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1. Introduction
In the classical theory of ordinary differentialuagjons, it is well known that under
certain assumptions, solutions of the problem

{)’((t) = f (x(t),t), tO[a,b]
X(ty) =X
are differentiable with respect to the initial camh; that is, ifX(t, X,) denotes the value

of the solution att[[a,b], then the functiow, = X(t,X,)is differentiable. The key

requirement is that the right-hand sitishould be differentiable with respectxo

Moreover, the derivative as a function bis known to satisfy the so-called variational
equation, which might be helpful in determining ttadue of the derivative.

Similarly, under suitable assumptions sohai of a differential equation whose
right-hand side depends on a parameter are diffal#@& with respect to that parameter.

In 1957, Kurzweil. introduced a class ofegral equations called generalized
ordinary differential equations (see [1]). His amig motivation was to use them in the
study of continuous dependence of solutions wigpeet to parameters. However, it
became clear that generalized equations encompaisuy other types of equations,
including equations with impulses (see [2]) dynaeTitiations on time scales (see [3]), or
measure differential equations (see [2])

In 2013, Alavikhas given the differentiatyiltheorems for generalized ordinary
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differential equations. Despite the fact that dohg of generalized equations need not be
differentiable or even continuous with respedt,tave show that differentiability of the
right-hand side with respect x¢gand possibly with respect to parameters) stillrgntees
that the solutions are differentiable with respectnitial conditions (and parameters,
respectively) (see [4]). Moreover, in the other agun with generalized ordinary
differential equation under the condition of thedhem of equivalent was very good
application, such as measure differential equati@e® [5]). In [6], the authors have
proved that measure functional differential equetifl) are equivalent to the generalized
ordinary differential equations

Dx = f(x,t)Dg,tU[t,,t, + Tl,
X, =@

And give a one-to-one relation between the solstioh equation (1) and impulsive
measure functional differential equation (2)

X()=X(t) = || 106, 9)dg(8).t Oty ty +0]

AX(t)) = 1, (x(t ),k = {12,---,m} )
X(t,) =@
And (2) can be written as follows

X(t) = X(t,) +.[t: f(x,9)dg(s)+ > 1(x(t,)),t Ofty,t, + 0] -

(1)

X, =@

Therefore, the equivalence relation between ithpulsive measure functional
differential equation and the generalized ordirdifferential equation is established. So
we can apply some theories of generalized diffeakrdgquations to the following
impulsive measure functional differential equation,

X(t,A) = Xx(ty,A) = J': f (X, S,4)dg(s),tO[t,,t, + Ol

AQ(t),A) = 1 (), A) k= {12+, m} @
(%, W) = X(A),4 >0

where functionf : Px[t,,t, +o] - R" ,andg:[t,,t,+0] - Ris a left-continuous
function, A DA ={A0R'; ||A =4[ < o}
P={y,:ydO,tO[t,,t, +ol} OG([-r 0], R"), andO O G([t, - r,t, + o], R"). Here
6([to -r,t, + 0 ],R") denotes the set of all bounded regulated functifrom
[t,-r,t,+o] to R".

We assume that the functibn Px[t,,t, + 0] x A — R™ satisfies the following

conditions:
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(A1) The integrafow f(x,t,A)dg(t) exists for everyx,A) DOxA .

(A2) There exists a constant M > 0 such that tequmlity

[0 (x.t,)dg(®)] <M [ dg(t) holds for everyx,A) JOXA, anda,bO[ty,t, +01.
(A3) There exists a constant L>0 such that theunéty

[ (FtA) — £yt A)dg®)] < [ Lex|x -y +[A - A, ))dg(t). holds for every

(%, A),(y,A4,)0O0xA, and everya,bl][t,,t,+0]. where a:[0,+0) -~ R is an
increasing function witke (0) = 0.(We assume that the right-hand side integral xists

For impulse operatdr, : PxXA - R™ k=1{12,--,m the following conditions are
assumed:

(A4) There exists a constafj > 0, such that ||Ik(y,/1)|| <K,
for every k ={12,---,m} and(x,A) DO X A.

(A5) There exists a constaft, > 0, such that
1,060 A) =1 (v A < Ky(lx= Y+ = Ag])-for everyk = {12,++-, m}
and(x,A,),(y,A,) DO xA.

In this assumption, equation (4) is equivalentifbllowing integral equation
X(t,A) = x°(1) +J‘tt D,F (x(7,A),t), AOAtO[t,,t, + o). 5)

Here F(x,t,1) :J‘: f(x,t,A)dg(t) + D 1, (x,A)H, (t), where H,(t) denotes the
0 to<t, <t
eigen function on the internd),t, +o], andv O[t,,t, +o]. Whenv 2t ,H,(t) =0;
whenv <t,H,(t) =1. then z [ (X)) = i I (%, A)H, (t)and
to<t, <t k=1
A, O R ,P>0N={A0 R ;||/1 —/lo|| <p}. In addition, assume th&=OXA and
define a new norm

n |
o= Xbs [+ )| =[x+ Al where () DS.
i=1 j=1

The aim of this paper is to obtain the differentigb of solutions with respect to
parameters for impulsive measure function diffdetnequations (4) by using the
differentiability theorem of generalized ordinatfferential equation.

This paper mainly includes three parts: sbeond part mainly introduces the
basic concepts and lemma used in this paper. Ithttek part, by using the equivalence
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relation between the functional differential eqaatiwith impulse measure and the
generalized ordinary differential equation, thefadié#ntiability theorem of the relative
parameters of the solution of the functional ddéfefal equation with impulse measure
(4) is established.

2. Preliminaries
In this section, we mainly introduce the relevanbwledge of generalized ordinary
differential equation and Kurzweil integral.

Definition 1. A matrix-valued functiord :[a,b]x[a,b] - R™™ is called Kurzweil

integrable on [a,b], if there is a mattik] R™™, such that for everg > 0, there is a gauge

o on [a,b] such that
k

Z(U(Ti’ai)_u(ri’ai—l))_l

i=1

<& (6)

b
for everyo -fine partition D. In this case, we definj:—z DU(r,t)=1.
a

An important special case is the Kurzweil-Stieljgggral of a functionf :[a,b] - R"
with respect to a functiorg:[a,b] - R , which corresponds to the choice

U(7,t) = f(1)g(t) and will be denoted by’ DU (z,t) =[" f (t)dg(t).

Definition 2.G 0 R" xR, (x(t),t) G, F: Gx[a,b]®* - R",
A function x:[a,b] - Gis called a solution of the generalized ordinarffedéntial

equation
dx

o =D,F(xt) (7)
whenever
X(s) = x(a) + j D,F (X(7).1).

Definition 3. A functionF: G - R"belongs to the clagg (G, h,«), if there exists a
non-decreasing functidi [a,b] — Rand a continuous, increasing function

¢ :[0,+00) — Rwith & (0) = Osuch thafF (x,s,) = F(x,5)|| < |h(s,) —h(s))| (8)
for all(x,s,),(x,s) JGand
|F(x8,)-F(x8)-F(y.s,) +F(y,s)| < a|x- y|n(s,) —h(s)| ©)
For all(x,s,),(%,s),(Y,s,).(y,5) UG.

Remark 1. In the definition 2, leF (x,t) be replaced b (x,t, 1), then the equation (7) is
equivalent to
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dx
— =D F(x,t,A
o = DFOtA)

Now, definition 2 can be redescribed as follows
A functionx: [a,b] XA - R"is called a solution of the generalized ordinarffedential
equation

dx
— =D F(x,t,A
o = DFOtA)

whenever

X(s,A) = x(a, 1) +IS D,F (x(7),t,A). Then definition 3 can be redefined as follows

LetP ={y, : yOO,tO[t,,t, + o]} OG([-r 0], R"),and0 O G([t, - r,t, + 0], R").
F:Ox[t,,t, +g]xA - R"belongs to the clas# (Ox[t,,t, +0]xA,h,w), if the
following conditions is satisfied:

There exists a nondecreasing fundtiofi,,t, + ] — R,and increasing function

@ :[0,+0) - Rwith «(0) = Osuch that

[F(x,s,,4) - F(x 5,4)| <|h(s;) - h(s)] (10)
for all(x,s,,4), (X,5,4) OX[t,,t, + o] x Aand~
[F(x s, 4) ~F(x8,4) ~F(y,S,,4,) + F(y,5,4)| < alx— ¥ + A — A n(s,) - h(s)|
for all(x,s,,4), (X, 5, A)(Y,S,,4,), (Y, 5, 4,) HOX[ty, t, +a] x A

Lemmal. If f:[a,b] - R" is aregulated function amt [a,b] — Ris a nondecreasing

b
function, then the integr§| f (s)dg(s) exists.

Lemma?2. Let U:[a,b]x[a,b] - R™ be a Kurzweil integrable function. Assume there
exists a pair of functionsf :[a,b] - R" andg:[a,b] - R, such thaf is regulatedg
is nondecreasing, and

|U(z.t)-U(z,9)|< f(D)|a(t) -g(s)|, 7,t,sO[a,b]. (11)

Then H ['ouy|<[ f@dy@).

Lemma 3. Assume thdtl : [a,b]x[a,b] - R™ is Kurzweil integrable and
u:[a,b] - R™™ is its primitive, i.e.

u(s) =u(a) + j DU (7.t), sO[a,b] (12)

49



Baolin Li and Wanxiu Yang

If U is regulated in the second variable, then regulated and satisfies
u(r+) =u(r)+U(r,r+)-U(r,1), u(r-)=u(r)+U(r,7-)-U(r,r), Moreover, if
there exists a nondecreasing functiofa,b] - Rsuch that

U (z,t)-U(z,9)| <|h(t) —h(s)|, 7,t,s0[a,b].

then|u(t) —u(s)| <|h(t) —h(s)|

Lemma4. Leth:[a,b] - [0,+0) be a nondecreasing left-continuous function,
k >0,I = 0,Assume thay :[a,b] - [0,+)is bounded and satisfies

W@ sk+1 [ @(@)dn(r), Theny(£) < ke ™0 for everyé D[a,b].

Lemma 5. Assume that matrix-valued functidx [a,b] x[a,b] — R™" and there exists a
nondecreasing functidm [a,b] - Rsatisfies

|A(T,t) = A(T,9)|| < |h(t) —h(s)|, 7,t,sO[a,b]. (13)
Lety, z:[a,b] -» R"be a pair of functions such that

z(s) = z(a) +LS D,[A(7,t)y(7)] . Then z is regulated on [a,b].

Lemma 6. Assume that matrix-valued functigh: [a,b]x[a,b] - R™ is Kurzweil
integrable and satisfies (12) with a left-continsidunctiorh, Then for everyz, OR",

the initial value problem% =D[A,1)Z], Z(a) = 2, (14)

has a unique solutiart [a,b] - R".

Lemma 7. LetmON, t; <t, <t, <.---<t_ <t,+0, consider a pair of functions
f:Px[t,,t,+0] - R"and g:[t,,t, + 0] - R,whereg is regulated, left continuous on
[t,,t, +o], and continuous att;,t,,---t . Let f: Px[t,t,+0] - R" and
g:[ty,t, +0] - R, such that?(t) = f(t) for everytU[t,,t,+a] t,t,,---t } and
g — gis constant on each of the intenfajst,], (t,,t,],--- (t, .t ], (t,.,t, + 0]. Then
the integral J':O F(ys,s)d'g(s) exists, if and only if, the integrﬁl f(y,,s)dg(s) exists. In
this case, we have

L f(t)dg(t) = L fmdgt)+ 3 FEIa g,

tost<t

Lemma8. LetmON, t, <t <t,<-.-<t_<t,+o,l,l,,--1,:R" - R",
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P={y,:ydO,t0[ty,t, +ol} OG([-r 0, R"), OOG(t,—r,t,+0],R"), r>0
f :Sx[t,,t, +o] - R" andg:[t,,t, + 0] - Ris a regulated left-continuous function
which is continuous &f,t,,---t_.For everyy 1 S, define
Ty, ={f(y,t),t ¢£k
I (y(0),t=t, ,kO{12---,m-1}.

Moreover, led,,---,d,, JRbe constants such that the functipr{t,,t, + g] - Rgiven
by

9(t), t Ot 1],

g(t) =49(t) +d,,tOft, t, ], kO {12,---m-1}

g(t) +dy,, tO (£, +00),
satisfieA"g(t, ) =1for every k 0 {1,2,---,m}. Thenyl]é([to -r,t,+0],R")
is a solution of the problem

YO =Y *+ [ (4, 9dg(9)+ X1 (OOt 1+ 0],

to<t, <t
Y, = @
if and only if,y is also a solution of the problem

YO = Yt *+ | T(¥.995(9)t Dt t +0],
Y, =

2. Main result
In this part, we discuss differentiability theorenfssolutions with respect to parameters
for equation (4).

Theorem 1. Assume tha® 0 G is a closed subsetP ={x : xOO,t0[t,,t, + o} ,
¢dPxA |, and g:[t,,t,+0] - R is a nondecreasing function, function
f:Px[t,,t, +0]xA\ -~ R™ satisfies conditions (A1)-(A3), operator

[, :PXA - R™ is continuous differentiable and satisfies (A&5) and

G: Ox[t,,t, +g]xA\ - 6([tO —r,t,+0],R") given by (17) has values@.

If (y,A) 0O x A is a solution of the impulsive measure functiorifiecential equation,

(Y(t,4),4) = (¥(t, ), 4) +f f(yes)dg(9)+ D1 (Y AN Olto b +0],

to<ti<t

X, = (15)
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Then the functiox, 1) : [t,,t, + 0] xR’ - OxA given by
v,A),A),vO[t, —r,t],
KA = | VEAA Bl =1
(yt,A),A),vO[t,t, + o]

is a solution of the generalized ordinary differalnéquation

%: DtG(X!ty/‘)ltD[tO’t0+J]' (16)

wherex[JOand G: OX[ty,t,+0]xA\ - 6([t0 -r,t, +o], R")is given by
G(x,t,A) = F(x,t,A) + 1 (x,t,1) 17)
where

0,t, —r <v<t,,

F(x,t,A)(V) = jt f(y.,s,A)dg(s),t, <v <t<t,+0,and

[ f(yosAdg(9)tsvst,+o.

0t,—r <v<t,,
(%t )W) =1 DLy, D)) t,svstst,+o for everyxJOand

to<t, <t

S L)) tsvst+o.

to<t, <t

tOft,.t, + o], ADA.

Proof: Let f~((ys,/1),s) = f(y,,s,A)and Y(ty,A) = (y(ty, 4),A)
Then the functiory 0Ois a solution of the impulsive measure functiondlecential
equation

~ ~ Tt~
y(t,/1)=y(to,/1)+ft f(¥s,9)dg(s) + D1, (Y, D))t Oty t + 01,
° to<ti <t
Y, =
LetIE((x,)I),t) =G(x,t,A)and X(t,A) = (x(t,A),A),then, by using lemma7 and lemma
8, the following functioX: [t,,t, + o] XA\ — O given by
- y(V,A),v O(-e,t],
Rt A)w) = A DEe
y(t,A),vO[t,t, + o]

is a solution of the generalized ordinary differainéquation

% = D,F(X,t,4),t Olty,t, + 01,
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(see Lemma 4.15 and Theorem 4.16 in [6] for thaildel proof of process).

Remark 2. By the theoreml, equation (4) is equivalent toegalized ordinary differential
equation. thus, according to Theorem 4.1, Theorghadd Theorem 5.1 in the literature

[4], it seems reasonable to expect that the dévivaZ (t) = X, (t, A,) is a solution of the

linear equation
ax

P D,G(x,t,1),2(a) = X; (Ay).
whereG(x,t,A) =[F, (X(7,A4,),7,t,A) + 1 (X(t,, Ay), 7,1, A)] 2
This provides a motivation for the following theore

Theorem 2. Let f : Px[t,,t, + g]xA - R™ be a continuous function which derivative
f., f, exist and continuous oRX[t,,t,+0]*x/A and satisfies (A1)-(A3), function
[, :PXA - R™ is continuous differentiable and satisfies the ol (A4), (A5), if
g:[t,.t, +a] - Ris a left continuous function and, OR', p >0,

AN={A0R;|A-A <8}, X° : Ax[ty,t, + 0] - O, for everyA OA,

the initial value problem of the impulsive measfinectional differential equations (4) is
equivalent to the initial value problem
dx

- D.F(xt,A), tO[t,t,+a], x(t,)=x°(A). (18)
And (18) has a solution defined ofv x[t,,t, +g]. Letx(t,A) be the value of that
solution att Oft,,t, + o).

Moreover, let the following conditions be satisfied

1. For every fixed [t,,t,+ 0], the function(x,A) — F(x,t,A) is continuously
differentiable onOXxA .

2. The functionk’is differentiable ad,, .

Then the functiol — x(t, A) is differentiable a#l,, uniformly for allt O[t,,t, + o] .

Moreover its derivative
Z(t) = x,(t,A,) . tO[t,,t, + o] is the unique solution of the generalized diffeiadnt
equation

Z(8) =X (o) + [ DIF (X7, 4). . VZ(T) + F, (X(T. ).t D)} D[ty t, + 1. (19)

Proof: According to the assumptions, there exist positwastant®\ , A,, A, A,,B,,
B,, B,, B,such that

[, 6 < AL F (6 A) = (Yt A)] < A - )
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[, 066 < ALl (6,8 A) = £, (et A) < Al x = y)
1) < By 1506 ) =1 (v, A)| < By x =y
1) < By [1 () =17 (v, M) < B/ x~y] where 1,1} is the derivative with

respect tx, A, for everyx, yO S, and, <t, <t, <t,+0.Let
Fr=[ f(x,54)dg(s),F? =Y 1,(xA)H, (t)then
0 k=1
t t
et A) = [ 1(x,8.4)dg(s), Fi(x.t,4) = [ 1,(x,5.4)dg(9)

F2(x,t,1) :ilg(x,A)Htk (t),Ff(x,t,/\):ilg(x,/\)Htk @) i t,t,0[t,,t, +0]

we have
Fi(xt,,A)— Fxl(x,tl,/l)H = sup

Oty tp+o]
< sup

tp
< Af dg(t) <h(t,) - h(t)
LB L'RPY 1
In the similar way as above we can show that
to
[Fitxt, D) -Fixt, D)< A [ "dg(®) < hy(t,) ~hy(t).

In addition,
(Xt A) = FrOGt, A) = FR (Y, A,) + B (Y b, A,

FL 6, (D) = FLOut, A)T)|

J, f.x b A)dg

1

< sup FL L, A7) = F X, A)(T) = B (Y. 4, 4,)(@) + FH(Y 1, A,)(0)
< sup [['6,0004) - L0t Ade0] = Al (% -yl A -LDdg
= Aw[ (x=y|+|A - Adg® = A=y +[4, = A do®

= ("X_ YI| +||/]1 _/]2||)(hl(t2) —-h(t))

By using the same way as above we have
[Frt, A) = ROt A) = FH (Y, A) + B (Y.t )|

< sup [Fi(t, A)@) = Fi (b, A)@) = Fi(Y. b, A)(@) + FH(Y. . A)@)|

1ty ty+0o]
= A|x - y]+|A, _/]2")_[: dg(t) = (|x-y|+[A - A P(h(t,) - h,(t,)
ie, Fe 077 (0x[ty,t, + g1 XA\, h, @) Fr O (Ox[ty,ty + ] x A, h,, @)
h(t) = (A + A1) = (A + AL, a(t) =t.

Analogous, let
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() = (B + B)Y H, (0.1, (0)= (B, + B)Y. H, O e

F2 (0t ) = F200k, ) =21 00, () = 210 DH, (1)
<[hy(t,) - hy(0)
[F2 00t ) = F2 Ot ) = [ 00H, () = D1 (6 DM, (1)
s ||h4(t2) - h4(t1)||

F200t, A) = F2(6 4, A) = F2 (Yt A) + B2 (.4, )|

S w(”X_ YI| +||/]1 _/]2”)”hs(t2) - h3(t1)||

[F2(0 0 A) = FR (6, A) = FL (Yt ) + B2 (Y1 A,)|

sa)(||x—y||+||/11—/12||)||h4(t2)—h4(t1)|| ie, sz Dgz‘;(ox[tmto +0—]x/\1ha'w)1
Fx = Fxl + sz F/l = F/ll + F/lz

F202(Ox[t,,t, +0]xA,h,, @), Let F = F*+F?
andF,, F, 02 (O[ty,t, + 01xA,h, &), h(t) = h(t) + hy(t) + h,(t) + h, (¥
a(t) =t.

By the assumptions, we have
(X(s,4),4) =(x°(/1),/1)+.[tS D,F(X(7,A),t,A),AOA,sO[t,,t, + Tl

According to lemma 3, every soluti$is a regulated and left-continuous function on
t0lto,t,+ 0] 1AM OR i such that"M” <P then

[x(5. 2 +82) = x(8, A)|+[A4 = Ay < (X (g + A1) =X ()| +[ A4, = A +

[ DtJ(r,t,/])H

where
J(7,t,A) = F(X(7,A, + AA),1,A) = F(X(7, Ay),t, A).
By(10), we obtain

[3(7.t,4) - 3@ 1, A,)]
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=|F(X(T, A +4),1,A4) = F(X(T,A,) 41, A,) = F(X(T, Ay + BA) b5, A) + F(X(T, Ap) 1, )|
< (|X(7, A + D) = X(7, A,)| +[[A, = A, )| h(t,) = h(t,)-and by using lemma 2, for every
sO[t,,t, + o], andA,, A, OA. we have

||x(s, Ay +AA) - x(s,/lo)" +||/]l —/12||
< ([x° U + A1) = X°(A)| +[ A = A + jt (X, Ao +BA) = (T, A0)| + A, = A,y dh(@).
Consequently (using lemma 4)
[X(5, 4 +B2) = X(5, A )| [y = A < (X (A +2) =X (o) + ][ A, = A€o
So we can see that whél — 0|4, =4,| - 0, (X(s,A, +AA),A,) uniformly for
(X(s,40), A,).-
Let A(7,t,A) =F (X(7,4,),t,4)), A (7,t,A) =F,(x(7,4,),t,4)), Because of
F..F, OF (Ox[t,,t, + o] xA\,h,w) then A(r,t,A),A(r,t,A) satisfies (10). By
lemma 6 (19) has a unique solutdnOx[t,,t, +g]xA - R™ Using lemma 5, the
solution is regulated. Then there exists a consMnt 0, such thafZ(t)|<M ,
tOft,,t, +o].
For evenAA OR', such thaﬂA/l” <p,let
_ (X(r, Ay +8A4),A) = (X(r, 4y), 4,) = Z(r)AA
)= A
2]

Next, we will prove that ifAA - O,||/11—/12|| — 0,theng(r,AA) — O uniformly for
roft,,t, +ol, AOA
Let £>0 be given, there exists @ >0 such that if AAOR and||A)l|| < p then
||(x(t,/10 +AA),A) —(x(t,/lo),/12)|| <¢gand
[0C0 +82),4) = (A, 4,) =X (A) A

@(r,AA Mt 6+ o], A, A, OA

< &lt is obvious that

A
¢(t0,M) — (X(to:/lo +M)1/]1) - (X(to'/lo):/lz) - Z(to)M
2]
- (XO(/‘O +A/1)’/11) B (XO(/‘O)’/‘Z) B X;)(/]O)A/1
[aA]
— (X(r:/]o +M)1/l1) _(X(to/]o +M),/]1) (X(r/]o)’/]z) _(X(tO'/]o)'/lz)
P(r,A) —@(t,, M) = -
| ||
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_(Z(r) - Z(t,))A1
A

Wt )= F(x@, A, +M) 1, ) —F(X(7,4) 1, A) [Z;X(T AL A)Z(T) +F (X(T,A) t AO)]AA

= Jr DW(7,t,A) where

W(7,t,A)-W(7,s,41,)
- F(X(7, A, +A4),1,4) = F(X(7,4),t, A) —=[F (X7, 4) 1, A) Z(7) + F, (X(7, Ap) 1, 4p)1AA
|ad]
_F(@ A +81),54) ~F(X(7A4),54) ~[F(X(7,4), 5 A)Z(7) + F, (X7, 4),5 A)IM
[

Let
F@) = (R (X7, 4), 1, 4), Fy (X(T,4), 1, A)),
F (2 = (F,(X(7,4,),S,4,), F,(X(7,4,),S,4,))- Thus
"\N(Tt A)-W(z,s, /]2)||
||F(x(r Ay + D), 1, A) —F(X(T,Ay), 1, A,) = F Q((X(7, Ay + AA), A) = (X(T, Ap), A ))||
[T, 2 +80), 1) = (T, Ao), )]
O A0+ 82), ) = (X(T,40), 4,)
2]
||F(x(r Ay +DA),5,A4) —F(X(7,4,),S,4,) = F(2)((X(7, Ay + D), A) = (X(7, Ap), A ))||
||(x(r Ay +DA),A) = (X(7,A,), A )||
0T, Ag +82),4) = (X(1,A0), )|
o
||F(1) F(2)||||(x(r Ay +AA),A) —(X(T,Ap), A,) — Z(T)M"
]
(x,4) - F(x,t,A) is continuously differentiable onOx[t,,t,+c]*/A and the
definition of thep(r,AA), so for any givene >0,t,s[t,,t, + o] we have
W(r,t,A)-W(z,s,4,)|
”(X(T’Ao + M)’/‘l) - (X(T’/‘o)i/]z)”

, Because of the function

<2¢ ] +[|F @) - F )|z, 22)|
Ay +OA),A) = (X(T, ), A,) = Z(T)AA A
< Zg(H(X(T + ) ) "(A);("T ) ) Z(T) " + ”2"(2)/‘” ”) +|||: (1) -F (2)||||¢(T,M)”

and thus (usin,, F, 0 (Ox[t,,t, + o] XA, h,w))
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< 2£(||¢(T,A/1)|| +M)+ 2|h(t0 +0)- h(to)|||¢(r,A/1)||.
|[\/V(T,t,/]1) -W(z,s, /]2)|| < 2£(||¢(r, A/])|| +M)+ 2|h(t) - h(s)|||¢(r, A/])||
Consequently,

[¢(r. a0 < |4(r, 80) = ¢ (to, D) +[p (1, A)| < £+

f DtW(r,t,/})H
<&+ [ @elp(r. a0+ 2Me +2n(, + 0) - h(t)|lg(r. AN)dr

<€@Mo+D) +2(e+(h(t, +0) - h(to)))_[tr ||¢(r, A/1)||d T.
Finally, Gronwall's inequality leads to the estimat
||¢(I’ ’ A/])” < g(ZM0—+1)e(£+(h(to+0)-h(to)))0

Sinces —» 0,,we have that ifAl - 0and || 2; — A, lI— 0, then @(r, A1) — 0 uniformly
for r € [ty, ty + 0], 4 € A
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