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1. Introduction 
The concept of fuzzy set (FS) was proposed by Zadeh [1] in 1965, which can describe the 
grade of membership effectively. However, there are some shortcomings in FS, such as 
the hesitation information cannot be shown. In 1983, Atanassov [2] extended the FS to 
the intuitionistic fuzzy set (IFS), which contains a non-membership function, a 
membership function and a hesitancy function. Xu and Yager [3] defined the intuitionistic 
fuzzy numbers (IFNs) and discussed some aggregation operators, which has been used 
wildly for a long time. Some theories have been established for fuzzy clustering and 
decision making [4,5,6,7,8,9]. On the other hand, Xu and Lei [10] defined the 
intuitionistic fuzzy function (IFF), and studied in detail their continuities, derivatives and 
differentials. Subsequently, the definite integral and double integral of IFF have been 
studied [11,12] by Xu and Lei.    

But constraints do exist in IFS that membership plus non-membership, positive but 
less than 1, would not be satisfied if we make membership equal to 0.7 and non-
membership equal to 0.6, which means that the theory of IFNs is invalid. To solve this 
problem, Yager [13] proposed the concept of Pythagorean fuzzy sets (PFSs), which 
contains the above-mentioned value. Obviously, PFSs is the extension of FSs. Moreover, 
Yager [14] proposed the q-rung orthopair fuzzy sets (q-ROFSs), which contains more 
pairs of value. 

Liu and Wang [15] defined some basic operations of q-rung orthopair fuzzy 
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functions (q-ROFFs) including addition, multiplication, scalar-multiplication and power 
operation. Recently, Xu and Gao [16] defined the subtraction and division operations, and 
they also revealed the partial order relations of q-ROFNs, which are ”≤ ” and “⊴ ”. 
Moreover, they studied the derivatives and differentials of the q-ROFFs, and discussed 
some particular properties of derivatives similar to those in mathematical analysis. They 
disclosed the chain’s rule on derivatives, but there isn’t a detailed proof, and they did not 
show the form invariance of differential in q-rung orthopair fuzzy calculus. 

In this paper, we give a detailed proof for chain’s rule based on the definition of 
right and left derivatives. And investigate the inverse operation of the derivative which is 
indefinite integral. 

The paper is organized as the following: in Section 2, some basic concepts and 
operations of q-ROFNs are given. Two important theorems are presented in Section 3, 
concluding the chain’s rule and the form invariance of differential in q-rung orthopair 
fuzzy calculus. Moreover, there is an example which can illustrate the chain’s rule and 
show some important results. We also give the general formula of indefinite integrals of 
q-ROFFs in Section 4, besides, some properties are shown which are similar to 
mathematical analysis. There are also some examples presented which make these 
theorems well-understand. In Section 5 we give some conclusion remaking. 

 
2. Preliminaries 
In this section, we introduce some basic concepts of q-ROFNs, and some operations 
which are utilized frequently. 
 
Definition 2.1. [14] LetX be a fixed non-empty set, then 

( ) ( ){ }, ,A AA x x v x x Xµ= ∈ , 

is called a q-ROFS, which satisfies 
(1) ( )0 1A xµ≤ ≤ . 

(2) ( )0 1Av x≤ ≤ . 

(3) ( )( ) ( )( )0 1
q q

A Ax v xµ≤ + ≤ for anyx X∈ . 

 
Definition 2.2. [15][21] Let ,vα αα µ= and ,vβ ββ µ= be two q-ROFNs, then the 

addition, multiplication, subtraction and division operations are defined as follows: 

( )
1

,q q q q q v vα β α β α βα β µ µ µ µ⊕ = + − , 

( )
1

, q q q q qv v v vα β α β α βα β µ µ⊗ = + − . 

1

,
1

q q q

q

v

v
β α β

αα

µ µ
β α

µ
 −

=   − 
� , 

which satisfies 
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( )
( )

1

1

1
0 1

1

q q

q q

v

v

ββ

α
α

µ

µ

−
≤ ≤ ≤

−
. 

And 
1

,
1

q q q

q

v v

v
β β α

α α

µ
β α

µ
 −

=   − 
⊘ , 

which satisfies 

( )
( )

1

1

1
0 1

1

q q

q q

v

v

ββ

α
α

µ
µ

−
≤ ≤ ≤

−
. 

Remark 2.1. If 0λ > , we have 

( )( )
1

1 1 ,qq v
λ λ

α αλα α α α µ= ⊕ ⊕ ⊕ = − −⋯ , 

and 

( )( )
1

, 1 1 qqv
λλ λ

α αα α α α µ= ⊗ ⊗ ⊗ = − −⋯ . 

Definition 2.3. [21] Let ,
i ii vα αα µ= ( 1,2,3i = ) be three q-ROFNs, then 

1 2 1 21 2 if and v vα α α αα α µ µ≤ ≤ ≥ , 

1 2 1 21 2 if and v vα α α αα α µ µ≥ ≥ ≤ , 

1 2 1 2 1 2if andα α α α α α= ≤ ≥ . 
 
Definition 2.4. [21] If there exists a q-ROFN 3α , such that 1 3 2α α α⊕ = , then we define 

that 1α is less than or equal to2α , denoted by1 2α α⊴ . In particular, 1 2α α⊲ if 3 0,1α ≠ . 

 
Definition 2.5. [21] Let ,vα αα µ= and ,vβ ββ µ= be two q-ROFNs, and S  be the 

set ( ){ }, 0, 0, 1q qS v v vµ µ µ= ≥ ≥ + ≤ , we define 

( ) { }S S Sα β α β⊕ = ⊕ ∈ ∈ , 

( ) { }S S Sα α β β= ∈ ∈
�

� , 

( ) { }S S Sα β α β⊗ = ⊗ ∈ ∈ , 

( ) { }S S Sα α β β= ∈ ∈
⊘

⊘ . 

 
Definition 2.6. [21] The basic arithmetics are defined as follow: 
(1) Let ( )1 2Sα α⊕∈ and ( )3 4Sα α⊕∈ , then 

1 2 2 1α α α α⊕ = ⊕ , 

( ) ( ) ( ) ( )1 2 3 4 1 3 2 4α α α α α α α α⊕ ⊕ = ⊕ ⊕� � , 
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( ) ( ) ( ) ( )1 2 3 4 1 3 2 4α α α α α α α α=� � � � � � . 

(2) Let ( )1 2Sα α⊗∈ , ( )1 3Sα α⊗∈ , ( )3 2Sα α⊗∈ and ( )2 4Sα α⊗∈ , then we have 

( ) ( )1 2 2 3 1 3α α α α α α⊗ ⊗ =⊘ ⊘ , 

( ) ( )1 2 3 2 1 3α α α α α α=⊘ ⊘ ⊘ ⊘ , 

( ) ( )1 2 2 4 1 4α α α α α α⊗ =⊘ ⊘ ⊘ . 

(3) For 0iλ > ( 1,2i = ), 

( )1 1 2 1 1 1 2λ α α λ α λ α⊕ = ⊕ , 

( )1 1 2 1 1 1 2λ α α λ α λ α=� � , 

( )1 2 1 1 1 1 2λ λ α λ α λ α+ = ⊕ , 

( )1 2 1 1 1 1 2λ λ α λ α λ α− = � . 

Proof: We just prove the third part in (2) and (3). The case of (2): 

( ) ( )
1 1 1

1 1 2 2 2 4 1 1 4
1 2 2 4 1 4

2 4 42 4 4

, , ,
1 1 1

q q q q q qq q q

q q q

v v v v v v

v v v

µ µ µα α α α α α
µ µ µ

     − − −
⊗ = ⊗ = =     − − −     

⊘ ⊘ ⊘ . 

The case of (3) is shown below: 
We can calculate: 

( )( )1
1

1 1

1

1 1 1 1 ,
qq v

λ λ
α αλ α µ= − − and ( )( )2

2

1 1

1

2 1 1 1 ,
qq v

λ λ
α αλ α µ= − − , 

then we get 

( )( ) ( )1 2
1 2

1 1

1

1 1 1 2 1 2 11 1 ,
qq v

λ λ λ λ
α αλ α λ α µ λ λ α

+ +⊕ = − − = + , 

which completes this proof. 
 
Definition 2.7. [21] Let ( )= ,f gα αϕ α be a q-ROFF, then 

( ) ( )
0,1

lim
d

d α β α

ϕ β ϕ αϕ
α β α→

=
�

�

�
, 

is called the derivative ofϕ atα . In particular, 
1 1

1

1

1
, 1

1

q q q q

q q

f f v gd

d g vf
α α α α α

α
α α αα α

µϕ
α µµ

−

−

   − ∂ ∂
= ⋅ ⋅ − ⋅   ∂ ∂−   

. 

Theorem 2.1. [21] Let Sϕα α ⊕⊕ ∆ ∈ with Sα ∈ .  

If
d

d α
ϕ
α

exists, then the q-ROFFϕ is differentiable. In particular, 

( ) d
d

d α
ϕϕ α α
α

= ⊗ ∆ . 

In order to express conveniently, we usex to denote general variable,vµ in the 

following sections. 
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3. Some properties of q-rung orthopair fuzzy derivatives 
We define the derivatives of q-ROFFs by the right and left derivatives, which is similar to 
ones in the mathematical analysis.  
 
Definition 3.1. Let ( ) ( ) ( ),x f g vϕ µ= be a q-ROFF in the setE S⊆ , x andy be both q-

ROFNs inE . If x y⊴ , ( ) ( )x yϕ ϕ⊴ holds, then we call( )xϕ a monotonically increasing q-

ROFF. 
 
Definition 3.2. Let ( ) ( ) ( ),x f g vϕ µ= be a monotonically increasing q-ROFF defined in 

the setE , x be an accumulation point ofE (Maybe there isx E∉ ). If
( ) ( )

,
lim

y x y E

y x

y x

ϕ ϕ
⊕→ ∈

�

�
is 

still a q-ROFN, then we call it the right derivative of( )xϕ at x , denoted by ( )xϕ⊕′ . 

Similarly,
( ) ( )

,
lim

y x y E

x y

x y

ϕ ϕ
→ ∈�

�

�
is the left derivative if it is a q-ROFF, which can be denoted 

by ( )xϕ ′
�

. In addition, if the left and the right derivatives are both q-ROFNs and equal to 

each other, then we call( )xϕ is derivable atx and
( ) ( )

,
lim

y x y E

y x

y x

ϕ ϕ
→ ∈

�

�
is the derivative 

of ( )xϕ atx , denoted by
( )d x

dx

ϕ
. 

 

Remark 3.1. The
( ) ( )y x

y x

ϕ ϕ�
�

implies 

( ) ( )
( ) ( ) ( )

( ) ( ) ( )

y x
y S x

y x y x

y x x y
y S x

x y

ϕ ϕ
ϕ ϕ

ϕ ϕ

⊕


∈

= 
 ∈

�

�

� �

� �

�

 

 
Remark 3.2. The monotonically increasing condition is essential, which can make the 
left and right derivatives meaningful. If( )xϕ is derivable at0x , then there must exist a 

neighborhood 

( ) ( ) ( ){ }0 0 0 0, ,U x x x x x S x S xε ε ⊕= ∈⊲
�

� ∪ , 

and ( )xϕ is monotonically increasing in( )0,U x ε . 

 
Remark 3.3. It is unnecessary that( )xϕ is monotonically increasing all over the 

universe ( ){ }, 0, 0, 1q qS v v vµ µ µ= ≥ ≥ + ≤ , if ( )xϕ is monotonically increasing in a 

subset SΚ ⊆ and derivable inΚ , then we call ( )xϕ is derivable inΚ . 

It is worth noting that the Definition 3.2 is reasonable. Because if the left and the 
right derivatives are both q-ROFNs and equal to each other, we can only calculate the 
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right derivative, whose process is similar to [21], and then we will get the same formula 
of derivative in q-ROFF. 

Based on the Definition 3.2, we can easily prove the chain rule for q-ROFFs. 
 
Theorem 3.1. Let ( )xϕ and ( )xΦ be q-ROFFs and derivable, then  

( )( ) ( )( )
( )

( )d t d t d t

dt d t dt

ϕ ϕ ϕ
ϕ

Φ Φ
= ⊗ , 

which is called the chain’s rule in q-rung orthopair fuzzy calculus. 
Proof: We consider the right derivative of ( )( )tϕΦ , which is 

( )( ) ( )( ) ( )( ) ( )( )
( ) ( )

( ) ( )
lim lim lim
t O t O t O

t t t t t t t t t

t t t t t

ϕ ϕ ϕ ϕ ϕ ϕ
ϕ ϕ⊕ ⊕ ⊕∆ → ∆ → ∆ →

Φ + ∆ Φ Φ + ∆ Φ + ∆
= ⊗

∆ + ∆ ∆
� � �

�
 

( )( )
( )

( )d t d t

d t dt

ϕ ϕ
ϕ

Φ
= ⊗ ( )( ) ( )t tϕ ϕ⊕ ⊕′ ′= Φ ⊗ , 

where ( )( )tϕ⊕′Φ represent ( )x⊕′Φ at ( )x tϕ= , then we can get the left derivative 

of ( )( )tϕΦ in the same way, which is 

( )( ) ( )t tϕ ϕ′ ′Φ ⊗
� �

. 

According to ( )xϕ and ( )xΦ are derivable, we have 

( )( ) ( )( )t tϕ ϕ⊕′ ′Φ = Φ
�

and ( ) ( )t tϕ ϕ⊕′ ′=
�

, 

which means 

( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( )

( )d t d t
t t t t t t

d t dt

ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ

ϕ⊕ ⊕

Φ
′ ′ ′ ′ ′ ′Φ ⊗ = Φ ⊗ = Φ ⊗ = ⊗

� �
. 

Thus, ( )( )tϕΦ is derivable, and  

( )( ) ( )( )
( )

( )d t d t d t

dt d t dt

ϕ ϕ ϕ
ϕ

Φ Φ
= ⊗ . 

The proof is completed. 
 
Example 3.1. Let ( ) 1x x CλΦ = ⊕ and ( ) 2t tϕ λ= be two q-ROFFs, assume that ,c cC vµ= . 

Then we calculate
( )( )d t

dt

ϕΦ
in two ways: 

(1) Based on the basic arithmetics, we have 

( )( ) ( )( ) ( )( )( )1 2 1 2
1 2 1 2

1 1

1 2 1 1 , , 1 1 1 ,
q qq q q

c c c ct t C v v v v
λ λ λ λλ λ λ λϕ λ λ µ µ µ µΦ = ⊕ = − − ⊕ = − − − . 

If we denote ( )( )( )1 2
1

1 1 1
qq q

c

λ λ
µ µ− − − and 1 2

cv vλ λ by f andg respectively, then according to 

the Definition 2.7, there is 
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( )( )
( )( )

( )( )( )
( )( )( )

1 2

1 2 1 21 2

1
1

1

1

1 1 11
, 1

1 1 1 1 1

q
qq q

qq c

q q q q q
cc c

d t f v g

dt vv v

λ λ

λ λ λ λλ λ

µ µϕ µ
µµ µ µ µ µ−

 
− − − Φ  − ∂ ∂

 = ⋅ ⋅ − ⋅ ∂ ∂   − − − − − 
 

, 

where  

( )( )( )
( ) ( )( )

( ) ( )
1 2

1 2

1 2

1

1 21

1 1 11
1 1

1 1 1

q q
c

q q
c

qq q
c

f

q

λ λ

λ λ

λ λ

µ µ
λ λ µ µ

µ
µ µ

−
− − −∂ = ⋅ ⋅ ⋅ − ⋅ −

∂
− − −

, 

and 

1 2 1
1 2 c

g
v v

v
λ λλ λ −∂ =

∂
. 

Thus we get 

( )( ) ( ) ( )1 1

1 2 1 2, 1q q
d t

dt

ϕ
λ λ λ λ

Φ
= − . 

(2) We use the chain’s rule to calculate it, the same as above, we can obtain two results 
below: 

( ) ( )
1 1

1 1, 1q q
d x

dx
λ λ

Φ
= − and

( ) ( )
1 1

2 2, 1q q
d t

dt

ϕ
λ λ= − . 

Then we have 

( )( ) ( )( )
( )

( ) ( ) ( ) ( ) ( )
1 11 1 1 1

1 1 2 2 1 2 1 2, 1 , 1 , 1q qq q q q
d t d t d t

dt d t dt

ϕ ϕ ϕ
λ λ λ λ λ λ λ λ

ϕ
Φ Φ

= ⊗ = − ⊗ − = − . 

 
Remark 3.4. The above process implies an important conclusion, which is 

( ) ( ) ( )
1 1

, 1q q
d x C d x

dx dx

λ λ
λ λ

⊕
= = − . 

 
Theorem 3.2. Let ( )( )tϕΦ and ( )tϕ be two q-ROFFs and both derivable. Then we have 

t td dt dt dϕ ϕϕ ϕ′ ′ ′ ′Φ = Φ ⊗ = Φ ⊗ ⊗ = Φ ⊗ , 

where
( )( )

t

d t

dt

ϕΦ
′Φ = ,

( )( )
( )

d t

d tϕ

ϕ
ϕ

Φ
′Φ = and

( )
t

d t

dt

ϕ
ϕ ′ = . 

Proof: Based on the Theorem 2.1, Definition 2.7 anddt E t= ⊗ ∆ , we have 

( ) ( )
t

d t
d t dt dt

dt

ϕ
ϕ ϕ ′= ⊗ = ⊗ , 

then by the Theorem 3.1, we can get 

( )( ) ( )( )
( )

( )
t

d t d t
d t dt d dt

d t dt ϕ

ϕ ϕ
ϕ ϕ

ϕ
Φ

′ ′Φ = ⊗ ⊗ ⇒ Φ = Φ ⊗ ⊗ , 

thus thed dϕ ϕ′Φ = Φ ⊗ holds. 

In addition, if we considert as the independent variable, we have td dt′Φ = Φ ⊗ , 
which means that 
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t td dt dt dϕ ϕϕ ϕ′ ′ ′ ′Φ = Φ ⊗ = Φ ⊗ ⊗ = Φ ⊗ , 

holds, and the proof is completed. 
 
Remark 3.5. This theorem is called the form invariance of differential in q-rung 
orthopair fuzzy calculus. 
 
4. Indefinite integrals of q-ROFFs 
In this section, we discuss the indefinite integrals of q-ROFFs, which is the inverse 
operations of the derivatives for q-ROFFs. We will give the general formula and show 
some properties of indefinite integral for q-ROFFs, such as the substitution rule which is 
important and practical. 
 
Theorem 4.1. Let ( ) ( ) ( ),x f g vϕ µ= be a q-ROFF, and ( )xΦ is a primitive function 

of ( )xϕ , which satisfies
( ) ( )d x

x
dx

ϕ
Φ

= , then the function ( )xΦ must have the following 

form: 

( ) ( ) ( )1
1

1 2

1
1 exp , exp

1

q
qq

q

q

g vq
x c f du c dv

v

µµ
µ

−  −       Φ = − −        −     
∫ ∫ . 

Proof: Let ( ) ( ) ( ),x f g vµΦ = , we need to solve two ordinary differential equations: 

( )
( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( )

1
1 1

1
1

2

1 1 exp
11

1
1 exp

q qq
q q

q
q

q q

q
q

qFu F c f duF f
uF

g vv
G v g v G v c dv

G v v

µµ µ µµ µ µµ

− −

−

    −   ′ = − −     ⋅ ⋅ =           −   −    ⇒ 
 −      ′− ⋅ =   =    

    

∫

∫

 

which can be solved by the following process: 

( )
( ) ( ) ( )

( )
( )

( ) ( )

( )( )
( )

1

1

1
1

1

1

1

11

ln 1

1

q
q

q

q q

q
q

q

q q

q
q

q

q

F
F f

F

q F q
F f

F

d F q
f

du

µµ µ µ
µµ

µ µµ µ
µµ

µ µµ
µ

−

−

−
−

−

 −   ′⋅ ⋅ =      
−   

−   −  ′⇒ ⋅ = ⋅       −−   

−    −
⇒ = ⋅   −

 

( ) ( )
1

1

11 exp
1

qq
q

q

q
F c f d

µµ µ µ
µ

−  
⇒ = − −      −  

∫  , 

and 

( ) ( ) ( ) ( )
( )

( )1
1

q

q g vG vv
G v g v

G v G v v

−  ′  ′− ⋅ = ⇒ =   ( ) ( )
2

1
exp

q
g v

G v c dv
v

 −    ⇒ =  
  
∫  . 

The proof is completed. 
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We must attention that1c and 2c are two integral constants, which are both real 

numbers such that( )xΦ is a q-ROFF. In other words,1c and 2c should make the following 

(1)-(3) hold. 

(1) ( )
1

1

10 1 exp 1
1

qq
q

q

q
c f d

µµ µ
µ

−  
≤ − − ≤     −  

∫ . 

(2)
( )

2

1
0 exp 1

q
g v

c dv
v

 −    ≤ ≤ 
  
∫ . 

( ) ( )1

1 2

1
(3) 0 1 exp exp 1

1

q
q

q q

q

g vq
c f d c q dv

v

µµ µ
µ

−  −       ≤ − − + ≤       −     
∫ ∫ . 

In the following, we demonstrate whether the derivative of ( )xΦ is certainly ( )xϕ : 

Let F denote 

( )
1

1

11 exp
1

qq
q

q

q
c f d

µµ µ
µ

−  
− −      −  

∫ , 

andG denote 

( )
2

1
exp

q
g v

c dv
v

 −    
 
  
∫ , 

then 

( )

( )

1 11

1

1

1

1

11
11

1
1

1
, 1

1

1 exp
1 1

exp 1 exp1 1

q q q q

q q

q
q

q
q q

q
qqq q

q
q

q

d x F F v G

dx G vF

q
c f d

F

q qc f d c f d

µ
µµ

µ µµ µ
µµ µµ µ µµ µ

−

−

−

−
−−

Φ  − ∂ ∂ = −   ∂ ∂−   

   − −   − − ∂ = ⋅ ⋅  ∂    −   − −   −   −   

∫

∫ ∫

 

1

2

, 1
1

exp

q

q

v G

vg
c dv

v

 
 

∂ − ⋅
 ∂ −
   

  
∫

 , 

where 
1

1

1 1 1

11

1

1 exp
11

exp
1 1

1 exp
1

qq
q

q q q
q q

q qq
q

q

q
c f d

F q q
c f d f

q q
c f d

µ µ
µ µ µµ

µ µ µµ µ
µ

−

− −

−

  
− −  −  ∂   = ⋅ − ⋅ ∂ − −    − −  −  

∫
∫

∫

, 

and 
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2

1 1
exp

q qG g g
c dv

v v v

 ∂ − −= ⋅ ∂  
∫ . 

Then it is obvious that 
( ) ( ) ( ) ( ),

d x
f g v x

dx
µ ϕ

Φ
= = . 

 
Remark 4.1. According to the uniqueness of solution of ordinary differential equations, 
all primitive functions of ( )xϕ must have the above-mentioned form. The difference 

between them is that the integral constants are different. Therefore, we have following 
theorem. 
 
Theorem 4.2. If ( )xΦ and ( )xΨ are two q-ROFFs, and  

( ) ( ) ( )1
1

1 2

1
1 exp , exp

1

q
qq

q

q

g vq
x c f d c dv

v

µµ µ
µ

−  −       Φ = − −        −     
∫ ∫ , 

( ) ( ) ( )1
1

1 1 2 2

1
1 exp , exp

1

q
qq

q

q

g vq
x c f d c dv

v

µλ µ µ λ
µ

−  −       Ψ = − −        −     
∫ ∫  . 

Then they are both the primitive functions of( )xϕ , which means that 

( ) ( ) ( )d x d x
x

dx dx
ϕ

Φ Ψ
= = , 

holds. 
Proof: Based on Theorem 4.1, we can easily obtain the proof of Theorem 4.2, which is 
omitted here. 
 
Example 4.1. Calculate 1,0 dx∫ . In fact, based on the Theorem 4.1, we can easily obtain 

( )( )
1

1 1

1 2 1 2

1,0

1
1 exp , exp 1 1 ,

1

qq
qq

q

dx

qu
c du c dv c c v

vu
µ

−    = − − = − −     −    

∫

∫ ∫
 

( ) 1

1 2, 1 ,qv c c x Cµ= ⊕ − = ⊕  . 

 
Remark 4.2. We can see the q-ROFN 1,0 is similar to constant “1” in real integral. 

 

Theorem 4.3. If there are ( )2 xλ Φ⊴ and
( ) ( )d x

x
dx

ϕ
Φ

= , then we have 

( ) ( )( ) ( )( )1 2d x d xd x

dx dx dx

λ λΦ ⊕ ΦΦ
= =

�
. 

Proof: Let ( )1 1 1,u vλ = , then 
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( ) ( ) ( ) ( )1
1

1 1 1 1 2

1
1 1 exp , exp

1

q
qq

qq

q

g vq
x c f d v c dv

v

µλ µ µ µ
µ

−  −       Φ ⊕ = − − −        −     
∫ ∫ . 

We denote( )11
qµ− by 1k and 1v by 2k , then 

( ) ( ) ( )1
1

1 1 1 2 2

1
1 exp , exp

1

q
qq

q

q

g vq
x k c f d k c dv

v

µλ µ µ
µ

−  −       Φ ⊕ = − −        −     
∫ ∫ . 

Based on Theorem 4.2, we have 

( )( ) ( )1d x
x

dx

λ
ϕ

Φ ⊕
= , 

which completes the proof of this theorem. 
 
Remark 4.3. This theorem shows that ( ) ( )x dx x Cϕ = Φ ⊕∫ is always holds, whereC is any 

q-ROFN and ( )xΦ is any primitive function of ( )xϕ . 

Next, we present some properties of indefinite integrals of q-ROFFs: 
 
Theorem 4.4. If there is ( ) ( )x x dxϕΦ = ∫ , then 

( )( ) ( ) ( )( )x t x t dt x tϕ ′ = Φ∫ , 

where ( )( ) ( )x t x tϕ ′ represents that ( )( ) ( )dx t
x t

dt
ϕ ⊗ . 

Proof: Based on the chain rule of derivatives of the compound q-ROFFs, we have 

( )( ) ( )( )
( )( )

( ) ( )( ) ( )( ) ( )
d x t d x t d x tdx t

x t x t
dt dt dtd x t

ϕ
Φ Φ Φ

′= ⊗ ⇒ = . 

Hence, ( )( )x tΦ must be the primitive function of ( )( ) ( )x t x tϕ ′ , which means 

that ( )( ) ( ) ( )( )x t x t dt x tϕ ′ = Φ∫ holds. 

 
Remark 4.4. This theorem can be called substitution rule for indefinite integrals. 
 
Theorem 4.5. Let 

( ) ( ) ( ),x f g vϕ µ= and ( ) ( ) ( ),i i ix f g vϕ µ= ( 1,2, ,i n= ⋯ ), 

be 1n + derivable q-ROFFs, then 

(1) ( ) ( ) ( )
1 1

, 1q q x dx x dxλ λ ϕ λ ϕ− ⊗ =∫ ∫ , where0 1λ≤ ≤ . 

(2) ( )
1 1

1
1 1

, 1 1 ,
n nq q n

q q
i i i i

i
i i

f g dx f g dx
== =

   − − = ⊕   
   
∑ ∑∫ ∫ . 

(3) ( ) ( )( ) 11

1 2 2 1 1 1 2 2, 1 , ,qq q q qqf f g g dx f g dx f g dx− − − =∫ ∫ ∫� . 

Proof: We can utilize the chain rule of derivatives to prove (1). 
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( )
( ) ( )

1 1
, 1q q

d x dx
x

dx

λ ϕ
λ λ ϕ= − ⊗∫ . 

Then we get that 

( ) ( ) ( )
1 1

, 1q q x dx x dxλ λ ϕ λ ϕ− ⊗ =∫ ∫ , 

holds. In another way,  

( ) ( )
1

11 1

1 2

1
, 1 1 exp , exp

1

qq q
qq q

q

q g
x dx c f d c dv

v

µλ λ ϕ λ µ λ
µ

−    −− ⊗ = − −     −    
∫ ∫ ∫  

( )x dxλ ϕ= ∫ . 

We can also get that 

( ) ( ) ( )
1 1

, 1q q x dx x dxλ λ ϕ λ ϕ− ⊗ =∫ ∫ , 

holds. Moreover, we can prove it based on Theorem 4.4,i.e., 

( ) ( ) ( ) ( )( ) ( )
1 11 1

, 1 , 1q qq qx dx d x dx x dxλ λ ϕ λ λ ϕ λ ϕ− ⊗ = − =∫ ∫ ∫ ∫ . 

The proof is completed.  
Especially, if ( ) 1,0xϕ = , the result is 

( )
1 1

, 1 1,0 1,0q q dx dx x Cλ λ λ λ− ⊗ = = ⊕∫ ∫ . 

Similarly, (2) and (3) can be proved by the same manner, which are omitted here. 
 

Example 4.2. Calculate ( ) ( )
1 11 1

, 1 , 1q qq qk k dtλ λ− ⊗ −∫ . 

We calculate it in two ways: 
(1) By the definition of multiplication we get 

( ) ( ) ( ) ( )
1 11 1 1 1

, 1 , 1 , 1q qq q q qk k dt k k dtλ λ λ λ− ⊗ − = −∫ ∫ , 

then, according to Theorem 4.5, we have 

( ) ( )1 1
, 1 1,0q qk k dt k dt kt Cλ λ λ λ ′− = = ⊕∫ ∫ . 

(2) We can let 

( ) ( )
1 1

, 1q qtϕ λ λ= − and ( ) 1x t kt C= ⊕ , 

then we get 

( ) ( ) 2t t dt t Cϕ λΦ = = ⊕∫ . 

By the Theorem 4.5, we have 

( ) ( )( ) ( ) ( )( ) 3x x t x t dt x t kt Cϕ λ′Φ = = Φ = ⊕∫ , 

where iC ( 1,2,3i = ) are three constants of q-ROFNs. Actually, both of two results are 
correct. 
 
5. Conclusion and future researches 
In this paper, we have provided some properties of derivatives for q-ROFFs, which 
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contain the chain’s rule and the form invariance of differential in q-rung orthopair fuzzy 
calculus. We also showed the validity of chain’s rule by an example. In addition, we have 
studied the indefinite integrals of q-ROFFs which are the inverse operations of 
derivatives. We got the general formula of indefinite integral and investigated some basic 
properties of indefinite integrals. Besides, some examples were presented to show the 
process of calculating indefinite integral and the substitution rule’s effectiveness and 
practicability. Moreover, several typical indefinite integrals were included in these 
examples, which are nonnegligible. The future researches can be focused on two 
directions: (1) There are more properties in q-rung orthopair fuzzy calculus which are 
worth exploring, such as the derivative formula for the product of two q-ROFFs and the 
integral formula for the sum of two q-ROFFs. (2) The definite integrals and double 
integrals in q-ROFFs can be investigated. Moreover, the relation between definite integral 
in q-ROFF and q-ROFWA can also be studied. 
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