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1. Introduction

The theory of fuzzy sets, proposed by Zadeh [1§,gravided a useful mathematical tool
for describing the behavior of systems that arectmaplex or ill defined to admit precise
mathematical analysis by classical methods ands.tobhere are many extensions of
fuzzy sets. For example, intuitionistic fuzzy sétserval valued fuzzy sets, vague sets,
bipolar fuzzy sets, cubic sets etc. The fuzzifmatof algebraic structure was introduced
by Rosenfeld [2] and the notion of fuzzy group vpasposed in 1971. The concept of
ideal is one of the most important concepts inging semigroups. Liu [3] defined and
studied fuzzy subrings as well as fuzzy idealsrigs. In 1983, Liu gave some operations
of intersection, sum, product and quotient of fuikyals, and then introduced a quasi-
ideal between general fuzzy ideal and distinctlidaad proved a series of properties of
the operations of fuzzy ideals [4]. Kuroki [5,6,8tudied various fuzzy ideals in
semigroups. Swamy and Swamy [8] studied fuzzy pricheals in rings in 1988.
Kumbhojkar established the correspondence theof@niszzy ideals [9]. In general, the
study of fuzzy algebra always takes the classigahaaic system as the domain to study
its fuzzy subset. This greatly limits the developinef fuzzy algebra. In order to change
this unfavorable situation, a fundamental methodoislefine fuzzy groups and fuzzy
rings by defining fuzzy operations. Demirci gave tloncept of smooth group [10]. Yuan
[11] gave a new binary fuzzy operation and intreli¢he definition of fuzzy group
based on the fuzzy binary operation, and obtainetescharacteristic properties.
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With the generalization of concepts of fuzzy sulbgrand fuzzy subring, Bhakart
redefined fuzzy subgroup and fuzzy ideal with “imgdo” and “quasi-coincident with”
relation between a fuzzy point and a fuzzy subaat] introduced the concepts of
(0,00g)-fuzzy subgroup [12],0{,00q)-fuzzy normal subgroup [13] andl(00qg)-fuzzy
subring [14]. Davvaz introduced the concepts[af1g)-fuzzy subnearrings and ideals
[15]. Jun characterized semigroups hy,[{(0g)-fuzzy bi-ideals [16]. In this sense,
Rosenfeld fuzzy subgroup is special case [of](1g)-fuzzy subgroup, which can be
called (0,0.5)-fuzzy subgroup or (0,0.5)-fuzzy sutpr

The more general concept thai(i0g)-fuzzy idea is [J,d00gk)-fuzzy ideals. Shabir
characterized semigroups ky,(0gk)-fuzzy ideals [17] and Khan characterized ordered
semigroups by({,00gk)-fuzzy generalized bi-ideals [18]. To generalike toncepts of
fuzzy subgroup and fuzzy ideal further, Yuan introeld the concept of fuzzy subgroup
with threshold [19]. Meanwhile, we introduced thencepts of 4,4)-fuzzy normal
subgroup [20] andA(L)-fuzzy ideal [21], and studied the characterizatid (A,L)-fuzzy
prime ideal [22]. Then we characterized regularigemps by usingA)-fuzzy ideal
[23], and Li studied some properties dfi)-fuzzy subgroups systematically [24].

In this paper, we shall focus our aim ohf)-fuzzy ideal. As we observed in [21],
that a (0,1)-fuzzy subring (resp., (0,1)-fuzzy ijléa precisely a fuzzy subring (resp.,
fuzzy ideal) in Liu [3], and a (0,0.5)-fuzzy sulgifresp., (0,0.5)-fuzzy ideal) is precisely
a (0,000)-fuzzy subring (resp.,[[,0d0q)-fuzzy ideal) in Bhakat [14]. SoA{u)-fuzzy
ideal presents a fairly extensive framework forziuzdeal. In addition, as mentioned
earlier, that replaceing the classical domain gkhta system with fuzzy domain is a
very popular method in the study of fuzzy algeliate that the notion ofA()-fuzzy
ideal was defined on a classical rilyy Inspired by these two observations, in this paper
we will develop a theory ofA(1)-fuzzy ideal of af,4)-fuzzy subring.

The organization of this paper is as follows. Iotes 2, we briefly recall some
notions and conclusions about 4)-fuzzy subrings andA(x)-fuzzy ideals of a classical
ring. In section 3, we will introduce the notion 6f,1)-fuzzy ideal of a A,u)-fuzzy

subring A of a ring R. We will verify that whenA=1 (where,1 denotes the constant
fuzzy subset ofR valuesl), the @,u)-fuzzy ideal of A reduces to that oR. This
shows that our notion is a reasonable generalizaifothe corresponding notion of a
classical ring. We shall also prove thay)-fuzzy ideal of a4,u)-fuzzy subring has nice
level-characterizations. In section 4, we will stigbme basic properties of,f)-fuzzy
ideal of (A,1)-fuzzy subring. In particular, it is proved thaetconsidered structures are
preserved under homomorphic image and preimage,aenalosed under three well-
known algebraic operations: intersection, sum, pectd Finally, we present some
concluding remarks and future research.

2. Preliminaries
In this section, we will recall some notions andations for later use.
Let (R,+,0] (R for short) be a ring. We assume that:

(1) O is both a subring and an ideal Bf, andsup] = C;
(2) xy is simplified asxy for any x,yOR.
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A function A: R - [O:I] is called a fuzzy subset & . All fuzzy subsets oR are
denoted byF (R) . For A,BOF(R) and fora [J[0,1], we define:

@ a as the constant value fuzzy subset With[ 1R, E(x) =qa,

(2) A0 B ifand only if A(X) < B(x) for any xR,

(3) ANBOF(R) as(ANB)(x) = A(x) OB(x) forall xR,

(4) AUBOF(R) as(AUB)(x) = A(x) OB(x) forall xUR,

(5) A+BOF(R) asOxOR, (A+B)(x) =supfA(x ) OB(y,)[x,+y, = X},

(6) AOBUOF(R) asxUR,

n
(AOB)(x) =SU|0{J_i<p<fn (A(Y)OB(z))1x=2"%i7,¥%,% OR,1<i<n nON}
= i=1
(7) the a -cut set and strong -cut of A as respectively
Ay ={XOR| AX) 20}, Ag) ={(xOR| A% 2} .
Furthermore, note that
AUB - Oa0[0,1, A, OB, = DaD[O,l],A(a) U By
Afunction f : R - R, between two rings is called a homomorphism ofgiifig
Ox, yOR, 06 +X,) = £ (x)+ f(x), F(xy) =T (x)f (x).
For AOF(R),BOF(R,), define f (A)OF(R,) and f *(B)O.F(R) as
OyOR,, f(A(Y)=D{AX|f(X =y DxOR f{B(R =B () .
Usually, f (A) is called the homomorphic image #f, and f ™(B) called the
homomorphic preimage dB, respectively.

In the following, we recall some results ab@ut 1) -fuzzy ideal andA, y) -fuzzy
subring from [21], wherd< A< y<1.

Definition 2.1. ([21]) A fuzzy subsetA[] F (R) is called a(A, i) -fuzzy subring ofR
if, for all x, yOR, it holds that

(F1) A(x—y) UA = (A(X) DA(Y)) U, (F2) Alxy) UA = (A(x) DA(y)) Op.

Remark 1.1. In [21], it was proved that the condition (F1eiuivalent to the following
two conditions:

(F1): A(x+y) 04 = (AX) DA(Y) Og , (FT'): A-X) 042 A(X) Oy

Definition 2.2. ([21]) A fuzzy subsetA[] F(R) is called a(A, i) -fuzzy ideal of R if
for all X, yOR, it holds that

(F1) A(x—y) 0A = (A(x) OA(Y)) U, (F3) AQxy) 0A = (A(x) DA(Y)) U
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In [21], the author proved thd#, /) -fuzzy subrings (resp(A, 1) -fuzzy ideals)
have good properties. For example, as the followegrems show thdtd, i) - fuzzy
subrings and A, i) -fuzzy ideals have nice —level characterizations, are closed under
the operatior{] ,and are preserved under homomorphic image amuage.

Theorem 2.1. ([21]) A is a(A, ) -fuzzy subring (resp«(A, u) -fuzzy ideal) of R iff
OaO(A, 4], A, is asubring (resp., ideal) & iff Ua U[A, 1), A,, is a subring
(resp., ideal) ofR.

Theorem 2.2. ([21]) If A, B are (A, i) fuzzy subrings (resp(A, i) -fuzzy ideals) ofR,
then so isA( B.

Theorem 2.3. ([21]) Let f : R - R, be a homomorphism of rings.

(1) If Alisa(A,u)-fuzzy subring ofR thenf (A) is a (A, i) -fuzzy subring ofR, .

(2) If f isonto andA is a(A, i) -fuzzy ideal ofR then f (A) is a (A, y) -fuzzy
ideal of R, .

(3) If B is a(A, u)-fuzzy subring (resp.(A, i) -fuzzy ideal) of R, then f *(B) is
a (A, u) -fuzzy subring (resp(A, 1) -fuzzy ideal) of R .

3. (A, k) -fuzzy ideal on (A, u) -fuzzy subring : definition and characterizations

As we have seen, the notion ©f, i) -fuzzy ideal was defined on a crisp rifg). In this
section, we shall extend the corresponding notiomfa crisp ringR to a (A, i) -fuzzy
subringB of R that is,we will develop a theory ¢fl, i) -fuzzy ideal of a(A, ) -fuzzy
subring. We will verify that wherB =1, our notion forB reduces to that foR. Moreo

ver, we also shall prove that our notion has micelevel characterizations. All the menti
oned results indicate that our notion is a readergdmeralization of crisp ideal.

Definition 3.1. Let ADF(R) and B be a(A, i) -fuzzy subring ofR such that

ANxOBUA. Then

(1) A is called a(A, i) -fuzzy left ideal of B if, for all x,yOR,

(F1) AX=Y)YCAZAX)CAY)Cu, FF2)AXY)CAZAY)CB(X)C .

(2) A is called a(A, i) -fuzzy right ideal ofB if, for all x,yOR,

(F1) AX—=Y)CAZAXCAY) Cu, (FF3)AXY))CA=AX)CB(Y) C u.

(3) A is called a(A, p) -fuzzy ideal of B if A is both a(A, y) -fuzzy left ideal and a
(A, w) -fuzzy right ideal of B .

Remark 3.1. When A =0, =1, the conditionAﬂZJ 0 BUA in Definition 3 reduces
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to Al B. Hence the mentioned condition can be regardeah asterpretation of tha#\
is a subset 0B .

Proposition 3.1. Let A F(R) and B be a(A, 1) -fuzzy subring ofR such that

AN OBUA. Then A is a (A, i) -fuzzy ideal of B iff for all x,yOR,
(F1) A(x=y)JA = A(X) ODA(y) Ou,
(FF4) A(xy) 0A =2 (A(x) DA(Y)) O(B(x) OB(y)) Uu.-
Proof: We need only check that (FF2)+(FFR3)(FF4).
(FF2)+(FF3)= (FF4). Indeed, for any, yI R, by (FF2) and (FF3) we get

Alxy) JA 2 [Aly) OB(X) O] LAY OB(Y) U/
=[(A(y) DA(X)) O(A(y) OB(y)) O(B(x) DA(X) O(B(X) UB(y))] Ou
2 (A(y) DA(x)) UB(y) OB(x) UB(x) Du

= (A(X) UA(Y)) U(B(x) OB(y)) Uu,
i.e., (FF4) holds.
(FF4) = (FF2). Indeed, for anx, yU R, by (FF4) we get

ACY) 04 2 [(A() DA(Y)) D(B(X) DB(y)) 044 0
> [(A(y) DB(Y) D) OB(y)] 0 -
=[(A(y) 0B(X) 0) DA CTB(Y) DA, by AN 0 BUA

= (A(y) UB(x) U O(A(y) Dp) = Aly) OB(X) Ot
(FF4) = (FF3). Itis similar to (FF4x= (FF2).

Proposition 3.2. Let AL F(R). Then the following statements hold.

(1) Aisa(A, ) -fuzzy ideal of R iff A is a(A, y)-fuzzy ideal ofl.

(2) If Aisa(A,u)-fuzzy subring ofR then A is a (A, u) -fuzzy ideal of A.

(3) Let A, B,C be (A, 1) -fuzzy subrings ofR such thatAN # 0 BUA and BN
OCUA.If Ais a(A, y) -fuzzy ideal ofC, then A is a (A, y) -fuzzy ideal of B.
Proof: (1) At first, note thatB =1 satisfies the conditiomﬂp O BUE since

OxOR, (AN @)(X) 1= (BUA)(X).
At second, we observe easily that (FF4) (F3) whenB =1.
(2) At first, the desired conditiom\ﬂp O AU} holds obviously. At second, note
(A(X) DA(Y)) O = (A(x) DA(Y)) O(AX) DA(Y) Opu,
it follows by (F2) that
Alxy) 0A 2 (A(x) DA(Y)) Op = (A(X) DA(y)) O(AX) DA(Y)) D
(3) It has been known th& is a (A, i) -fuzzy subring ofR such thatA(\x O BUA.
Since A is (A, i) -fuzzy ideal of C, then A satisfies (F1). Therefore, we need only
prove thatA, B satisfy (FF4). Indeed, for any, yOR, by A,C satisfying (FF4)
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A(xy) 0A 2 [(A(¥) DACY)) D(C(¥) OC(y)) D1 04
> (A(X) DA(Y)) OxO(C(x) 0A) O(C(y) BA), by BN O CUA
> (A(x) DA(y)) DpO(B(x) 0A) O(B(y) O )
= (A(X) DA(Y)) O(B(x) OB(y)) O

Remark 3.2. (1) Proposition 3.2 (1) tells us that the notion(af 1) -fuzzy ideal of a
(A, ) -fuzzy subring is an extension of the correspondioiipn of a ring.

(2) From Remark 3.1 we note easily that Proposi®i¢8) is an extension of the crisp
result:

AOBOC and A is aideal ofC = A is aideal ofB.
The next two theorems tell us thgt, 1) -fuzzy ideals have nice —level character
izations.

Lemma3.l Let ABOF(R).
(1) If Aisa(A,u)-fuzzy leftideal of B then A is a (A, i) -fuzzy subring ofR.
(2) If Aisa(A,u)-fuzzy right ideal ofB then A is a (A, i) -fuzzy subring ofR.
(3) If Aisa(A,u)-fuzzyideal of B then A is a (A, i) -fuzzy subring ofR.

Proof: We only verify (1). The proofs of (2) and (3) aimilar to that of (1). LetA be a
(A, ) -fuzzy subring ofB . Then A satisfies (F1) naturally. We check below that

satisfies (F2). In fact, for any, y(OR, by A, B fulfill (FF2) we get
A(xy) OA = (A(y) OB(X) Ou) 04 = (A(y) D) O(B(X) OA) , by AN O BUA
= (A(y) D) O(A) Op) = AX) DA(Y) D i

Theorem 3.1. Let A, BOF(R). Then

(1) Aisa(A, ) -fuzzy left ideal of B iff A, is aleft ideal ofB, for all a U (A, 4].
(2) Aisa(A, ) -fuzzy right ideal ofBiff A, is a right ideal ofB, for all a U (A, 1] .
(3) Aisa(A, ) -fuzzy ideal of B iff A, is aideal ofB, for all a [ (A, 4] .

Proof: We only verify (1). The proofs of (2) and (3gaimilar to that of (1).
Necessity. Let A be a(A, i) -fuzzy left ideal of B. Then from Definition 3.1 and

Lemma 3.1 (1) we get that bothand B are(A, i) -fuzzy subrings ofR. Then it
follows by Theorem 2.1 that botA, and B, are subrings oR for all o O (A, ] .

Further fromAN x O BUA, we get

A =A N, =(ANg), 0(BUA), =B,UA=B,,

sinceZla =R, Ao =0. It shows thatA, is a subring ofB, .

Additionally, for all xU A, , yUB,, we haveA(X) 2 a, B(y) =2 a, and hence
Ay A= AX)OB(y)ODuzalu=a.

Since A <y, it follows that A(yx) =2 ', i.e., yxU A, , which means tha#, is left
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ideal of B, .
Sufficiency. Let A, be a left ideal ofB, for all a (A, 1]. Then A, 1B, andB, is a

subring of R for alla (A, ] . It follows by Theorem 2.1 thaB is a (A, i) -fuzzy
subring of R.

At first, we prove AN 0 BUA . We need only verify thgAN ), O (BUA),, for
any a J[0,1].

If @0[0,A] then(ANw), OR=(BUA),.

If a0(A, 4] then(ANw), = A, OB, =(BUA), .

If =1 then the proof has been completed since the alaveases have ensured
that o take all the values frorD to 1.

If u<1anda O(u,1] then(ANw), =0 0 (BUA),.

At second, we prove thah, B satisfy (F1). That is, for any, y[IR,

AX=-Y)CAZAX)CAY)Cu

Takea = A(X) JA(Y) Du, then A(X), A(y) 2 a,ie, X, YUA, ,anduza . we

divide into two cases:
Casel:A=a.Then A(x—-Yy)OA = A(x) JA(y) O holds obviously.

Case2: A<a.ThenaU(A,u]. Since A, is a left ideal ofB, then fromx, y A,
we getx—yUA, , i.e, A(x—y)=a. It follows that
Ax-y)OAza=AX)OA(Y) Ou.
At third, we prove thatA, B satisfy (FF2). That is,
A(xy) A= A(y) OB(x) Ou, Ox, yOR.
Indeed, if we assume that there existy, R such that
A%Yo) 0A = A(y,) DB(x,) .
Takea = A(Y,) OB(x,) Ou, thenA<a < u, y,0A,, X,0B, andX,y,JA,. So
A, is not a left ideal oB, . This is a contradiction! Hence the desired indituholds.
From the above three steps we get tAais a(A, 1) -fuzzy left ideal of B .
Similar to Theorem 3.1, we can descripk u) -fuzzy ideal by strongr -cut set.

Theorem 3.2. Let A BOF(R). Then

(1) Ais a(A, u) -fuzzy leftideal of B iff A, is a left ideal ofB ,,
al[A, 4).

(2) Ais a(A, u) -fuzzy right ideal ofB iff A, is a right ideal ofB,, for all
allA, 4).

(3) Aisa(A,u)-fuzzy ideal of B iff A, is aideal ofB

for all

oy forall a0fA, y).
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4. Basic properties

In this section, we shall verify th&#l, 1) -fuzzy ideals of A, ) -fuzzy subring have

nice properties. Preciselyd, 1) -fuzzy ideals of & A, 1) -fuzzy subring are preserved

under homomorphic image and preimage, and arecclasger the operatiorg, +,0.
The following two theorems tell us th@d, i) -fuzzy ideals of a(A, y) -fuzzy

subring are preserved under homomorphic image esidchage.

Theorem 4.1. Let f : R — R, be a homomorphism of rings af§ B F (R)).

(1) If Aisa(A,u)-fuzzy leftideal of B then f (A) is a (A, i) -fuzzy left ideal of
f(B).

(2) If Aisa(A,u)-fuzzy right ideal ofB then f (A) is a (A, i) -fuzzy right ideal of
f(B).

(3) If Ais a(A,y)-fuzzy ideal of B then f (A) is a (A, i) -fuzzy ideal of f (B).

Proof: We only verify (1). The proofs of (2) and (3) aimilar to that of (1).
Let A be aA, u) -fuzzy left ideal of B . From Definition 3.1 we have th& is a

(A, u) -fuzzy subring ofR and ANz OBUA. It follows from Theorem 2.3 (1) that
f(B) is a(A, i) -fuzzy subring ofR,. And from ANxOBUA we have
f(ANu=f(ANK O F(BUA) = f(B)UA
Furthermore, for anyy,, y, I R,, we get
F(A)(Y, - ,) DA =SupfA() | f ()= y, - ,} 04

2 SUP{A(, = %) | f (%, =X,)=y,— Y, } 04
2 SUP{A( =%,)0A | T ()=, f X,)= Y.}

by A satisfies (F1) 2 sup{A(x)DAGG)Ou | f )=y, f X,)=Y,}
=sup{ AG, ) If & )=y} OsupA X, )f X, ¥y Ou
= (A 0T (A(y,) Ou

f(A)(Vy,) UA =sup{A(X) | f (x)=y,y,}LA

= SUP{A( X, ) | (XX;) =Y.y, 0A
2 SUP{AGX ) DA [ f () =y,,f X,)=Y,}

by AB satisfy (FF2) 2 sup{A(,)UB0)Uu|f (x)=y;,f )=y}
=sup{AQQ) [ f (x,)= y,}Osup{B(x,) | f (x,) =y} O
= T (A)(y,) O (B)(y) Ou

Hence, f (A), f (B) satisfy (F1) and (FF2), and sio(A) is a (A, i) -fuzzy left ideal of

f(B).

Theorem 4.2. Let f :R - R, be a homomorphism of rings ai B F(R,) .
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(1) If Aisa(A,u)-fuzzy left ideal ofB then f (A) is a (A, ) -fuzzy left ideal of
f(B).
(2) If A is a(A, u)-fuzzy right ideal ofB then f *(A) is a(A, ) -fuzzy right ideal
of f(B).
(3) If A isa(A, u)-fuzzy ideal of B then f ™(A) is a (A, i) -fuzzy ideal of
f(B).
Proof: We only verify (1). The proofs of (2) and (38)e similar to that of (1).
Let A be a(A, i) -fuzzy left ideal of B. From Definition 3.1 we get thd is a (A, 1) -

fuzzy subring ofR, and AN OBUA. It follows from Theorem 2.3 (3) that
f"l(B) is a (A, i) -fuzzy subring ofR,. And from AﬂZJ O0BUA we have
AN p=fY(ANL DO fYBUA)=fY(BUA
Furthermore, for any;, X, 1 R,, we get
£ A% ~%,) 04 = A (x,~ ) 04 = A(F (%)~ F(x,)) 0
by A satisfying (F1) > A(T(x)) OA(T(x)) Ou
= (A (x) O f (A (x,) Ou.
F A% %,) 04 = AT (%%,)) DA = A(F (%) f (x,)) 0
by A, B satisfying (FF2) > A(T (%)) OB(f(x))Ou
= fHA)(x) Of(B)(x) O
Hence, f *(A), f *(B) satisfy (F1) and (FF2), and o*(A) is a (A, ) -fuzzy left
ideal of f *(B).
Now, we consider th€) operation of(A, i) -fuzzy ideals of &1, i) -fuzzy
subring .

Theorem 4.3. Let A, BOF(R) andC,D be (A, i) -fuzzy subrings of R.

(1) If Aisa(A, u)-fuzzy left ideal ofC and B is a (A, y) -fuzzy left ideal of D,
then AN B is a (A, i) -fuzzy left ideal of C(\D..

(2) If Aisa(A,u)-fuzzy right ideal ofC and B is a (A, i) -fuzzy right ideal ofD,
then AN B is a (A, ) -fuzzy right ideal of C( D .

(3) If Aisa(A,u)-fuzzyideal ofC and B is a (A, i) -fuzzy ideal of D, then
ANB is a(A, u) -fuzzy ideal of CND.
Proof: We only verify (1). The proofs of (2) and (3) aimilar to that of (1).

Let A be a(A, i) -fuzzy left ideal ofC and letB be aA, i) -fuzzy left ideal ofD .

From Definition 3.1 we have th&, D are (A, ) -fuzzy subrings ofR and
ANuOCUA,BNuODUA.
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Then from Theorem 2.2 we get tHaf 1 D is a (A, ) -fuzzy subring ofR, and
(ANB)NuO(CND)UA.
Moreover, for allx, y[IR, we have
(ANB)(x=-y)OA=(A(x-y)JA)O(B(x-y)dA), by A B satisfying (F1)
2 A(x) DA(y) OB(x) UB(y) Ou
=(ANB)(x) O(ANB)(y) Uu,
(ANB)(xy) A =(A(xy) JA) O(B(xy) OA), by A,C and B, D satisfying (FF2)
2 A(y) DC(x) DB(y) UD(x) D
=(ANB)(Y) B(CND)(x) Opu.
Hence,A(1B, C( D satisfy (F1) and (FF2), and (B is a (A, i) -fuzzy left
ideal of CD.
The following Corollary 4.1 (3) exhibits us th@d, ) -fuzzy ideals of aA, ) -
fuzzy subring are closed under the operafibn

Corollary 4.1. Let AABOF(R) andC,D be (A, u) -fuzzy subrings ofR.
(1) If A,B are (A, u)-fuzzy left ideal ofC then so isA( B.
(2) If A,B are (A, i) -fuzzy right ideal ofC then so isA(1B.
(3) If A,B are (A, u)-fuzzy ideal ofC then so isA(1B.

Proof: It follows by takingC = D in Theorem 4.3.
Next, we consider the operationrsand © of (A, i) -fuzzy ideals of aA, i) -fuzzy
subring.

Lemmad4.l Let AABOF(R) andC be a(A, i) -fuzzy subring ofR s.t.
ANxOCUA,BNuOCUA. Then
1) (A+B)Nxz0CUA. (2) (AeB)NxzOCUA.
Proof: (1) For allX(R, if there existy, z[1R such thatx = y + z, then
(CUA)(X) =C(X) DA =C(y+2)0A by C satisfying (F1')
> (C(y)C(2Op)dAa
> (C(y)ODA) O(C(200A) 0w,
2 A(Y)DuUB(2)UuOu=Ay)OB(z2) Du.
So, (CUNX) =zsup{A(y)OB(z)Ou |x=y+2z}
=sup{A(y)UB(z) [x=y+z}0u
= (A+B)() Op = ((A+B)NU)(%).
Hence,(A+B)NuOCUA.
(2) For all XxOR, if there existy;, z O R(1<i <n), such thatx = Zn: Y,z , then

i=1
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(CUNX) =C(X)0A = C(Zn: y.z)OA by Csatisfying (F1'),(F2)

i=1

>{inf (Qy) 0Q(2)) 04 0/
> inf{(Q(y) 0) (A7) 0 04
> inf{( Ay) 04 ((’2) 04 04
=inf{ A'y) DR 2)} Oy,

So,

(UM supfinf (Ay) DB(z)) DuIx= 3. yz,nON}

= sup{inf (A(y) DB(2)) Ix= Y. %2.nON) O

=(AOB)(X) Ou = ((AOB)N u)(X) .
Hence,(A® B)ﬂZJ ocuUa.
The following Theorem 4.4 (3) exhibits us thalt, 1) -fuzzy ideals of &4, i) -
fuzzy subring are closed under the operation

Theorem 4.4. Let A, B,C be a(A, i) -fuzzy subring ofR.
(1) If A, B are(A, i) -fuzzy left ideals ofC then so isA+B.
(2) If A B are(A, i) -fuzzy right ideals ofC then soisA+B.

(3) If A,B are(A, i) -fuzzy ideals ofC then so isA+B.
Proof: We only verify (1). The proofs of (2) and (&ye similar to that of (1).

At first, it is observed from Lemma 4.1 (1) th@ + B) ﬂZJ OocC Uj .

At second, for allx, y[JR, we get

(A+B)(x-y)OA
=sup{A(z)UBWw) |z+w=x-y}0A
2 SUp{A(Xl - yl) DB(Xz - yz) |X1+ X=Xy, ty,= y}dA
:SUP[ Al -y ))OA)D B K, —Y,))UA) X+ X=X Yy +Y,= y} by (F1)
2 sUP{A( ) DA(Y;) OB (X,) OB(Y,) O [ X+ X,= X,y + Y ,= Y}
=(A+B)(x) U(A+B)(y) Du.

(A+B)(xy) A =sup{A(z)dB(w) |z+w=xy}0A
2 sup{A(xy,) UB(xy,) |y, +y,=y}UA
=sup{(A(xy,)0A)OBXy,) 0D y,+y,=y} by AB,C satisfying (FF2)
2 SUp{A(y,) HC(x)OB(y,) DC(x) O |y, +y, = y}
=sup{A(y,) 0B(Y,) |y, + Y, = y}OC(x) Ou
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=(A+B)(y) DC(x) Uy
So, A+ B andC fulfill (F1) and (FF2), and thei\+ B is a (A, i) -fuzzy left ideal
of C.

Theorem 4.5. Let B,COF(R) such thatBN#OCUA .
(1) f AOF(R) is a(A, ) -fuzzy left ideal ofC then so isAO B.
(2) If AOF(R) is a(A, u)-fuzzy right ideal ofC then so isA® B.
Proof: We only verify (1). The proof of (2) is similar tbat of (1).
At first, it is observed from Lemma 4.1 (2) th@A© B) ﬂZl acC Uj.
At second, for allx, y(OR, we get

(AG B)(xy) A by takingzn: X(zw) = xy

i=1

> sup{inf (A() DBW) 13y = X x@w)nON} O

> sup{LriLfn((A(x; YOA)OB(w)) | xy = Zn: X(zw ),n0ON}, by A,C satisfying (FF2)

> sup(inf (A(z) DB(w)) |y = Y 2w ,nON}OC(X) O
= (AGB)(y) 0C(x) .
(AGOB)(x—-y)OA by takingzn‘)gzi +Zm:(—yj W, =X-y

> supf{inf (A(x) 0B(z)) Oinf (A(-y,) DB(w,))
|x=Zn:>gzi ,y=iijj ,A,mON}0A
> supfinf (A(x) DB(2)) [x= %2 nCIN}
Dsup{[inf (A(-y;) UB(wW; )] OA]y = i y;w;, mU N}

> (AGB)(X) Dsup{Lrilsfn((A(—yj )UA) OBW,)) |y = i y,w,,mON}
by A satisfying (F2") :
> (AGB)(X) Dsup{Lri]an(A(yj YOuOB(w,)) |y= Zm: y;w,,mON}

= (A0 B)(X) O(AGB)(y) Uu,
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Hence, AO B andC fulfill (F1) and (FF2), and s AQ® B) is a (A, u) -fuzzy left
ideal of C.

The following Corollary 4.2 (2) tells us théd, 1) -fuzzy ideals of a A, i) -fuzzy
subring are closed under the operat{®n

Coradlary 4.2. Let A,B,COF (R).

(1) If Aisa(A, u)-fuzzy left ideal ofC and B is a (A, i) -fuzzy right ideal ofC,
then (AQ® B) is a(A, i) -fuzzy ideal ofC.

(2) If A,B are (A, u)-fuzzy ideal ofC then so iS{A® B).

Proof: (1) SinceB is a (A, ) -fuzzy right ideal ofC , then we haveBN O CNA .
It follows by Theorem 10 (1) thdtA® B) is a (A, i) -fuzzy left ideal ofC . Similar,
we can prove thafAQ® B) is also a(A, i) -fuzzy right ideal ofC . Therefore,(A® B)
is a (A, i) -fuzzy ideal ofC.

(2) Itis a straightforward conclusion of (1).

5. Conclusions
In this paper, we developed a theory(df 1) -fuzzy ideal of a(A, i) -fuzzy subring of a

ring R. This theory is a natural extension of tha{4f 1/) -fuzzy ideal of a ringR . We

proved that the considered notion has nice levatattterizations and algebraic properties.
In the future work, we will discuss thel, i) -fuzzy quotient subring of &4, ) -fuzzy

subring concerning é4, i) -fuzzy ideal, and then establish some isomorphisorems
about (A, i) -fuzzy quotient subring.
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