p(x A ApE(G) < u(x) foral x,j € L.
Proof: If u is a kernel a fuzzy idea of fuzzy congruence ¥ on L, then for vx € L,
n() = P(x,0) < P(x™,0) = p(x™).*
Now .. (x) = sup{u(i):i < x°°} < u(x*°) < p(x). (Since u isan ideal and and
by (*)). Clearly u € u... Thisimplies u = ..
For any x,j € L, pZ(j) = sup{u(i):i° <j} =sup{y(i,0):i° <j} <@, 1) =
Y(@©, 1) =¥, 1) Y[ Axx).
Now HO AN AUZG) S PG Axx) AP AJ,0) < P(x,0) = p(x).
Conversely, suppose that (1) and (2) hold. By Theorem 4.5 for any x € L,
O[u] (x, 0) = sup{pea(D) AU (): (x VO Aj = iAj, i,j €L}
=sup (U@ Aps(NOxVI)Aj=iAj, i,j€L} (by (1) poo = 1)
Su((xVA)AUZ() for xVi)Aj=iAj, ,jEL
Su(x Vi) by(2)
< pu(x)
This implies ker®[u] € u. By Lemma 4.8, u = ker®,4.[u] and 0,4.[¢] € ©[u], then
u = ker®,q.[u] S ker®[u]. Hence ker®[u] = u. Thus u is kernel fuzzy ideal of L.
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