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Abstract. Based on the discussion of the covering roughmgetels and the overlapping

information between the set and the equivalenceseth proposed in this paper, four
kinds of covering grade rough fuzzy set modelsdefined and established by means of
the minimum description of neighbor domain, whodéghborhood, rule confidence and

membership of the elements. It unifies the resoftpredecessors. In addition, their
properties and relationships are discussed. Firatlyexample is given.
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1. Introduction

As a data analysis theory for studying uncertaimoomplete knowledge, the rough sets
was originally proposed by Polish mathematician IBkvn 1982 [1]. It has been widely
applied in machine learning, knowledge discoverntagrocessing and so on. As is well
known, equivalence relation or partition are thethmmatical basis for the theory and
play an important role in Pawlak rough set. Howewerch an equivalence relation is
often difficult to obtain in the practical applicat. Based on this, the extended models of
the classical rough set have been studied by nessarchers. Grade rough set[2, 3] were
proposed under this background. In the grade raeihit considers the quantitative
information which is the overlapping informationtlveen the set and the equivalence
classed. It reflect absolute quantization inforomtdf the approximate space. On the
other hand, generalizations of the classical roagh are to weaken the restrictive
conditions when the equivalence relations is tatstor the sample classification. In
1983, Zakowski first relaxed the partition of theiverse to a covering and established
covering generalized rough sets by replacing pamstof a universe with its coverings
[4]. Then, many scholars have studied the covdamged rough sets, rough fuzzy sets,
fuzzy rough sets and other models and their agics [5, 6, 7, 8, 9, 10, 11, 12, 13, 14,
15]. For example, based on the neighbor domainvemae neighborhood of minimum
description of elements, Xu et al. [16] and Weiakt[17] studied the covering rough
fuzzy set models. Wang et al. [18] improved theknairthe literatures [16, 17] by using
the rule confidence, and analyzed the relationahipng the above three models. Zhu et
al. [19] established a new covering rough fuzzy setdel by means of the fuzzy
covering-based rough membership, which takes immount the elements and their
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membership in the minimum description. At the same, we note that the fuzzy set
theory and the rough set model have strong compirity to each other as
mathematical tools to describing and handling uageknowledge. Rough set theory is
mainly used for knowledge discovery and decisioking in uncertain or incomplete
information systems, the basis theorem of the Rasgghtheory is to approximate the
research objects by using the determined upper@mer approximation. Particularly,
this descriptive process doesn’t need to preprotiessdata or providing any priori
knowledge. Different from the rough set theory, thezy set theory is mainly used to
describe and handle the problem of fuzzy infornmato concept. In addition, it often
needs to rely on the prior knowledge, such as ¢xgystems. As a generalization of the
classical rough set theory, Dabois et al. propdkedconcept of fuzzy rough sets and
rough fuzzy sets in 1990, and their properties Hasen researched at the same time
[20,21,22]. Based on the discussion of the coverugh set models and the overlapping
information between the set and the equivalencsseth proposed in this paper, four
kinds of covering grade rough fuzzy set modelsdfined and established by means of
the minimum description of neighbor domain, whoééghborhood, rule confidence and
membership of the elements. It unifies the resoftpredecessors. In addition, their
properties and relationships are discussed. Firatlyexample is given.

2. Preliminaries
Let U be a finite and non-empty set called the univeGes{X | X OU} be a

family of subsets ofU . If no element ofC is empty andl, . X =U, then C is
called a covering ofU . The ordered paifU,C) is called a covering approximation
space. ForxUU , Md(x) ={KOC|xOK C(OSOCCxOSCSOK =K =9S)}

is called the minimal description ok[4, 11]; The whole description ok in the
approximation space isAd.(x) ={KOC|xUOK}, and denoted byAd(x); For
xtu, KOC, if KOMd(x), then calledK is the neighbourhood ofk; And the
O{K |[KOMd(x)} is called a whole neighbourhood of, while denoted by AN(X);
Corresponding, then{K |K OMd(x)} is called the neighbor domain of, and
denoted by CN(X) .

After more than 30 years of research and developraed according to the
different between the neighbourhood of the objectand the background of the
problem. In general, the covering rough fuzzy setdets existed the following four
different definitions.

Definition 1. Let (U,C) be a covering approximation space, the set dualty sets in
the universeU is denoted byF (U). For the fuzzy setAl] F(U), we have four

models as follows:

{ type coverlng -based rough fuzzy set model)[16] The upper and lower approximate

(CF(A) CF(A)) of A in (U,C) is a pair of fuzzy sets, the membership functions
of them are defined as follows:
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CF(A)(X) = sug A(y)| yOOK,K OMd(x)} = sug A(y)| yO AN(X)},
CF(A)(X) =inf{A(y)|yO UK, K OMd(x)} =inf{ A(y)| yO AN(x)}.

(I type coverlng based rough fuzzy set model)[17] The upper and lower approximate

(CS(A) CS(A)) of A in (U,C) is a pair of fuzzy sets, the membership functioins
them are defined as follows:

CS(A)(x) =sug A(y) | yD'n K, K OMd(x)} = su A(y) | yOCN(x)},

(I'1'1-type covering-based rough fuzzy set model)[18] The upper and lower approximate

(ﬁ(ﬂ),g(f&)) of A in (U,C) is a pair of fuzzy sets, the membership functions
of them are defined as follows:

ﬁ(ﬂ)(x): inf {sup{ﬂ(y)}},

CT(A)(X)= sup {mf{A(y)}}

KOMd (x)
(Iv- type coverlng -based rough fuzzy set model)[19] The upper and lower approximate

(CH(A) CH(A)) of A in (U,C) is a pair of fuzzy sets, the membership functions
of them are defined as follows:

CH(A)(X) = max{ A(), A ()}
CH(A)(X) = min{ A(x), A ()},
where ;\'(x) is the fuzzy covering-based rough membership ef ¢hject X with

respect to ;&, which is defined as follow:
A(Y)
( ) yo(EMd(x))
|OMd(x)|

It is known from the commonality of the definiticabove, that the fuzzy sed is
approached by two fuzzy sets in the covering appration space, that is, upper

approximate and lower approximate. Due to the timdjsishability of knowledgeC,

the degree of membership for any objects in thearaé belonging to the fuzzy set
are between the lower approximation and the upggroximation. However, the
membership for upper approximation and lower appmaiion in the I-type
covering-based rough fuzzy set model, are defingdhe maximum value and the
minimum value of the membership in the whole neaghbod of an object, respectively;
The membership for upper approximation and lowepr@amation in the ll-type
covering-based rough fuzzy set model, are defingdhe maximum value and the
minimum value of the membership in the neighbor diorof an object, respectively.
Obviously, the ll-type covering-based rough fuzey model reduces the non discernible
set of an object; Compared with the I-type andyjlet covering-based rough fuzzy set
models, lll-type covering-based rough fuzzy set etdd between the I-type and the
lI-type covering-based rough fuzzy set models, #redproblem of the first two models

3
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are corrected which are uncertain separation in upper approximation and non
approximate separation in the lower approximatietype and lI-type are the extreme
states of lll-type covering-based rough fuzzy setets respectively, denote as

CF(A) OCT(A)(¥) 0 CYA)(X) 0 ADCS(A) OCT(A) O CF(A);
IV-Type covering-based rough fuzzy set model eithbb the relationship between the

coverage C and the membership of element in the fuzzy #et which is using the
fuzzy covering-based rough membership. It not eefiects the relationship between the
elements and their minimum description, but alsefuthe degree of membership of the
elements in a given fuzzy set and its minimum dpson. At the same time, we have

CFA) O CH(A) 0 AOCH(A) OCF(A).

3. Covering-based grade rough fuzzy set models
Definition 2. Let (U,R) be a Pawlak approximation spaceX be a nonempty

subsets ofU, k be a non-negative integer. Then the degleeupper and lower
approximations of X with respect to the Pawlak approximation spagé, R) are
defined as follows:

ReX ={x0OU ||[X] n X |> K},
RX ={xOU|[X]g [=[[X]z n X < K}.

Definition 3. Let (U,C) be a covering approximation space, the set ofuaity sets in

the universeU is denoted byF(U). For the fuzzy setA [ FU), we have four
models as follows:

(I-type covering-based grade rough fuzzy set model) The upper and lower
approximate (CF«(A),CE,(A)) of A on U is a pair of fuzzy sets, the membership
function of them are defined as follows:

CRAX= [ {AWl Y Aly)>k,

ya(EMd(x)) ya(OMd(x))
CEAX= [ {AMIOMdx)|- >, Aly)<K:.
Y(OMA(x)) Y(OMd(x)

(Il-type covering-based grade rough fuzzy set model) The upper and lower

approximate (CSk(A) CSk(A)) of AonU isa pair of fuzzy sets, the membership
function of them are defined as follows:

CSAM= [ {AWI > Ay >k,

Y M () YT ()
CSAM= [ {AWMInMdX)|- > A(y)<kh
Y Md () YO( A ()

(I11-type coverlng-based grade rough fuzzy set model) The upper and lower
approxrmate(CTk(A) CT (A)) of A onU is a pair of fuzzy sets, the membership

4
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function of them are defined as follows:

CT A= [ {A(Y)D supA(y) >k,

KOMd (x) yoK
CTAMN= [ {AWIK|[-D inf A(y)<k}.
KOMd (x) yoK

(IV-type covering-based grade rough fuzzy set model ) For the different of neighbor
domain and whole neighborhood of the upper and lower approximate & on
(U,C) have a couple of fuzzy sets of the following tweonfis. In this discussion, we
used (mk(,&),ﬁk(,&)) to represent this pair of fuzzy sets for simpjicithe
membership function of them are defined as follows:

(1) CHA(X) = 0 AY)| P min(A(y), A(y)) > kh,
CH, A(x) = Lt AY)IIOMA(x) | —M%M max(A(y), A (y)) < K}.

) CHLA(X) = 0ot AY)| W%d(x» min(Ay), A'(y)) >k},
CH/AN= [ (ANINMAX)I= 5 maxA(y). A (»)<k.

where ,&'(x) and R(x) are the fuzzy covering-based rough membershihbeobbject
X with respect to,Z\, respectively.

In the covering approximation space, the fuzzy fetis approached by the
degree K upper and lower approximation sets. If the upp@raximation and the lower
approximation are equal, theA is said to be exact with respect to the covering
approximation spacgU,C), otherwise, A is said to be rough. For convenience of
description, we usinqak(ﬂ),gk(,&)) to denote (Ek(,'&),gk(f&));

or (CS«(A),CS,(A)); or (CT«(A),CT,(A)); or (CHk(A),CH,(A))
respectively.

Theorem 1. Let (U,C) be a covering approximation space?;,lgDF(U), k,I be
two non-negative integers. Then the covering-bagade rough fuzzy set models have
the following properties:

(1) Ck(?) =@, C,(U)=U;

2) AOB=C,(A) OC,(B), C«(A) O Ck(B);

(3) C,(An B)OC,(A)n C,(B), C(An B) OCk(A) n Ci(B);
4) C.(AOB)OC,(A)OC,(B), Ck(AOB) OC«(A) OCk(B);
(5) k21=C,(A)OC,(A), Ck(A) OCi(A);
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(6) C,(A) =~ Ci(~ A), C(A) =~C,(~ A).
Proof: Taking the I-type covering-based grade rough fuzetymodel as example: the
properties (1)-(5) are obvious, we will only proég.

6) ~CFu(~A)=1- [ {1-AWy)l > 1-AYy)>k

yr(OMd(x)) yo(Omd(x))
= [ {1-Aly)| > 1-Aly)sk
yo(OMd (%)) yo(OMd (%))
= [ {AWIOMd(X) |- > A(y) <k}
yo(BMd(x)) yo(OMd(x))
=CF,A

It follows that C, (A) =~ Ci(~ A).
Similarly, Ek(ﬂ) =~ C, (~ ;5\) can be proved easily.

Theorem 2. Let (U,C) be a covering approximation space. I-type andyjlet
covering-based grade rough fuzzy set models arévagut, if and only if, for any
xOU, C is an unary coverage.

Theorem 3. Let (U,C) be a covering approximation space. KD FU), k is an
non-negative integer, then

CF, (A) 0 CH|/(A),CH (A) O CF«(A),

CS, (A) 0 CHy (A),CH (A) O CSc(A).
Proof: Suppose m=inf{ A(y)|yOOMd(x)}, M =sud A(y)|yOOMd(X)}. For
any xOU, yO(OMd(x)), we have m< ,&(x) <M. In addition, by the fuzzy
covering-based rough membership, we can obtaig Z\'(x) <M.

@) If A(x)< A(X), then we have
CHAM = [] {AW| 3 min(A®y),A(y)) >k

yo(OMd (x)) yo(OMd (x))
= [ {Ayl Y minA(y)>K
yo(OMd(x)) yo(OMd(x))
< [ {Ayl Y Ay)>K =CFRAX
yo(OMd (x)) yo(OMd(x))

Hence CH (A) OCF«(A).
2) If A(X)< A(X), then we can obtain

CHY A (¥)= [ {AMIOMA) |- > maxA(y),A(y)) <k}

yO(OMd (x)) ya(OMd(x))
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= L {AWIOMd(x)|- >, maxA(y)<k}

YAOMA () YO IMa ()
2 [ {AWMIOMA(x)|- >, A(y)sk}=CF,A(X)
YI(OMA () YA ()

It follows that Qk(;&) O C_HE (;5\).
In summary, we have
CF(A) 0 CH{ (A),CHy (A) O CF«(A).

Similarly, C_S<(,Z\) OCH, (A),EE (,Z\) g C_Sk(;\) can be proved easily.

4. llustrative example
Suppose the universe) ={x,X,,X;,X,, X%, %}, C={K,K,,K;,K,,K;} constructs
a covering ofU, where the

Ky ={% X0 X} Ky ={X, %} Ky ={%;, X}, K, ={%3, X5, %} K ={%;, %},

,&_{0_85 % 0_9 0_8 E) 2} |Safuzzyset

XX X X X X

Firstly, according to definition of the coveragee tminimal description of every
objectin U can be computed as follows:
Md(x,) = {{xl,x3,x4}, {xl'x3}};
Md(x,) = {{xz,xs}: {xzfxs}}i
Md(x3) = {{x1'x3'x4}' {x1, %3}, {x3,x4,x5}};
Md(x,) = {{lex3:x4}: {x3,x4,x5}};
Md(xs) = {{x3,x4,x5}, {xz;xs}};
Md(xe) = {{x2,x6}}

Then, due to the definition of the fuzzy coverirased rough membership of the
object X with respectto A we have

085 0.27 076 0.76 063 0.15  z,_ 0.88 0.3 0.9 0.85 05 0.18

XX XXX % % %N %
Let k=1, then by the Definition 3 we can obtain the upper and lower approximation,
negative region, boundary region of covering-bagextie rough fuzzy set models with

respect to the fuzzy sef\ as follows:

A ={

CFA=(28 005050 0, 5 7 020 0505090
XX X X X X XX XK X X X
CFA=(09 00909090, |\ oz 0110101011,
X X X X X X X X X5 X X X
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csA=(QE 03090909 0)  pyceo 150 0020 0,
X X X X X X X X5 X X X
c47o(090 0090 0 o 011710111
X X X X X X X X X X X5 X
C1.A—(0850 085080 0, o oz 0150 0150205 0,
XX X X X X XX X X X X
CTk,&—{% 0 % % 0.5 2}, NegC'[A—{O—l 1 0_1 0_1 0.5 i}
XX X X X X XX X X, X X
CHiAo(08 0 0630630 0 o 2 020 0370370760,
X X X X X X XX XK X X X
@E’& {0850 0.850.850.76 0} Ne CHA {0151 0.150.150.24 1}.
XX X XX X X% XXX X
o Ri— (088 03 09 08505 0, =z 09 0 0 09 0 0,
Xl XZ X3 X4 X5 XG Xl X2 X3 X4 X5 XG
BNCH, ,&_{0_12220_15,2 E} NegCI—LA—{%iiEi i}
X X X X X X X X X X X5 X

The approximate classification quality and roughkyrde of covering-based grade rough
fuzzy set models with respect to the fuzzy et are (30.0%,500%),
(55.8%,861%), (41.7%,219%), ((34.3%,378%)",(56.7%,889%)"),
respectively.

By the Example, we have tha¥ld(x;) ={{ X,, X;}} is an unary coverage and
IMd (%) =1, [OMd (%) [F|nMd(X;)[=2, then

P(OMd(x,), A) = P(nMd(x,), A) # P(K, A),

so the relative error classification rate of objegt is equal in the I-type and Il-type
covering-based grade rough fuzzy set models. Atdmme time, it is obvious that
CF, (A) 0 CH,'(A),CHx (A) 0 CF(A), CS,(A) [ CH; (A),CH (A) [ CS«(A)
are also hold.
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