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Abstract. The concept of intuitionistic topology or double topology is an important topic 
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study the most important properties of these concepts. 
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1. Introduction 
 

The first to introduce the topic of intuitionistic set or double set is the mathematician 
Coker [4]. In 1998, Coker studied the concept of topology and the concept of 
neighborhood [6] around the same set. After that a lot of studies about this set were 
mentioned and we mention them. In 2000, an introduction to intuitionistic topological 
spaces [5] was studied. In 2014, generalized preregular closed sets were defined by the 
double set [8]. In the same year, the double set was used to define the concept of semi 
open [11]. In 2016, notes were made about semi open double set [7], study of the concept 
of fixed point around double set [9], and definition of intuitionistic β-open sets [1]. In 
2017, a topic titled common fixed points of occasionally weakly compatible in 
intuitionistic fuzzy metric space was launched [10]. In 2019, the topic generalized closed 
set in intuitionistic fuzzy topology was studied. [2]. In 2020, the topic of some properties 
of double minimal space [3] was studied.In this paper we will know alpha set on double 
bi-topological space and study its most important properties. 
 
2. Preliminaries 
In this section, we remember some basic concepts related to double sets. 
 
Definition 2.1. [4] Double set (ƉS for short) 
� of a non-void set Ӽ is 
� = 〈
�, 
��〉  where 
�, 
�� ⊆ Ӽ and 
� ∩ 
�� = ∅. 
 
Definition 2.2. [2] If 	
� = 〈
�, 
��〉, �� = 〈��, ���〉 and {
�� ∶ 	�	 ∈ �} are double sets in Ӽ, 
where 
�� = 〈
�� , 
���〉. Then 

1. 
� ⊆Ɖ �� ⇔ 
� ⊆ ��&��� ⊆ 
��. 
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2. 
	� = �� ⇔ 
� ⊆Ɖ ��&�� ⊆Ɖ 
�. 
3. ∪Ɖ 
�� = 〈∪ 
�� ,∩ 
���〉. 
4. ∩Ɖ 
�� = 〈∩ 
�� ,∪ 
���〉. 
5. Ӽ�Ɖ = 〈Ӽ, ∅〉. 
6. ∅� Ɖ = 〈∅, Ӽ〉. 
7. !��. 
� = 〈
��, 
�〉. 
8. 
	� \�� = 
� ∩Ɖ �� . 

 
Definition 2.3. [4] Double point of a non-void set Ӽ is ��Ɖ =	 〈{�}, {�}#〉, where � ∈ Ӽ. 
 
Definition 2.4. [4] A collection $Ɖ of double sets of Ӽ called double topology (ƉT) if is 
satisfying the following axioms:  

1. Ӽ�Ɖ, ∅� Ɖ ∈ $Ɖ, 
2. A� ∩Ɖ B� ∈ $Ɖ, for	each	A� , B� ∈ $Ɖ, 
3. ∪Ɖ 
�� ∈ $Ɖ	for	each	
�� ∈ $Ɖ. 

the pair (Ӽ, $Ɖ) is called a double topological space (ƉTS) and any double set belong to 
ƉT called Ɖ-open set. !��. (A� ) is Ɖ-closed if and only if A�  is Ɖ-open. 
 
Definition 2.5. [6] Let (Ӽ, $Ɖ) be an ƉTS and A�  is double set. Then  
�	0Ɖ1A� 2 =∪Ɖ 3G� ∶ 	G� ∈ $Ɖ	and	G� ⊆Ɖ 
�7. !8Ɖ1A� 2 =∩Ɖ 3F� ∶ 	 F� 	�:	Ɖ − !8�:�;	and	A� ⊆Ɖ <� 7. 
Obvious 

1. �	0Ɖ1A� 2 is Ɖ-open and !8Ɖ1A� 2 is Ɖ- closed.  
2. A�  is Ɖ-open if and only if �	0Ɖ1A� 2 = A� .   
3. A�  is Ɖ-closed if and only if !8Ɖ1A� 2 = A� .  

 
3. Ɖɳɱ=−open set in double bi-topological space 
In this section we will define a new open set called Ɖɳɱ� −Open Set and explain the 
most important characteristics of this set. 
 
Definition 3.1. Let (Ӽ, $Ɖ>, $Ɖ?) be a double bi-topological space. Then a double subset 


� of Ӽ is called Ɖɳɱ� − ���	 set if ᾼ� ⊆Ɖ ɳ − �	0Ɖ Aɱ − !8Ɖ Bɳ − �	0Ɖ1ᾼ� 2CD, where 

ɳ ≠ ɱ, ɳ,ɱ = 1,2. Ɖɳɱ�. H(Ӽ) = 3
� ∶ 	 
� 	�:	Ɖɳɱ� − ���		:�07. 
 
Example 3.2. Let Ӽ = {ӽ>, ӽ?, ӽJ}, $Ɖ> = 3Ӽ�Ɖ, ∅� Ɖ, 〈{ӽ>}, {ӽ?, ӽJ}〉7 and  
$Ɖ? = 3Ӽ�Ɖ, ∅� Ɖ, 〈{ӽ>}, {ӽ?, ӽJ}〉, 〈{ӽ>, ӽ?}, {ӽJ}〉7. Then 
Ɖ12� − ���	 = Ɖ21�. H(Ӽ) = 3Ӽ�Ɖ, ∅� Ɖ, 〈{ӽ>}, {ӽ?, ӽJ}〉, 〈{ӽ>, ӽ?}, {ӽJ}〉, 〈{ӽ>, ӽJ}, {ӽ?}〉7. 
 
Remark 3.3. Not necessary Ɖ12�. H(Ӽ) ≠ Ɖ21� − ���	 set in general, for example. 
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Example 3.4. Let (Ӽ, $Ɖ>, $Ɖ?) be a double bi-topological space where Ӽ = {ӽ>, ӽ?, ӽJ}, $Ɖ> = 3Ӽ�Ɖ, ∅� Ɖ, 〈{ӽ>}, {ӽ?, ӽJ}〉7 and  
$Ɖ? = 3Ӽ�Ɖ, ∅� Ɖ, 〈{ӽ?}, {ӽ>, ӽJ}〉, 〈{ӽJ}, {ӽ>, ӽ?}〉, 〈{ӽ?, ӽJ}, {ӽ>}〉7. 
Then 
� = 〈{ӽ>}, {ӽ?, ӽJ}〉 is a Ɖ12� − ���	 but not Ɖ21� − ���	. 
 
Lemma 3.5. Let (Ӽ, $Ɖ>, $Ɖ?) be a double bi-topological space. Then a double subset 
� 
of Ӽ is Ɖɳɱ� − ���	 if and only if there exists �� ∈ $Ɖɳ such that �� ⊆Ɖ 
� ⊆Ɖ ɳ −
�	0Ɖ Bɱ − !8Ɖ1�� 2C. 
Proof: Let ᾼ�  be Ɖɳɱ� − ���	 set, then ᾼ� ⊆Ɖ ɳ − �	0Ɖ Aɱ − !8Ɖ Bɳ − �	0Ɖ1ᾼ� 2CD, since  

ɳ − �	0Ɖ1ᾼ� 2 ⊆Ɖ ᾼ� ⊆Ɖ ɳ − �	0Ɖ Aɱ − !8Ɖ Bɳ − �	0Ɖ1ᾼ� 2CD and since ɳ − �	0Ɖ1ᾼ� 2 is $ƉK-
open set, put �� = ɳ − �	0Ɖ1ᾼ� 2. Hence �� ⊆Ɖ ᾼ� ⊆Ɖ ɳ − �	0Ɖ Bɱ − !8Ɖ1�� 2C. 
Conversely, let �� ∈ $ƉK such that �� ⊆Ɖ ᾼ� ⊆Ɖ ɳ − �	0Ɖ Bɱ − !8Ɖ1�� 2C, so  

�� = ɳ − �	0Ɖ1B� 2 ⊆Ɖ ɳ − �	0Ɖ1ᾼ� 2 and we have �� ⊆Ɖ ɳ − �	0Ɖ1ᾼ� 2 ⊆Ɖ ᾼ� ⊆Ɖ ɳ −
�	0Ɖ Bɱ − !8Ɖ1�� 2C and ɱ− !8Ɖ1�� 2 ⊆Ɖ ɱ− !8Ɖ Bɳ − �	0Ɖ1ᾼ� 2C, ɳ − �	0Ɖ Bɱ −
!8Ɖ1�� 2C ⊆Ɖ ɳ − �	0Ɖ Aɱ − !8Ɖ Bɳ − �	0Ɖ1ᾼ� 2CD. So �� ⊆Ɖ ᾼ� ⊆Ɖ ɳ − �	0Ɖ Bɱ −
!8Ɖ1�� 2C ⊆Ɖ ɳ − �	0Ɖ Aɱ − !8Ɖ Bɳ − �	0Ɖ1ᾼ� 2CD. Hence ᾼ�  is Ɖɳɱ� − ���	 set. 

 
Lemma 3.6. Let (Ӽ, $Ɖ>, $Ɖ?) be a double bi-topological space. Then 

ɳ − �	0Ɖ Lɱ − !8Ɖ Aɳ − �	0Ɖ Bɱ − !8Ɖ1ᾼ� 2CDM = ɳ − �	0Ɖ Bɱ − !8Ɖ1ᾼ� 2C. 
Proof: Since ɳ − �	0Ɖ B!8Ɖ1ᾼ� 2C ⊆Ɖ ɱ− !8Ɖ1ᾼ� 2,  
then ɱ− !8Ɖ Aɳ − �	0Ɖ Bɱ − !8Ɖ1ᾼ� 2CD ⊆Ɖ ɱ− !8Ɖ Bɱ − !8Ɖ1ᾼ� 2C = ɱ − !8Ɖ1ᾼ� 2 and 

we have 

ɳ − ɳ	0Ɖ Lɱ− !8Ɖ Aɳ − �	0Ɖ Bɱ − !8Ɖ1ᾼ� 2CDM ⊆Ɖ ɳ − �	0Ɖ Bɱ − !8Ɖ1ᾼ� 2C               (1) 

Also ɳ − �	0Ɖ Bɱ − !8Ɖ1ᾼ� 2C ⊆Ɖ ɳ − �	0Ɖ Bɱ − !8Ɖ1ᾼ� 2C, then ɳ − �	0Ɖ Bɱ −
!8Ɖ1ᾼ� 2C ⊆Ɖ ɱ− !8Ɖ Aɳ − �	0Ɖ Bɱ − !8Ɖ1ᾼ� 2CD, so ɳ − �	0Ɖ Bɱ − !8Ɖ1ᾼ� 2C = ɳ −
�	0Ɖ Aɳ − �	0Ɖ Bɱ − !8Ɖ1ᾼ� 2CD ⊆Ɖ ɳ − �	0Ɖ Lɱ− !8Ɖ Aɳ − �	0Ɖ Bɱ− !8Ɖ1ᾼ� 2CDM and 

we have 

ɳ − �	0Ɖ Bɱ − !8Ɖ1ᾼ� 2C ⊆Ɖ ɳ − �	0Ɖ Lɱ− !8Ɖ Aɳ − �	0Ɖ Bɱ − !8Ɖ1ᾼ� 2CDM                  (2) 

From (1) and (2) we get ɳ − �	0Ɖ Lɱ− !8Ɖ Aɳ − �	0Ɖ Bɱ − !8Ɖ1ᾼ� 2CDM = � −
�	0Ɖ Bɱ − !8Ɖ1ᾼ� 2C. 
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Lemma 3.7. If ��  is Ɖɳɱ� − ���	 set and �� ⊆Ɖ ᾼ� ⊆Ɖ ɳ − �	0Ɖ Bɱ − !8Ɖ1�� 2C, then ᾼ�  is 

also Ɖɳɱ� − ���	 set. 
Proof: Let ��  be Ɖɳɱ� − ���	 set, then there exist N� ∈ $Ɖɳ such that N� ⊆Ɖ �� ⊆Ɖ ɳ −
�	0Ɖ Bɱ − !8Ɖ1N�2C  and �� ⊆Ɖ 
� ⊆Ɖ ɳ − �	0Ɖ Bɱ− !8Ɖ1�� 2C, there fore 

N� ⊆Ɖ �� ⊆Ɖ 
� ⊆Ɖ ɳ − �	0Ɖ Bɱ − !8Ɖ1N�2C.  
But ɳ − �	0Ɖ Bɱ − !8Ɖ1N�2C ⊆Ɖ ɳ − �	0Ɖ Bɱ − !8Ɖ1�� 2C, and �� ⊆Ɖ ɳ − �	0Ɖ Bɱ −
!8Ɖ1N�2C,  
then ɳ − �	0Ɖ Bɱ − !8Ɖ1�� 2C ⊆Ɖ ɳ − �	0Ɖ Lɱ− !8Ɖ Aɳ − �	0Ɖ Bɱ − !8Ɖ1N�2CDM, so  

N� ⊆Ɖ �� ⊆Ɖ 
� ⊆Ɖ ɳ − �	0Ɖ Bɱ − !8Ɖ1�� 2C ⊆Ɖ ɳ − �	0Ɖ Lɱ − !8Ɖ Aɳ − �	0Ɖ Bɱ −
!8Ɖ1N�2CDM = ɳ − �	0Ɖ Bɱ− !8Ɖ1N�2C, there fore we have N� ⊆Ɖ 
� ⊆Ɖ ɳ − �	0Ɖ Bɱ −
!8Ɖ1N�2C. Hence 
� is Ɖɳɱ� − ���	 set. 

 
Lemma 3.8. Every $Ɖɳ − ���	 set is Ɖɳɱ� − ���	 set. 
Proof: Let 
� be $Ɖɳ − ���	 set, then ɳ − �	0Ɖ1
�2 = 
�, but ɳ − �	0Ɖ1
�2 ⊆Ɖ ɱ−
!8Ɖ Bɳ − �	0Ɖ1
�2C, so ɳ − �	0Ɖ1
�2 = ɳ − �	0Ɖ Bɳ − �	0Ɖ1
�2C ⊆Ɖ ɳ − �	0Ɖ Aɱ −
!8Ɖ Bɳ − �	0Ɖ1
�2CD, so 
� ⊆Ɖ ɳ − �	0Ɖ Aɱ − !8Ɖ Bɳ − �	0Ɖ1
�2CD. Hence 
� is Ɖɳɱ� −
���	 set. 
 
Remark 3.9. The converse of (Lemma 3.8) is not true in general for (Example 3.2), 〈{ӽ>, ӽJ}, {ӽ?}〉 is a Ɖ12� − ���	 set but not $Ɖ> − ���	 set.  
 
Proposition 3.10. The double union of Ɖɳɱ� − ���	 set is Ɖɳɱ� − ���	 set. 

Proof: Let 
�O be Ɖɳɱ� − ���	 set foe every P ∈ Λ, then 
�O ⊆Ɖ ɳ − �	0Ɖ Aɱ −
!8Ɖ Bɳ − �	0Ɖ1
�O2CD, for every P ∈ Λ. Since ∪Ɖ �	0Ɖ1
�O2 ⊆Ɖ �	0Ɖ1∪Ɖ 
�O2 and 

∪Ɖ !8Ɖ1
�O2 ⊆Ɖ !8Ɖ1∪Ɖ 
�O2, then we have  

⋃ 
�OO∈S ⊆Ɖ ⋃ ɳ − �	0Ɖ Aɱ − !8Ɖ Bɳ − �	0Ɖ1
�O2CDO∈S ⊆Ɖ ɳ − �	0Ɖ B⋃ ɱ −O∈S
!8Ɖ Bɳ − �	0Ɖ1
�O2CC ⊆Ɖ ɳ − �	0Ɖ Bɱ − !8Ɖ1⋃ ɳ − �	0Ɖ1
�O2O∈S 2C ⊆Ɖ ɳ −
�	0Ɖ Aɱ − !8Ɖ Bɳ − �	0Ɖ1⋃ 
�OO∈S 2CD. 
Hence ⋃ 
�OO∈S  is Ɖɳɱ� − ���	 set. 
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Remark 3.11. The double intersection of two Ɖɳɱ� − ���	 sets not necessary Ɖɳɱ� −���	 set for example 
 
Example 3.12.  Let (Ӽ, $Ɖ>, $Ɖ?) be a double bi-topological space where Ӽ ={ӽ>, ӽ?, ӽJ, ӽT},  $Ɖ> = {Ӽ�Ɖ, ∅� Ɖ, 〈{ӽ>}, {ӽ?, ӽJ}〉, 〈{ӽT}, {ӽ>, ӽ?, ӽJ}〉, 〈{ӽ>, ӽT}, {ӽ?, ӽJ}〉, 〈{ӽ?, ӽJ}, {ӽ>, ӽT}〉, 〈{ӽ>, ӽ?, ӽJ}, {ӽT}〉, 〈{ӽ?, ӽJ, ӽT}, {ӽ>}〉} 
and $Ɖ? = 3Ӽ�Ɖ, ∅� Ɖ, 〈{ӽ>}, {ӽ?, ӽJ}〉, 〈{ӽT}, {ӽ>, ӽ?, ӽJ}〉, 〈{ӽ>, ӽT}, {ӽ?, ӽJ}〉7.  
Hence 〈{ӽ>, ӽJ}, {ӽ?, ӽT}〉 and 〈{ӽ?, ӽJ}, {ӽ>, ӽT}〉 are Ɖ12� − ���	 sets but 〈{ӽ>, ӽJ}, {ӽ?, ӽT}〉 ∩Ɖ 〈{ӽ?, ӽJ}, {ӽ>, ӽT}〉 = 〈{ӽJ}, {ӽ>, ӽ?, ӽT}〉 is not Ɖ12� − ���	 set. 
 
4. Ɖɳɱ=-neighborhood of double point U� Ɖ 
In this section, we will know a new neighborhood around a point called (Ɖɳɱα− nhd) 
and explain the most important characteristics of this set 
 
Definition 4.1. Let (Ӽ, $Ɖ>, $Ɖ?) be a double bi-topological space, and ��Ɖ double point of Ӽ. W�  is Ɖɳɱ� − 	ℎ; of ��Ɖ if and only if there is Ɖɳɱ� − ���	 set Y�  such that ��Ɖ ∈Y� ⊆Ɖ W� .  Ɖɳɱ�. W(��Ɖ) = 3W� ∶ 	W� 	�:	Ɖɳɱ� − 	ℎ;	�Z	��Ɖ7. 
 
Lemma 4.2. Let (Ӽ, $Ɖ>, $Ɖ?) be a double bi-topological space, and ��Ɖ double point of Ӽ. Then every$Ɖɳ-nhd of ��Ɖ is Ɖɳɱ� − 	ℎ; of ��Ɖ. 
Proof: Assume W�  is $Ɖɳ-nhd of ��Ɖ, then there is $Ɖɳ-open setY�  such that ��Ɖ ∈ Y� ⊆Ɖ W� , 
by (Lemma 3.8) we get Y�  is Ɖɳɱ� − ���	 set. Hence W�  isƉɳɱ� − 	ℎ; of ��Ɖ. 
 
Proposition 4.3. IfW� ∈ Ɖɳɱ�.H(Ӽ), then W�  is Ɖɳɱ� − 	ℎ; of its double points. 
Proof: Let W�  be Ɖɳɱ� − ���	 set then by (Definition 4.1) W�  is	Ɖɳɱ� − 	ℎ; of its 
double points. 
 
Theorem 4.4. Let (Ӽ, $Ɖ>, $Ɖ?) be a double bi-topological space. Then 

1. ∀	��Ɖ ∈ Ӽ, Ɖɳɱ�.W(��Ɖ) ≠ ∅� Ɖ. 
2. ∀	W� ∈ Ɖɳɱ�.W(��Ɖ), then ��Ɖ ∈ W� . 
3. If W� ∈ Ɖɳɱ�.W(��Ɖ), W� ⊆Ɖ \� , then \� ∈ Ɖɳɱ�.W(��Ɖ). 
4. If W� ∈ Ɖɳɱ�.W(��Ɖ), then there exists \� ∈ Ɖɳɱ�.W(��Ɖ) such that \� ⊆Ɖ W�  

and \� ∈ Ɖɳɱ�.W(]�Ɖ), ∀	]�Ɖ ∈ \� . 
Proof: 

1. Since Ӽ is Ɖɳɱ� − ���	 set, it is an Ɖɳɱ�. 	ℎ; of every ��Ɖ ∈ Ӽ. Hence 
Ӽ ∈ Ɖɳɱ�.W(��Ɖ). Hence Ɖɳɱ�.W(��Ɖ) ≠ ∅� Ɖ, ∀	��Ɖ ∈ Ӽ. 

2. Direct from definition 
3. Obvious 
4. If W� ∈ Ɖɳɱ�.W(��Ɖ), then there exists a Ɖɳɱ� − ���	 set \�  such that ��Ɖ ∈\� ⊆Ɖ W� . Since \�  is Ɖɳɱ� − ���	 set, then is Ɖɳɱ� − 	ℎ; of each point. 

Therefore \� ∈ Ɖɳɱ�.W(]�Ɖ), ∀	]�Ɖ ∈ \� . 
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