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Abstract. The Zoom-in and Zoom-out operators play an important role in the
model of Granular Computing based on covering. In this paper, a new Zoom-in
operator is defined, the combination operators formed by the Zoom-in and Zoom-
out operators on the (granulated) universe of discourse are presented, and their
relationships to covering rough set, topological space and Galois connection are
discussed. In particular, it is proved that a pair of approximation operators on
the universe of discourse obtained by the combination of the Zoom-in operator and
Zoom-out operator, are precisely the second type of covering-based lower and upper
approximation operators.
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1. Introduction

In the real world, information is often granular and elements. It is within an informa-
tion granule has to be dealt with as a whole rather than individually. The idea of in-
formation granularity has been explored in many fields such as rough sets, fuzzy sets,
cluster analysis, database, machine learning, and data mining [2, 4, 8, 15, 16, 19]. In
recent years, there is a renewed interest in granular computing [1, 3, 5, 10, 14, 17, 18],
and it has become increasingly important in information processing.

The model of granular computing can be regarded as a conceptual model or a
mathematical model. Granular computing model is constructed by the concept of
granular and the relevant operative symbol, and is used to reflect and describe the
universe of discourse (i.e., real prototype) of various factors, forms and the quantita-
tive relationships. The three major granular computing models are the words com-
puting models[13], rough sets models[1&] and the quotient space models[!]. Rough
sets models maybe the popular ones. In these models, many notions of granular
computing can be defined and analyzed appropriately. In [11], Yao introduced a
model of granular computing based on a partition of (or equivalent, a equivalent
relation on) the universe of discourse. In [5], Ma generalized Yao’s model from re-
stricting equivalence relation to reflexive binary relation. On the other hand, She
[12] extended Yao’s model from partition to arbitrary covering on the universal of
discourse.

This paper can be regarded as a further research on the covering model in [12].
We define a new Zoom-in operator and study its properties. As we will see that
different combinations of Zoom-in and Zoom-out operators form different rough
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approximations of the universe of discourse and granulated universe of discourse
respectively. Specially, we prove that a pair of approximation operators (on the
universe of discourse) obtained by the combination of the Zoom-in operator and
Zoom-out operator, are precisely the second type of covering-based lower and upper
approximation operators ([7],[17],[18]). We also discuss the relationships between
the operators stated above, topological space and Galois connection. The content are
arranged as follows. In Section 2, we recall some notions used in this paper and define
a new Zoom-in operator. In Section 3, we study the combination operators formed
by the Zoom-in and Zoom-out operators on the universe of discourse, and discuss
relationships between these operators and covering rough set, topological space and
Galois connection. In Section 4, we research the combination operators formed by
the Zoom-in and Zoom-out operators on the granulated universe of discourse, and
discuss relationships between these operators and covering rough set, topological
space and Galois connection.

2. New Zoom-in operator
In this section, we shall recall some notions, notations used in this paper and inves-
tigate a new Zoom-in operator.

Let U be a non-empty universe of discourse, C' is a family of non-empty subsets
of U. If UC' = U, then C is called a covering of U. Let C' be a finite covering on U.
For each = € U, the family

Md(x)={K eClre K,¥Se€C,z €S,SCK=S5=K}

is called the minimal description of z. C is called unary if for each x € U, | Md(z)| =

1; C is called representative if for each K € C there exists a € U such that

VS e C,x € S= K CS. These definitions can be found in the literature [20].
Definition 2.1.[13] Let C be a finite covering on U. The mapping w : 2¢ — 2V

VX €29 w(X) = {x|Md(z) C X}

is called a Zoom-in operator.
Proposition 2.1. [13] Let C be a finite covering on U. The Zoom-in operator

has the following properties:
(1) w(®)=2,w (29) =U.
(2) VX,Y € 2¢ w(XUY) =w(X)Uw(Y) if and only if C is unary.
B)wXNY)=wX)Nw((Y).
(4) w(X) = w (X°) if and only if C' is unary.
(5) X CY ©w(X) Cw(Y) if and only if C is representative.

Definition 2.2. [13] Let C be a finite covering on U. Then the pair (apr, apr),
where apr, apr : 2V — 2€

VAe 2V apr (A) ={X; € C|X;NA# 2}, apr (A) = {X; € C|X; C A}

is called a Zoom-out operator.

In the following, we shall give a new Zoom-in operator based on covering and
study its properties.

Definition 2.3. Let C be a finite covering on U. The mapping p : 2¢ — 2V

VX €29 u(X)=U{K|K € C,K € X}

is called a Zoom-in operator.
Proposition 2.2. Let C be a finite covering on U. Then for each X € 2¢,
w(X) € p(X).
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Proof. Let x € w(X), then there exists a K € C such that x € K € Md(z). So
x € u(X)=U{K|K € X }. By the arbitrariness of z, we get w (X) C p (X).

The following example shows that the converse inclusion does not hold generally.
Thus the Zoom-in operator defined above is different from that in [12].

Example 2.1. Let U={a,b,c,d}, K1 = {a,b},K2 = {a,c}, K3 = {b,d},C =
{K1, Ky, K3}. Then p({K1}) = {a,b}, p({K1, K3}) = {a,b,d}, while w (K;) = @
w ({Kr, K}) = {b,d).

Remark 2.1. Let C is a partition on U. It is easily seen that p(X) = w(X)
for each X C U. Thus by [12] the operator u can also be regarded as a gen-
eralization of the corresponding operator in [14]. Indeed, for each x € p(X) =
U{K € C|K € X }, then there exists K € X such that + € K. Because C is a
partition of U, thus x € Md(z) = K, i.e., x € w(X). By the arbitrariness of =, we
get 1 (X) C w (X).

The next proposition lists some properties of the Zoom-in operator.

Proposition 2.3. Let C be a finite covering on U. The Zoom-in operator
w:2¢ — 2V have the following properties:

(1) () =25 u (2) =20,

(2) X CY = u(X) C (V).
(3) 1 (X UY) = o (X) Upe (V).
(4) p(X)* C p (X ‘)

(5) Let X € C, then u({X}) =

Proof. Property (1) is obv1ous from the definition.

(2) For each x € p(X) = U{K |K € X}, there exists K, € X such that x € K,.
Since X C Y, thenz € K, € Y,ie,z e u(Y).
(3) By the definition we have

rep(XUY)sreKeXUYerxeKeXorxeKeY
srepn(X)Up(Y).

(4) For all z € u(X), we have x ¢ K for each K € X. Because C is a covering of
U, thus there exists a H € C' = X U X¢ such that z € H € X¢, so x € w(X°).
(5) Straightforward.
The following example show the reverse inequality of (4) dose not hold in general.
Example 2.2. Let U={a,b,c}, K; ={a,b}, K3 = {a,c}, C = {K;, K2}. Taking
X={K}, then X¢ = {K3}, therefore u(X)* = {c} # {a,c} = u (X°).
The property (3) in Proposition 1 does not hold as we show in the next example.
Example 2.3. Let U={a,b,c}, K1 = {a,b}, Ko = {a,c}, C = {Ky, Ks}.
Considering X={K}, Y={Ks}. Thena € p(X)Npu(Y), but a ¢ p(XNY) =
1 (D).
3. The approximation operators on 2V

In [7], the second type of covering-based rough sets is introduced. For each X C U,
the covering lower and upper approximations are defined as follows:

Xi=U{K|KeC,KCX} ) X' =U{K|IKeC,KNX #2}

The follow theorem shows that the lower and upper approximations are precisely
the combinations of the Zoom-in and Zoom-out operators.

Proposition 3.1. Let C' be a finite covering on U and A C U. Then

(1) poapr(A)=U{X eC|XNA#o}=X"
(2) poapr(A)=U{X e C|X CA} =X,.

Proof. (1) poapr(A)=uU{X eC|Xcapr(A)}=U{XeC|XNA#T}
(2) poapr(A)=U{X eC|X capr(Ad)} =U{X € C|X C A}.
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Besides, we can easily obtain the following corollary.

Corollary 3.1 Let C be a finite covering on U and A C U. Then

(D) poapr (A) ={zecUlre Keapr(A)}={zcU|3X e C, XNA#D,xe X}

(2) poapr(A)={zecUlreKecapr(A)} ={zcU|3X e C,z e X CA};

(3) If A € C then poapr(A) = A.

Corresponding to the properties of the second type of covering lower and upper
approximations listed in the literature [21], we have the following results:

Proposition 3.2. Let C be a finite covering on U. Then

(1) poapr (U) =U,poapr (U) =U,poapr (@) =2, poapr(2) = 3.

(2) poapr(A) S AC poapr(A).

(3) ACB= poapr(A) Cpoapr(B);AC B= poapr(A) C poapr(B).
(4) poapr (AU B) = poapr (A) U poapr (B).

(5) poapr (AN B) = poapr(A)Npoapr(B)if and only if C' is unary.

(6) (noapr) (woapr (A)) = poapr(A).

It is well known that there exists closed interrelationship between the theory of
topologies and that of covering-based rough sets (resp., granular computing). Just
before exhibiting this relation, we first give an interesting topological approached
description for unary covering.

Recall that a non-empty set B C P (X) is a base for a topology J on X if and
only if UB = X, and for each Bi,Bs € B and each x € B; N By, there exists a
B3 € B such that z € B3 C By N Bs.

Proposition 3.3. Let C' be a covering on U, C' is unary if and only if C is a
base for some topology on U.

Proof. Let C' be a unary covering. For all K1, Ky € C, if x € K1 N Ko, then
x € Ki N Ky = Uyer,nk,Md(y). Thus, there exists a y € K; N Ky such that
x € Md(y) € K1 N Ky. That means, C' is a base for some topology on U.

On the other hand, let C' be a base for some topology on U. For each x € U,
taking K7, Ko € Md(x). To prove that C is unary, it suffices to check that K1 = K.
Indeed, by z € K1 N Ko we have a K € (' such that x € K C Ky N Ky. By the
definition of Md(zx), we obtain that K = K; = K3 as desired.

Definition 3.1. Let U be a non-empty universal of discourse. Then the mapping
i: 2V — 2U satisfying the following conditions: VA, B C U,

(1)i(U)=U.

(2)i(AnB)=i(A)Ni(B).
(3)i(A) C A.

is called a interior operator on U. In addition, ¢ is called a topological interior
operator on U if it further satisfies:

(4) i (i (4)) = i ().

Dually, one can define the so called (topological) closure operator.

Remark 3.1. By Proposition 3.3, we observe easily that the operator w o apr is
a closure operator on U. If C is unary, then the operator u o apr is a topological
interior operator on U. o

Definition 3.2.[13] Let U be a non-empty universal of discourse. Then the pair
(f,9), where f,g: 2V — 2V is said to be a Galois connection on U, if it satisfies
the following rules:

(1) A1 € A2 ] (41) € f (Aa) 9 (40) € 9 (4),

(2) f(9(A) C A, g(f(4) DA
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Theorem 3.1. Let U be a non-empty universe of discourse, C' be a unary covering
on U. Then the pair (,u oapr, i o apr) is a Galois connection on U if and only if C
is a partition on U.

Proof. Necessity: To prove C' is a partition on U, we need check

\V/XZ',XJ' S C,X,L'QX]' o= X; = Xj.
In fact, taking € X; N X; and assuming Md (z) = {Xj}. Then by the definition
of Md(x) we have X}, C X; and X, C X;. Because (MOW,MO@) is a Galois
connection, thus p o apr (,u o apr (Xk)) C Xj. From Proposition 4 and Corollary 1
(3) we have,

poapr (woapr (Xy)) =U{X € C|XN Xy #2}.
By z € X;, N X; N X, we have
Xi, Xj C poapr (uo apr (Xx)) € Xg.

Thus Xl = Xj = Xk
Sufficiency: Let C is a partition on U. Then y = w by Remark 1. Thus the
sufficiency has been proved by Proposition 7 in [14].

4. The approximation operators on 2V

In this section, we examine the relationships of a topological spaces and different
combination operators formed by the Zoom-in and Zoom-out operators. Further-
more, we study the dual Galois connections formed by these combination operators.

Proposition 4.1. Let C be a finite covering on U and X C 2¢. Then

(Daprop(X)={SeC|3K; ¢ X,SNK, #2}.

(2) aprop(X)={SeC|SCUK;, K; € X}.

Proof. By the Definition we have
apropu(X)={SeC|Snu(X)#42}={SeC|3AK; € X,SNK,;, #2}.
aprop(X)={Se€C|SCu(X)}={SecC|SCUK;K; € X}.

The following proposition lists the properties of the operators u o apr, u o apr.

Proposition 4.2. Let C be a finite covering on U. For any X,Y € 2¢,

(1) apropn (29) =2 aprop (29) =2, apro u (9) = @, apr o u(2) = 2.

(2) X Caprou(X),apropu(X).
(3) X gfjgou()() Caprop(Y),aprop(X) Capropu(Y).
(4) aprop(XUY)=apropu(X)Uaprop(Y).
(5) (apr o p) (apr o p (X)) = apr o p(X).
Proof. (1)-(3) are straightforward.
(4) By the definition we haveit

Seapropu(XUY)e K, e XUY,SNK, # 0
SAdK; e X,SNK; #@ordK; €Y, SNK; +# &
s Seaprop(X) or Seapropu(Y)
& Seaprop(X)Uaprop(Y)

(5) VX € 2¢,
(%ou) (@OM(X)):{SGC’SgUK,KE@OM(X)}
={SeC|SCUK,KCUM,MeX}
={SeC|SCUM,Mec X}

= apr o p(X)
28



On Granular Computing Visa Covering: New Definition and Related Covering
Rough Set

Remark 4.1. It is proved in [I4] that the Zoom-in operator w possess the
property (4) only when C being a unary covering. In addition, it is easily seen that
the operator apr o u indeed preserve the arbitrary unions.

The next example shows that the multiplication and idempotency of the operator
apr o u are no longer valid.

Example 4.1. Let U={a,b,c,d}, K1 = {a,b}, Ko = {a,c}, K3 = {b,d}, C =
{Kla KZ) K3}

Letting X={K;},Y={Ka, K3}, then K; € aprop(X)Napropu(Y). But apro
w(XNY)=@2. Thus aprop(X)Naprou(Y)#aprou(X NY).

Taking X={K3}. It is easy to check that Ky € apr o p (apro pu (X)) but Ky ¢
aprop(X) =@.

Definition 4.1. Let U be a non-empty domain of discourse.

(1) A function i : 2¢ — 2¢ it is called a pretopological interior operator on 2¢ if
for each X,Y € 2¢:

(1) i (2¢) =2¢.

(I) X CY =i(X)Ci(Y).
(II1) i (i (X)) = 1 (X).

(2) A function ¢l : 2¢ — 2 it is called a pretopological closure operator on 2 if
for each X,Y € 2¢:

(@) cl(©) = 2.

() cd(XUY)=c (X)Uc(Y).
(ITI) X C el (X).

Remark 4.2. By Proposition 4.2, we observe easily that the operator apr o u
(resp., apr o u) is a pretopological interior (resp., closure) operator on 2C,

The following proposition exhibits us the relationship between the operators apr o
u, apr o and Galois connection.

Theorem 4.1. Let U be a non-empty universe of discourse, C be a unary covering
on U. Then the pair (Wo W, apr o u) is a Galois connection if and only if C is a
partition on U.

Proof. Necessity: To prove C is a partition on U, we need check

VXZ',XJ' EC,XiﬂXj#QiXi:X]’.

In fact, taking € X; N X; and assuming Md (z) = {X;}. Then by the definition
of Md(z) we have X; C X; and Xj, C X;. Because (apr oy, apr o p) is a Galois
connection, thus

apr o p (apr o p ({Xx})) C { Xy}
By Proposition 3 (5) and Proposition 4.2 we have apr o u ({X3}) = apr(Xy). So,
apr o (apr o p ({Xi})) = {S € C|3K; € apr (Xi) ,SNK; # &}

={SeC|3K;eCand K; C X;,,SNK; #2}
={SeC|SNXy, # 2} C {Xi}

Because z € X;, N X; N X, thus
Xi, Xj € aprop (aprop({Xi})) € {Xi}-
So, X; = X; = X}, as desired.

Similar to Theorem 3.1, the sufficiency has been proved by Proposition 12 in [14].
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5. Conclusion

We define a new zoom-in operator and consider the combinations of Zoom-in and
Zoom-out operators [12]. It is proved that the combination of Zoom-in operator
with Zoom-out operator (resp., Zoom-out operator with Zoom-in operator) form a
pair of approximation operators on the (resp., granulated) universe of discourse. In
particular, it is shown that the approximation operators on the universe of discourse
are precisely the second type of Covering-Based approximation operators. In ad-
dition, we establishes the interrelationship between these approximation operators,
topological spaces and Galois connections.

REFERENCES

[1] S. Dick, A. Schenker, W. Pedrycz, A. Kandel, Regranulation: A granular algorithm
enabling communication between granular worlds, Information Sciences 177 (2007) 408-
435.

[2] J.R. Hobbs, Granularity, in: Proc. of the 9th Int. Joint Conf. on Artificial Intelligence,
1985, pp. 432-435.

[3] T.Y. Lin, Granular computing, LNAT 2639 (2003) 16-24.

[4] T.Y. Lin, Generating concept hierarchies/networks: mining additional semantics in
relational data, Advances in Knowledge Discovery and Data Mining, in: Proc. of the
5th Pacific-Asia Conf., Lecture Notes on Artificial Intelligence 2035, 2001, pp. 174-185.

[5] J.M. Ma, W.X. Zhang, T.J. Li. A covering model of granular computing. In: Proc. of
the 2005 Int’l Conf. in Machine Learning and Cybernetics. 2005: 1625-1630.

[6] J.M. Ma, W.X. Zhang, Y. Leung, X.X. Song. Granular computing and dual Galois
connection. Information Sciences, 2007, 177(23): 5365-5377.

[7] J.A. Pomykala. Approximation operations in approximation space.Bull. Pol. Acad. Sci.
1987, 35(9-10): 653-662.

[8] W. Pedrycz, Granular Computing: An Emerging Paradigm, Physica-Verlag, Heidel-
berg, 2001.

[9] Z. Pawlak, Rough sets, Theoretical Aspects of Reasoning about Data, Kluwer Academic
Publishers, Dordrecht, Boston, London, 1991.

[10] Z. Pawlak, A. Skowron, Rudiments of rough sets, Information Sciences 177 (2007) 3-27.

[11] Z. Pawlak, Rough sets, International Journal of Computer and Information Science 11
(1982) 341-356.

[12] Y.H. She, G.J. WANG. Covering Model of Granular Computing. Journal of Software,
2010, 21(11): 2782-2789.

[13] P. Wang. Computing with words. Tohn Wiley & Sons, Inc, 2011.

[14] Y.Y. Yao. A partition model of granular computing. Lecture Notes in Computer Science,
2004, 3100: 232-253.

[15] Y.Y. Yao, Granular computing: basic issues and possible solutions, Proceedings the
5th joint conference on information sciences (2000) 186-189.

[16] Y.Y. Yao, Information granulation and rough set approximation, International Journal
of Intelligent systems 16 (2001) 87-104.

[17] Y.Y. Yao, C.J. Liau, N. Zhong, Granular computing based on rough sets, quotient
space theory, and belief functions, LNAT 2871(2003) 152-159.

[18] Y.Y. Yao, Neighborhood systems and approximate retrieval, Information Sciences 176
(2006) 3431-3452.

[19] J.T. Yao, Y.Y. Yao, Introduction of classification rules by granular computing, LNAI
2475 (2002) 331-338.

[20] Bonikowski Z, Bryniarski E, Wybraniec-Skardowska U. Extensions and intentions in
the rough set theory. Journal of Information Sciences, 1998, 107: 149-167.

[21] W. Zhu. Properties of the second type of covering-based rough sets. in: Workshop
Proceedings of GrC & BI 06, IEEE WI 06, Hong Kong, China. 2006: 494-497.

30



