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Abstract. In this paper, we study the synchronization control problem of a class of
fractiona -order chactic financial systems with uncertain parameters. Based on the theory
of fractional order stability and adaptive control method, a simple fractional-order
synchronous controller of two fractional-order chaotic financial systems is designed, and
a simple theoretical analysis is given to prove that the error system is stable. Then two
fractional-order hybrid synchronization methods are proposed. Finally numerica
simulation demonstrates the validity of methods.
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1. Introduction

Since Lorenz chaotic system was proposed in 1963, as an interesting nonlinear
phenomenon, chaos has applications in many areas such as secure communication,
economics, many other engineering systems, and so on. While in the financial field, some
scholars have established a chaotic financial system with interest rates, investment needs
and price indices as state variables [2]. The research abject of the financial system isthe
nonlinear relationship in the system, which is embodied in chactic synchronization and
control. Chaotic synchronization of the financial system has become a hot issue in the
research and application of chaos theory, and it is also a hot issue in the theory and
method of economics. As in the literature [3], for the chaotic financia system with
uncertain parameters, the generalized projection synchronization of the drive system is
realized. Guo Rongwei et al. [4] studied the synchronization and anti-synchronization of
the financial system.

In recent years, more and more scholars have begun to study the dynamic properties,
control and synchronization of fractional-order chaotic systems, and have obtained some
research results. In [5], two implementation schemes for the synchronization of fractional
financial systems are given. The literature [6] studies the synchronization problem of a
fractional-order system with uncertain factors, while the literature [7] uses the fractiona
order skillfully. The nature of the continuous time-varying Lyapunov function proves the
synchronization of fractional-order financial systems with time-delay. In fact, whether it
is a fractional order system or an integer order system, the research and application of
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stability theory is crucial, and it is an important basis for judging whether a system can
operate normally. It is aso an important basis to prove chaotic synchronization. At
present, the main chaotic synchronization criterion is based on the synchronization
criterion of Lyapunov exponent and the synchronization criterion based on Lyapunov
function. The literature [5-7] is based on the synchronization criterion of the Lyapunov
function. However, in the fractional order system, due to the more complicated system,
there are of course some methods that are different from the integer order stability
judgment. The literature [8,9] separately calculates the range of the value of the
coefficient matrix of the analysis system, and then judges the stability criterion of the
fractional-order linear system; Hu Jianbing [10-12] is a long-term commitment to
fractiona nonlinear stability. Research; literature [13] and literature [14] judge the
stability of the system according to the Lyapunov equation; recently, Huang et al. [15]
proposed a new method for judging the stability of fractional-order systems, that is,
constructing a suitable function first. Then analyze the positive and negative of its
eigenvalues to determine whether the system is stable. The hybrid synchronization
problem of chaotic systems has only appeared in recent years. Hybrid synchronization,
that is, synchronization and anti-synchronization coexist, is actualy a generalization of
synchronization and projection synchronization. In the literature [16] and [17], the
definition of hybrid synchronization is given respectively. Further, the literature [18]
designed a simple linear hybrid synchronous controller, and proposed a synchronization
criterion, but the conditions of the criterion is related to the state variables of the drive
system.

This paper will study the synchronization control problem of fractional-order chaotic
financial systems. The rest of the paper is organized as follows. In section 2, the
definitions of common fractional derivatives, the general form of linear fractional chaotic
systems, the definitions of stability and synchronization of fractional-order chaotic
systems are given respectively. Further, we study the chactic control of a fractional-order
chaotic financial system in section 3. The synchronization of the two fractional financial
systems is discussed, and the controller of synchronizing two systems is designed in
section 4. In section 5, two methods for realizing the hybrid synchronization of two
different fractional financial systems are given respectively. Conclusions are finally
drawn in Section 6.

2. Preliminaries

In this section, we introduce the common definition of fractiona-order derivative, and
then in fractional-order chaotic system, the definition of stability and synchronization are
given. Further, aclass of fractional-order chaotic financial system is given and its chaotic
behavior and stability with fixed points are analyzed as follows.

Definition 2.1. [5,6] The Caputo fractional-order derivative is defined as follows:
1 t -
°Dfu(t) = t-&)"u(&)dé,
DU = [ -6 u(E)ae
wherethe order a of u(t) satisfies n—-1<a <n, n isthesmallest integer greater than a .
In order to facilitate the representation of fractional order operators, the following is
replaced by D°.
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Therefore, according to the definition 1, we can get the general form of a
fractiona -order chaotic system asfollows:

Dx(t) = Ax(t) ,0<a <1,x(0) = x,, D
where x(t) = (x, (), %, (t)L ,x, (t))" OR" is the state variables of chaotic system(1), and
shortly, x=(x,X,,L ,xn)T . A isthe coefficient matrix of system.

Definition 2.2. [19] (Fractional-order stability) For the above fractional chaotic system(1),
the stahility of system is defined as.
(1) System (1) isstable, if and only if Ox, OR", M >0, 0Ot >0, || x| M is established;

(2) System (1) isasymptoticdly stable, if and only if !im||x(t) =0 is established.

Lemma 2.1. [20] If x(t)OR" is a continuous and differentiable vector-value function,
then for any timeinstant t >t, , we have

%D"xT (t)x(t) < X" (t)Dx(t),

where O<a <1.
Let system (1) be the master system, then the response system is

D7y(t) = Ay(t) +u,0<a <1,y(0) = ,, )
where y(t) = (y,(t),y,(t)L ,y,(t))" OR" is the state variables of chaotic system(1), and

shortly, y=(y,,Y,.L ,¥,)" . A is the coefficient matrix of system.u is the controller to
desigen.

Definition 2.3. For any initia values, let the error is ¢ =y, —x,i=12L ,n. If
!im||q = Itim||yi =X |[F 0, then system(1) and system (2) are called synchronization;
and if Itim||E ||=Itim||yi +X |F0, then system(1) and system (2) are called anti-

synchronization.

Definition 2.4. [17] For any initia values, g is synchronous error, and E is anti-
synchronous error. If the following conditions are satisfied
limlle I=limlly, = [=0i =1,2L ,m
lim|[E [I=limly, +x [=0,i =m+1L ,n
Then we call system(1) and (2) is hybrid synchronization.
The paper study a class of fractional-order chaotic financial system[2] as follows:
D% = (X, —a)x + X
DX, =1-bx, - X (©)
DX, ==X — ¢,
where (x,%,,%) R’ is state variables , and stands for the interest rate, the investment
demand, and the price index respectively; the constants a,b,c are positive system

75



Ji-ming Zheng and Y ang Qiu
parameter and represent the saving amount, the cost per investment and the elasticity of
demand of the commercial markets respectively.
Let the right side of the system (3) equation is zero, the equilibrium point of the
system (3) is obtained as follow

1 ac+1l 1
P,=(0,—,0), P,=(%9, ,F—
b =( b ) 12 ( c :FCJ)

where J = /ﬂ Thismoment, c—b—abc > 0, otherwise, thereis only one
c

fixed point. Then Jacobi matrix of system(3) is

x-a x 1
Jx)=| 2x, -b O
-1 0 -c

Here only the more complex equilibrium points F,, are discussed, and then the

eigenvalues of the Jacobi matrix are A, =-0.7464,A, , = 0.2732+1.2382i . It can be seen
that at the equilibrium point, the system (3) is unstable; similarly, the stability of system
(3) with fixed point P, isalso unstable. As shown as Figurel,the system(3) is chaotic.

w30

W3)

Figure 1: Chaosin system (3)

3. Contral of fractional-order chaotic financial system
In this section, we discuss control of fractional-order chaotic financial system and give
some results as follows.

Firstly, let system (3) change into the following:
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D x=Ax+ f(x)+1,
-a 0 1 XX, 0
=l 0 -b 0 |x+|-x|+|1
-1 0 -c 0 0
where A is the coefficient matrix of system (3), f(x)=(f,(x), f,(X), f;(X))" is nonlinear
function term, and then we can give the following result.

(4)

Theorem 1. For system (4), if 1,+u=0,uis a controller, and then system (4) will be
stable.

Proof: We can let the Lyapunov function is V :%(xl2 +x; +x5), and easy to know V is

positive definite function. We can proof Fractiona-order function DV is negative
definite function as follows. Then, we have

DV =D* (¢ + + )
<xD% +,DYX, +X%,D %
=% ((%, = 8)% + %) + X%, (=bx%, = X7) + X, (=% = €X;)
= —ax — g —ox; — %,
<—(a-1)x ~bx; - (c-Dx;
When a-1>0,b>0,c-1=0, system(4) will be stable; further, if the above inequality

isastrict inequality, then system(4) will be asymptotically stable. This moment, the three
state variables tend to fixed points as shown as Figure 2.

4

3t ———z
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-2
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t
Figure 2: Control of afractional-order chaotic financial system

4. Synchronization of fractional-order chactic financial systems
In this section, in different initial values, synchronization of two fractional-order chaotic
financial systemswill beinvestigated as follows.
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Firstly, let fractional-order chaotic financial systems (3) be the master system, and
the salve system is asfollows:

DUy =(Y, —a)y, +Y; U
Dayz :1_by2 - y12 +u, (5)
D7y, ==Yy, —Cys + U
Thenlettheerroris § =y, —x,1 =1,2,3, the error system of system (3) and system (5)
is calculated as
Dg =g,(eX)=-ag +& +Xe t X, t 66, +U,
D€, = g,(e.x) =-be, —2xg ~ € +U, (6)
D, =g,(e,X) = -6 —C& + U,
We introduce the feedback gain k; satisfies D7k, = €.

Theorem 2. The two systems (3) and systems (5) with different initial values will be
synchronous when the controller u = (k,g,0,0)" .
To prove theorem 2, we first introduce a conclusion as follows.

Lemma 2. [4] If system (6) is chaotic, then there exist A, >0, which satisfies
eg(ex)<Ae,i=12L ,n,
Proof: We can let the Lyapunov function is V :%(el2 +€ +¢€), and easy to know V is

positive definite function. From Lemmal and Lemma2, we can prove fractional-order
function DV is negative definite function as follows. Then, whenM =2 max{A}, we
have

DV =D (¢ +& +&)
<eD% +eD%, +eD, +(k +L)Dk
=€ (0,(e X) +k)) +€,0,(8 X) +&,0,(e X) — (k + L)€
<SM(g +e +e) - Le
When L= M % system is stable; further, if the above inequality is a strict

inequality, then system(4) will be asymptotically stable. This moment, the three state
variables tend to fixed points as shown as Figure 3.
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Figure 3: Synchronization of fractional-order chactic financial systems

5. Coexistence of synchronization and anti-synchronization of fractional-order
chaotic financial systems
In this section, we will discuss coexistence of synchronization and anti-synchronization
of fractional-order chaotic financial systems, some results will be given as follows.
Firstly, let system (3) and (5) be drive system and response system, respectively.
Secondly, let error variables E =y +X,i =13, € =Y, —X,, then we can get error
system
DE, =-aE -xe +xE +Ee +E +u,
D?E, =-be, - E12 +2xE +u, ®
D7, =-E; ~c&; +U,
The hybrid synchronization criterion given in [18], which depends on the value

range of the state variables of the drive system, while here the fractional synchronization
controller in the hybrid synchronous error system (9) can be

U =KE -X%E +xe,
u, =k,e, )
U = k,E,
Therefore,
DE, =—(a-k)E +(x - y)& +E
D%, =—(b+k,)e, - (%~ y,)E : (10
DE, =-E, - (c~k,)E,

DE =BE,
where

E=(E.e.E)"
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-(a-k) x-y 1
B=| -x+y; —(b+k;) 0 °
-1 0 —(c-ky)

According to Lemma 3

Theorem 3. If the following conditions are satisfied
1)a-k >0, (2Qb+k,>0, (3)c-k,>0,

then the drive system (3) and the response system (5) can be redize hybrid
synchronization.

To prove Theorem 3, we introduce Lemma 3 firstly as follows.

Lemma 3. [10] For Linear time-varying fractional order chaotic system,
DX(t) = F(X) = A)X(t) ,t =1, (11)

Let H(t) = AT (t) + A(t), where H(t) is positive symmetry matrix. For ease of expression, the
following is a brief that is H = A" + A, then the sufficient condition that the system (11) is
asymptotically stable with equilibrium point x, =0 isthat the maximum eigenvalue of H satisfies
... <0.Then we prove theorem 3 as follows.

Proof:
-2(a-k) 0 0
B"+B= 0 -2(b+k,) 0
0 0 -2(c—k,)
Its determinant can be expressed as
-2(a-k) 0 0
|IB" +BJ= 0 -2(b+k,) 0
0 0 -2(c-k;)

=-8(c-k;)(@a-k)(b+k,) <0.
Hence, in order to achieve the hybrid synchronization, we let a—k >0, b+k, >0,
c—k, >0, thatis, B" + B isnegative definite function. Therefore, the drive system (3) and
the response system (5) are to achieve the hybrid synchronization.

We take a=1.0, b=0.2, c=1,k =05, k, =1, k, =0.8, and x(0)=2, x,(0)=-1,
%(0)=1,y,(0)=-25,y,(0) =2, y,(0) =-1.The error variables E,,e,, E, vary with time
t areshown asFigure4.
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Figure 4: The error system realize hybrid synchronization with controller u

Corollary 5.1. If k,=0,c>0,0<k <a and b+k, >0, then the drive system (7) and the
response system (8) to achieve the hybrid synchronization.

We take a=1.0,b=02c=1, k =05k, =1 k,=0.8 , which sdtisfies the
conditions of corollary 5.1, and x,(0) =2, x,(0) =-1, x,(0) =1, y,(0)=-25, y,(0)=2,
y,(0) =-1.Theerror variables E ,e,, E; vary withtime t are shown as Figure 5.

B
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1 1 1 1 1 . . 1 1
i] 10 20 il 40 a0 60 70 a0 90 100

1
\vf by v by \/ g \,/ LF \u
72 1 1 1 1 1 1 1 1 1
0 10 20 30 40 a0 60 70 a0 90 100
1

E3
o

Figure5: Hybrid synchronization with parameters k, =2, k, =1.8, k, =0

Corollary 5.2. If k,=k,=0,c>0,b>0 and 0<k, <a, then the drive system (7) and the
response system (8) to achieve the hybrid synchronization.
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Wetake a=1.0, b=0.2, c=1,k =k, =0, k, =0.8, which satisfies the conditions of
corollary 5.1, and x(0)=2 , %(0)=-1, x0)=1, y0)=-25, y,(0=2,
Y,(0) =-1.Theerror variables E,,e,, E, vary withtime t are shown as Figure 6.

E1

&2

E3

Figure 6: Hybrid synchronization with parametersk, =2, k, =1.8, k, =0

However, in order to realize hybrid synchronization, we can construct a controller
applied with adaptive control, which makes the construction of the controller be more
simple.

Thus, the controller u can be designed as u, =-k,e,, and the controlled error
system is given as

DE =h(E,x) =-aE, -xe +XE +Ee, +E;
DE, =h,(e,X) +u, =—be, —E +2xE, +u,
D“E, =h,(E,X) =-E, - CE,

According to lemma 2, we have
Eh(e E,x) < mE/
eh,(e E x) < me
Ejhy(e E, ) < mE!
Let M =max{m,i =1,2,3}.

Theorem 3. The two systems (3) and systems (5) with different initial values will realize
hybrid synchronization when the controller u = (0,k.e,, 0.

Proof: We can let the Lyapunov function is V :%(El2 +¢& +E%), and easy to know V is

positive definite function. From Lemmal, we can prove fractional-order function DV is
negative definite function as follows. Then, we have
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DV =D ((EF +& + B +( + L))
<ED’E, +e,D%, + E,DE, + (k, + L)Dk,
=Eh(@EX) +Eh(eE X +e(h(eEX) +k,) - (k + L)&
SM(E +&+E)-Le

2 2 2
When L=M % system is stable; further, if the above inequality is a strict
)

inequality, then system(4) will be asymptotically stable. This moment, the three state
variables tend to fixed points as shown as Figure 7.

#1y1 E1

#2,y2 &2

x3,y3,E3

Figure 7: Hybrid synchronization of system (3) and (5)

6. Conclusion

The paper study synchronization of a class of fractional-order chaotic financial systems.
Firstly, the paper transforms the fractional-order chaotic financial system and redlizes
control of system. Then, using theory of adaptive control, synchronization of two systems
is realized. For the problem, the condition of the hybrid synchronization should not be
related to the value of the state variable of the drive system, can be solved by a simple
synchronous controller. Further, another hybrid synchronization controller with a simpler
structure through theory of adaptive control is proposed. However, the paper choose the
same structure system be response system, more general methods cannot be given, and
time delay also is not considered. These may be future work to study.
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