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1. Introduction
Let x,y be two positive numbers, then

p p
5+ p#0

NEY p=0
G(x,y) = My(x,y) =[xy ,

X+
A Y) =M, (xy) ="
are called Power mean, geometric mean and aritbmmetan ofx, y, respectively.
In 2003, American mathematical monthly, problem3t,Qoroposed a strong mean
and Inequality conjecture as below.

Problem 11031: Let, y >0 ,define M(x,y) =InN(x,y),where
/ 2(e"-1) 20-)  _e-1e-g
N = N(x, ):1+In( 1+ f +\/T) f= f(X,y):%(e i1 —1)e @t -1e (ot ot ,

1-In(1+ f = f)’

to prove or disprov (x,y) < G(x,y).

M, (xy)=



user
Rectangle
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Zhang [14] studied the Schur- geometric convexity o
m(x, y) =41+ f (x,y)+/f (x,y), and give the positive proof of the above problem.

Li and Shi [6] adapte®(x,y) as M(x,y)=2th™sh™ | sh(th)z(— )sh(t% , then by

geometric convexity ofh(thx ), they also solved the above Inequality conjecture.
Shi [7] discussed the Schur- convexity and Scheengetric convexity oM (x, y)

He [5] further definedH (x,y) = 2tari* sin‘l\/ sin(taF)'z(r )sin(taé (x,y0(0,2tan* 77/ 2),

by polynomial discriminant system [9-10], discussiesl Schur power convexity of
M(x,y)and H(x,y)[2,11-13,17].
Similarly, Chen et. al. [1defined

M’ (x,y) = 2sh* th", | th(sh)z(— )th(s% (%, y0(0,+®)),

H'(x,y)=2sin" tan‘l\/ tan(silﬁg )tan(si}é (x,yd(0,m)),

and then discussed their Schur power convexity.
In this paper, we generalize the above means dirtkde

M’ (xy)=2sh* tﬁl{Mp( th(sh)z(— ),th(sézi j)}

1ol X, 1 |
] st th {%th’ (St ¥ th (sﬁé yf} p> o)

osh th, th(sh;— )th(s% ), p=

then discussed its Schur power convexity.

2. Definition and lemma
For x=(x,X,,---,X,)OR", We rearrange its components in descending cater denote
Xy 2 Xy 22 %, . Whenx <y, (i=1,--,n), we write x< y for short.
Definition 1. [8] Suppose, y[R" satisfy:
ok k
N> % <Dy (k=12 n-1,
i=1 i=1
@2 %=,
i=1 i=1
then we sayxis controlled byy, denoted byx < y.

Definition 2. [8] SupposeQ U R", ¢:Q - R,
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@) If for anyx,ydQ ,x<y=¢(x)<@(y), theng is called increasing function on
Q; if —¢ is a increasing function 0@, theng is called reduction function of . ¢ is

called Schur convex function an
(i) If for anyx,yOQ ,x<y= ¢(x) < @(y), theng is called Schur-convex function

on Q; if —¢ is called Schur-convex function ap, then¢ is called Schur-concave
functiononQ.

Lemma 1. [8] Let E(OR") be a symmetric convex set with certain interioinfs

f:E - R is continuous and differentiable intE ,then f is called a Schur- convex
(concave) function orkE if and only iff f issymmetricalon E and for allxOintE,

of of
X, )| ——-—120(<0). 1
(% 2)[6& axj (<9) @)
Definition 3. [14] Let EOR!, ,For any two-vector x,yOE , when

(Inx,InX,,--,Inx.)<(Iny,,Iny,--,Iny,), there are (x)< f (y). Then f are the Schur-

geometric convex function on E; f is the Schur-rgetry concave function on E, if and
only if-f is schur-geometric convex function.

Lemma 2. [16] LetE(O R")is a symmetric set with interior points,
{(In %, %y, Inx, )| X0 E} is convex setf : E — R continuation, and differentiable in

theint E. Then the necessary and sufficient conditionffty be a convex (concave)
function of Schur- geometry is is symmetric on E, and for allint E ,both of

of of
=X, )| X,——X,— |2(<)0. 2
(x 2)[ o a} (<) @
Definition 4. [3,4] Let EORY,, f :E - R,If you take it at willx, yOE ,when

(Ai..._lH_l_l..._l]
Xlixzi 1)(n yl’yzl iyn ’

there aref (x)< f (y),Then f are the Schur- harmonic convex functionEgnif -f is
harmonic convex function on E,then f are the Scharmonic concave function on E.

Lemma 3. [4] LetE(O R},) is a symmetric set with interior points,
{(1/><1,1/x2 L% X0 E} is convex setf : E — R continuation, and differentiable in

theint E, Then the necessary and sufficient conditionffty be a convex (concave)
function of Schur- harmonic i is symmetric on E, and for ad0int E ,both of

(&—Xz)(xf%—xﬁg—zjzo(s 0). (3)
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Definition 5.[11-13] (i) Let f : R, - R is strictly monotone functio® [0 R". If for any
x,y0Q ,alwaysf ™ (af(x)+Bf(y))0Q ,call Q is f -convex set, amongr,30[0,1]
anda+f3=1.

(i) LetQ O R", Qinternal is not emptyt : Q - R,for anyx, yOQ ,whenf (x) < f(y)
there areg(x)<¢@(y),Then-¢ are Q the Schur-f convex function on E. If¢ is
Schur-f convex function o , theng are the Schurf concave function o .

According to the definition of Schuf- convex function. If g is monotonously
increasing (decrease)(¢#(x)) make sense, thep is Schur-f convex function, if and
only if gog is Schur-f convex (concave) function.

Definition 6.[11-13] In definition 5, we take
X" =1

f :x0(0,+w) - , m#0,

Inx, m=0.
then ¢ are the Schum order power convex function o2 ;If —¢ is Schurm order
power convex function o® ,then¢ are the Schur order power concave function on
Q.

Lemma 4.[11-13] Let f:R - R is strictly monotone differentiable functio®¥,0 R},)
is symmetry with interior points -convex setp:Q - Ron Q is continuation, Inside of
Q, QCis differentiable, then the necessary and sufftcoamdition forg to be a Schur-
f bulge (Schurf concave) ig is symmetric onQ , and forix0Q° ,we have
= 1 o0¢ 1 o0¢

A=(f(x) f(x2>)( foo T GXZ]ZO(S 0). )
For Schurm order power convex function, iii#0, the corresponding Schur condition
is

le_X[; 1—m%_ 1—m% 0 0 5
m (Xl 0x, X BXZ)Z (=0)- ®)

It's not hard to find, formula (4) Synthetic forraal(1-5).

Remarks: Owing to sgnM): sgnk, - X, , So the above Schur condition is
m
equivalent to

_ 1—m%_ 1—m%
(%, xz)(xl ox X; axzjzo(so)(mDR).

Lemmab. g,(x) = x'lth(shg yon(0,+)is monotone decreasing ,an& g, (x) < % .
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X X
2sh(sh )eh(sty ¥ c%

Proof: g/(x)= —iz{th(shf - Ex[1- th (s )]c#} =— ~

X 2 2 2 2 2X2Ch2 (Sh5 )
owing to p,(t) =sht, p,(t) =cht all aboutton (0,+«) is monotone increment, and
sht>t¢> 0)t,then

Zsh(sh)E )ch(slt)é ¥ X C'é > ZsZél é\— X é(h> Xé éh— X —)t(-:I:F
2 2 2 2 2 2 2 2 2
Thusg; (x) <0, g,(x) aboutx on (0,+w)is monotone decrease. Obvioggx) >0 ,again

th(sl%x) shy X
lim g,(X) =Ilim 2 =|im —2 =lim 2.1

1 .
x-0" x- 0" X x-0 X x-0 X 2

Then for anyx(0,+«) ,we haveg, (x) < g,(0) :% :

Lemma6. [1] g,(X) :2xch§ [sh(25h)2§ )] on (0,+%)is monotone decrease, and

0<g,(x)<2.

3. Main results and pr oof
Theorem 1. M (x,y) about(x,y) on (0,+0)* Schur-m order concave, if and only if

m=p.
Proof: When p=0, M (x,y)=M"(x,y),on document[12] certified"(x, y) about
(x,y) on (0,+«)* Schur-m order concave, if and onlyrif> p .

When p >0,calculated

oM () _ fi(xy) et

X X \q X
(Sha)[l‘ t (Shé )]Ché,

ox f,(xy)
M 06Y)  S0GY) o oY g1 17 (. )ichY. .
) 2 22

Among

1 X, 1 \ -1
~thP(sh>)+ = th? (sh> )I°
[th°(sh )+t (she )]

yp?
2\/1+{th‘{(; tF (st )r% tﬁ (s|¥2) }}

yp]?
f,(, y)=1—{(% the (shg y—; 0 (sh‘é) } .

fi(xy)=

Obvious f,(x,y) > 0,owing to th(shg ),th(s% P (0,1,then
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o X 1 X, 1 Ve
th? (she ).t (S% 1 (0,1,(Ethp(sh§)+—2trf (shéa 0 (0,1,
Thus f,(x,y)>0.

oM’ (X, oM™ (X,
AL (Xy)=(x=y)| X" (X Y) yrm »(%Y) , then
Mp 0X ay

A, (%Y)

_ (X =W FOOY) [ gy ot X v X X
<O e et v o -y o o o h o g

1My -1 f e X N[1_ X X _ tm ip-1
=y ) th®(sh )[1- tf (st )]cH, — y*™ th (s% it th (sé )]e‘é
f,(0) x-y

owing to

X[1— th? (shX Yjeh®
[ ( 2)] >

xl'mthp'l(shg )1- tht (shg )]ch)é =x"™ L th(sh Y]

X
th(sh=
(sh)
X 2xchX
=X""[x th(sh> )P ——2-
2 sh(2sh )

=X""G,(X]" 9%
When m=p , apparentlyx”™ >0 ,and y, =x"™ about x on (0,+») is monotone
decrease. By Lemma 5 am@>0, we have[g,(X)]” >0 and y, =[g,(x)]" about x on
(0,+0)is monotone decrease. Then according to lemmaviowbg,(x) >0, and g,(X)
about x on (0,+x) is monotone decrease. Comprehensive, function
h(x) =x""[g,(X)]" g4 X) aboutx on (0,+)is monotone decrease, then
A, (xy)= (x=y)*f,(x,y) D) =h(y) 4
g f,(x.y) X=y

According to lemma 6 we can geM (x,y) about(x,y) on (0,+%) is Schur-m order
concave.

When p>0 andm< p,owing to

im{g(x1” =[lim_o( 3] * <lim 30,

oxHPMCh X peem chg

1+p-m 1+p-m
0< x2< X " <2XX - 0(X - +0).
sh2st ) shx sh, e2-1
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2y P Meh X
Then  lim h(x) = lim[ g(%] " Im ———-2=00 =0.
- ™ sh(2sh: )
2
1 ZCh% 1 ZCh%
So  lim[h(x) ~hD] =lim | h(¥) ~th*(sh>)——2 | =~th? (sh> }—2<0.
o 2 sh(2sh ) sh(2sh )

Then Ok, 0 (1, +) makeM:?(l) <0, AM;(x0,1)< 0.
Associative Lemma 5X;nd Lemma 6, we can get
0<h(y)=y*"[a(N]"gx(y) < y"‘”“(%)p x2 -0y -0).
Then JIIITJ h(y) =0, so

1 1
im{ 1) - h(y)] = limth {sh D) ——2 ~h(y)] =th? (shes )—2—>0
e v 2 sh(zsh ) 2 sh(21)

Then Oy, 0(0,1) makew >0.4,,.(LY,)>0.

0
Because at this poirt, . (x,y) on (0,+o0 )’ is symbol uncertainty, thust (x,y) is

not (0,+e)* Schur-m power concave (convex) function.
In summary, the theorem can be proved.

4. Two unresolved issues
Question 1. To averag®! (x,y) ,Where the range of values pf can be extended B

try to give M (x,y) (pOR) about(x,y) on (0,+« ) necessary and sufficient conditions
for power convexity of Schur-m order.

Quegtion 2. Similarly the form of H'(x,y). More general averages involving
trigonometric functions can be defined as follows
H(x,y) = 2sin* taﬁl[Mp( tan(siF;r ),tan(s%/\ H
2sin™ taﬁl{%taﬁ (sip)é }—; tah (s% ]*)1} n#

= (x,yO(0,m)),
2sin™ taﬁl\/ tan(sipg )tan(si}é ), p=

try to giveH;(x, y) about(x,y) on (0,77)° necessary and sufficient conditions for power
convexity of Schur-m order.
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