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Abstract. This paper deals with a class of singular semiliradliptic system involving
Hardy terms, critical coupling terms and negatixpement terms. By using Ekeland

variational principle and the Nehari set, we prtive existence of positive ground state
weak solution.
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1. Introduction

The aim of this paper is to establish the existesic@ontrivial weak solution to the
following semilinear elliptic system

_Au _/'IL = ﬂual_lvﬂl + az f (X)uﬂz_lvﬂz’ Xl:l Q,
Ixf  a,+B, a,+p,
- V—,UL = iu%vﬂl‘l +L f (X)u”zvﬂz‘l’ xdQ, (1)
IXf  a,+B, a,+p,
u,v>0, xQ,
u=v=0, xd0oQ,

where Q JR"(N =3) is a smooth bounded domaif[1Q , A is the Laplacian

2
operator,0< (< li, ﬁé(Nsz is the best Hardy constan) >0 is a real

parameter, a,, 5,>1, a,+ 5,=2 , 2 é% is the critical Sobolev exponent,

a,,[B,>0,a,+B,<2and f :Q - R is a given non-negative nontrivial function.
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By settinga,, B, larger thanO ratherl anda, + 3, <2, we find that at least one
of the exponents oli and v is negative, namelynin{a, -1, 5,-1} <0 . Hence
problem (1) contains both negative exponent temmalscgitical Sobolev exponent terms.

*

Setu=v,a, =4 :%,az =p,>0,a,+[,<1, then system (1) reduces to the

following equation

—Au—,ui =7+ FOQue, xOQ,

|xf
u>0, xQ, (2)
u=0, xd0Q,

where0< q<1. The existence of solution for problems like (2 atudied extensively
and many results have been found [1-3].
In recent years, much attention has been paiditicatrelliptic systems, but the

exponents in these systems are usually positive [€]). Hsu and Li [8] studied the
following semilinear elliptic system:

u } 20 uf?upvf .
-Au-p—=A|uf?u+ ,inQ \{0},
|x a+f  Ix}
-2
—Av—,uL:0|vP‘2v+ 2f Jufvf V. inQ \{0},
|xf a+f Ixt
u=v=0, onoQ ,

2
where A,0 >0, OS,L/</7:(TJ , 1g<2, 0<s<2, and a,[>1 satisfy

a+pB=2(s)=

25\|I\| —25) . They obtained the multiplicity of positive solutis by

2

“+0%9% <A, whereA is

2
variational methods when the parametérgr satisfy0 < A

a certain positive constant.

The existence and nonexistence of solutions optallisystems with negative
exponents are also studied in [9-11] and the papergin. However, to the best of our
knowledge, there are few results for the elliptistam (1) involving both critical Sobolev
exponents and negative exponents. Thereforepiesningful for us to study the elliptic
systems (1).

However, the first difficulty to study the existenof solutions of (1) is that the
functional corresponding with (1) is no longer Frecdifferentiable. Therefore, there

exists no(PS), sequence for the functional. The second difficidtglue to the lack of
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compactness of the embeddilmgj)l‘z(Q)QLé (Q) . By using the Ekeland variational

principle and the Vitali theorem, we overcome ttewe difficulties and obtain some
new results.
The main result of this paper is the following ttesn.

Theorem 1.1. Supposef OL*(Q) andQ O R" is bounded0Q, then there exists

constantsd” >0 andC such that for ald J(0,4") and f |,<C, problem (1) has a
positive ground state weak solution.

2. Preliminaries and sometechnical lemmas
Throughout this paper, the spadg *(Q) represents the completion 6 (Q) with the

1
norm(J'Q|D [lj dx)2 . Problem (1) is related to the well-known Hardgduality

jg:‘:(:zdx<—j 0uf dx, DuOW>@).

In spaceW,*(Q) , we employ the following norm

Jl, - { J,[1cur -N%MZ . CuD107)

1
By Hardy inequality, the above norm is equivalenthe usual nornUJD[ﬁdx )2 in

W2(Q) . In this paper, we work on the product sp&ce W, *(Q) xW,"*(Q) with the
norm

= (1ol I )

Besides, the spade”’(Q), 1< p< o denotes the usual Lebesgue space.
For simplicity, we writeq = a, + 3,. A pair of functions(u,v) [ E is said to be a
weak solution of problem (1) if

IQ[DUD¢1+DVD¢2—,U|UX¢|12 rfzr_jdx —_[ ( UG + BuTVET )dx

_ J‘Q¥(azu"z‘lvﬂz¢l +puig k=0, 0@, p,)0E.

The corresponding energy functional E - R associated with the problem (1) is
defined by
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_1 uf_ i
I (u,v)= J'Q[|Du|2 |Ov f ,L.lI |2 | de(

—II v d——j fE)UT YA «

For any #0[0, &), a,B>1anda + B =2, we define the following constants:
|u Fj
|Ouf —u
Lt
([jof o

[l

VWG 2(R)\ (0} ( J o’ ? dx)§ ’
Q

a

S=S(w)2 inf

DG (Q)\{0}

Sip=

gq-2
. Hq-e

_ 2 -2( 2-q)2 29 a? zfzq 2%1 ’
C é*_(_qj g2 -2 Q] 3 (ﬂj +(&j ]
2-qlZ2-q) 7 g g

For eact{u,v) O E, we defineJ(t) = I ((tu,tv)), namely
t? o 2 t
IO = = [ lupv f ok—ajgf bty o

IO =t - urvf &t fOuF YA o
IO =uVf -A@ -0 Juf b oo Ea T f KOG YA

Meanwhile, we define Nehari set
A ={(u,v)DE\{(0,0)}| J'(1) =0}

:{(u,v)DE\{(0,0)}|||(u,v)||2—AjQ|u W= foufeivf o= §)
which contains all solutions of problem (1). We make following splitting forA :

A ={uVOA[I"D)> )G A ={ uVv)IA P" Q= D, ie
={uvonie-alevf-1@-a)f ut vt &> p
={uvonie-afevf-1@-af bt ¥t d=p

“={uvonie-aevf-A@-af bt iyt d< P

In the following, some technical lemmas will beteleated as follows.

ay

Lemma 2.1. The energy functional (u,V) is coercive and bounded below An
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Proof: By the Young inequalitya,, 5, < q and the Holder inequality, we have
[ fMuf N as 4[ : m‘*|+"’2 wgﬂ

ﬂ (3)

2 i za |
il iar” s (G G)7 | o scor

q

where|Q | is the Lebesgue measure@f. Based on above inequality, we have

I(u,v):( j||( v - [; ijj FOOIUP e
1 1 2 1 1 q
(2-Flevi-c[2-FJlenr . oevmn

Since0 < g< 2, this implies that the conclusion is truel

Lemma 2.2. There exists a constad >0, such that\° =0 for all A <,.
Proof: To the contrary, we suppose that there exigt&) JA° O A, which means
— 2 T )
2-a)|@v) -2 -a)_[6]*[v]* &= 0 @)

Based on the definition o\, it is easy to find thafl,v #0. From (4) and Sobolev
inequality it follows that

@ _A@-9_ v
—| || B 2— -2 .
Lt 279 % oy

Consequently,
2* 2-2
w5, (2~ 0)
@v)z| 229 (5)
CR R

On the other hand, frortt,V) JA , we have
AJurNf a=lavf-[ fCQRTVH o

combining with (4) and (3), we have
22w -cl@ oy <o

Consequently,
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— i< G2 —a) =
feols SE2[ ©

Let
2 -

2 A =
A=S2, 2-q 2 -2 a ,
"2 -q(C(2 -q)
then, by (5) and (6), we havé> A, which is a contradiction, thua® =0 . [J

N

Lemma 2.3. There exists a positive numbds >0 such that ifA <A,,

(i) 1(u,v)<0 forany(u,v)OA";

(i) 1(u,v)>0 forany(u,v)OOA".

Proof: First, we prove (i). Arguing by contradiction, wassume that there exists
(u,v)OA™ which satisfie$ (u,v) =0, i.e.

1 2 A 1
Sl =% [ luf v f dn-ajgf €TV 2

From (u,v) OA, it follows that
1

5 2(2-q)
(=] 52, 287 o

On the other hand, frortu,v)OA* O A, we have
@ -2 v - @-a) et v d< C

combining with (3), we have

et <[ 5-3a ] ®

2 -
22(2-q)2-q. )"
2 a; ,8 Cl .
A2-g)\2-2
Then, by (7) and (8), we hawé> A_z which is a contradiction, thuk(u,v) <0.
In the following, we prove (ii). Let

Let

l\.)

2-2

s 2 q(Z -2) |>o
%= %a7 q{Z(Z q)Cj ’

then by the same method, it can be proved that whenl,, we havel (u,v) > 0 for

any (u,v)JA"™. By taking A, = min{/TZ, ;IQ} , the conclusion is proved.]
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Lemma 2.4. If | f |,.<C, there exists a positive numbdg[1(0,1) such that\" is

nonempty and closed for any< A,.
Proof: Let

o®) =) A Ju v f o, 06y IE \{(0,0)}

andt . >0 satisfyg(t,.) =0. By calculation we find

1
@-a)fuvf 7
A2 -a)f lufvf |
From 2° > 2, it follows that¢(t) increases monotonically of0,t ) and decreases
+00). So ¢/t) gets its maximum &t . and

max

monotonically on(t

max?
1

2 -2[ 2-q | Juwft
_2*-QL1(Z—OIJ (JuFv e afe|
If A <1, combining with| f |_<C and (9), we have

O<[ FOIuF NP d<pl)

), we know there exists only one

ALrar)

From ¢(t) increases monotonically of0,t

t" =t,, <t such that

A =] TIUF v dandg(t) >0,
which implieg udA". ThereforeA™ # 0 . [

max

Lemma 2.5. If (u,v)JA", then there exists a positive numleer O and a differentiable
function h="h(t) >0, wheret<e such thath(0)=1 and h(t)(u +tg@,,v+tg,) OA*

for all (¢,,¢,)UE.
Proof: By applying the method in [12, 13], we defikk: RXE - R by

H(t ¢, 8,) =t |+ g+ 8, ) = [ fO)lu+g.f v+, f
AT Ut g, A od
SinceudA" OA, we haveH (1,0,0)= 0 and

H(00,0= 2-afuvf -2 2-af A utvA x>
According to the implicit function theorem at theimt (1,0, 0), there exist a& >0 and
a continuous functio = h(t) >0, wheret <€, such that
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h(0)=1, ht)u+tg, v+tg,)OA.
Clearly, we can take <e satisfying
h(t)(u+tg,,v+tg,)OA", Ot<e,(@,.¢,)0E. O

Lemma 2.6. There exists a weak solutiqn,,V,) of the problem (1).

Proof: From Lemma 24 and Lemma 2.1, we havA®™#0 and

m:(in)fml(u,v)>—00. By the Ekeland variational principle [14], theexists a
u,v

minimizing sequencg(u,, Vv, )} O A™ which satisfies
I(u,V,)< m+%, I (U, v )<I (u,v)+%||(u—uk v=v)|, Ouv)OA . (9)

Since I (u,v) =1 (Ju[,lv |}, we assumey,,v, 20 in Q and there is a subsequence
which is still denoted by (u,,v, )} andug,Vv, =0 such that

U — Uy, V, —V,, weakly inW,* Q ),
U - Uy, Ve =V, strongly inL® Q )pO [L,2)
U (X) = Uy(X), Vi (X) = V,(X), a.e. i .

From Hardy inequality and Sobolev embedding theorefallows that
5
2-1 -1 2-1 2-1

T S Vi weakly inL? 1 Q)
u U Ve Vv :

—* 0 Kk _. 0 weakly inL? .

Ix| x| K]

By applying Lemma 2.5, there exists a differengafinctionh (t) which satisfies

h(©0)=1 h O)U +tg, v +tg,)TA",

where ¢, ¢, OW;?(Q), t >0 small enough. For the sake of simplicity, we write

Au,) = Oullg, + vOg, - u 8 — VP2
Ixf " Ixf

B(u,v)=au® Vg +BuviTg,, i=12
From the definition ofA , we have
[l = ATy Fv f =] f €Ol T % A "= (10)
By applying (9), we deduce that
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IR O-11 6,5 ot O] 6,6, 12 I O+, 5 +18, ) 6, v, )
21 (Uu) =1 (RO, +)N O, +14,)

1 2 A 1
=l =2 [ lu P f dﬁ—ajgf bt vt

{@Il(uk gy g - O I 16, P+, o

_$L} f(X) |u +tg, [2 v, +1g, f2 d(}

@ a;

ﬂzdx

Vi

Vik

1-h2(t > ,1-h7 ¢t ! 1-h
= el =455 R e - UL el

2 t 2 2
O 0 ), 46, 6.))
_@J’Qluk [ \% Fl - U +tg, 1 b +tg, |ﬂ1 dx

‘%L} FOY(lu P v 2 =l +18, T b +1g, ) d

From Lemma 2.2 we know,,V, #0. Dividing the above inequality by>0 and
lettingt — 0", by (10) we find,

17,
[ @1 6w )+ 6, 0. ]

> =[ AU )X+ A[ B WU v )de+ [ (OB, G v )k
Namely,

[ T 00B, U v, )k

< IRl G v+ 1@ ]+ [, Ak v )K=A[, B 6 4 )ek

From [12], there exists a constaBs >0 such thafh, (0) K C,. Letk — oo and by the
Fatou Lemma, we have

[ T (0B, (Ug Vo)< liminf [ f (X)B,(Uy v )X < [ AlUgVo)dk= A Byu oV Jalx.
Since(¢,,9,) is arbitrary, holds
[ AUy, vo)dX=A[ B, (U, vo)dk= [ f (B, (V)= 0 (11)
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thus (u,,V,) is a weak solution of problem (1)J

Lemma 2.7. For anyd >0, (u,,V,) OA".
Proof: Since{ (uk,vk)} is bounded in\j;*(Q) , by Sobolev embedding theorem, there

exists C; > 0 such thaju, [? |v, Ezs C,. By the absolute continuity of integral, for all
€ >0 there exist® >0 such thatifE 0 Q and|E K, holds
2 Z
[ F7ax<e? ™,
E
By the Holder inequality, it follows that:

2'—q
2FY B
3 J

[ f oouzvfeaxs ([_u? )7 (] w? o) [sz*z m]z

2'—q

7

z
’;{jEf” )d} <Cge .

Therefore,{_fQ f(x)|u [° d(lk =1, 2[D]}] is equi-absolutely continuous. By applying
the Vitali theorem [15], we have
lim [ f(ugvidx = [ f (ugevgeex. (12)

Taking @ =U,, @, =V, in (11), we know tha(u,,Vv,)JA . Then, by the weak
lower semi continuity of norm and (12), we have

inf 1(u,v) =lim I(u,,Vv,)
(u,v)OA* ko0

. 1 1 , (1 1 "
=;5r3{(5—3jll(uk,vk)ll —[a—gj [ 11U Pl 2 ok

11 (11 o
(25 Mewwlb (2= T o b o

=1(uy, V) 2 (ui’rv1)fm I (u,v).

<|u,

a
5

Vk

(13)

It is easy to know inf 1(u,v)= inf I(uv) from Lemma 2.2 and Lemma 2.3.
(u,v)OA* (u,v)OA

Therefore, the inequality signs in (13) should lpiad signs. We can deduce that
lim lCue vl =[l(uo, vo)|| - Namely, u, — U,V — v, in Wy*(Q) . From Lemma 2.4,

we know A" is closed, thugu,,v,) OA". O
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3. Theproof of Theorem 1.1
Let A" =min{A, A,, A} , then Lemmas 2.1-2.7 hold for al<A". Then we have

(Uy,V,)OA™ is a weak solution of problem (1) adduo,vo):(in)l;/\l(u,v) which
means(U,,V,) is a ground state solution.

Now we proveu,,V,>0 in Q. Sinceu,,Vv,=0, for any @,,¢, OW,*(Q),
¢,,¢,20,t>0, we have

O<I (uo +t¢1’Vo +t¢2)_ I (uo’vo)

=%_|.Q(|Duo+tD¢1 F+ |Ov,+t0g, f —,uluo +tg, f —u v, +td, F] s

|xf |x f
A 1 h 1 2 2 |uo|2 |Vo Iz
_?J.Q |u0 +t¢1 1, }‘/O+t¢2 lr d_EJ.Q£ u:luo |+ mvo |_,UW_,UWJ X

1 A
oo FEOM A v+ g, 1 e f o o d

ol OO b

S%IQ(IDUO +tOg, f + |Ov,+t0g, | _uIUo +tg, f —u IV, e, Fj 4

Ixf Ix f
_1 + _ |u0|2_ |V0 F
QIQ(D%T Pvo § -4 g a1 MJ o
This implies
(1000 + v, -l T O
i |xf Ix f
-IQ(IDUO f+10v, F-#%—u%} &= 0,

dividing by t >0 and lettingt — O, we get
+
IQ(DUOD @, + DVOD¢2—ﬂ%j dx= 0.
X
Then, by the strong maximum principle, we haygv, >0 in Q. This completes the
proof of Theorem 1.1.
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