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Abstract. In this paper, we establish new results as imafjesegtensions of Lauricella
functions of several variables using the pathwagtfonal integral operatof.he pathway
fractional integral operator's motivation is a slihg mechanism that transforms one
fractional form to another with important applicats. Some interesting special cases of
our main findings are also highlighted.
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1. Introduction and preliminaries
During the last few years, fractional calculus laserged as an important tool for
modeling analysis, with applications in a varietly fields such as material science,
mechanics, power, economics, control theory, seieara technology [13, 17, 31, 37].
Furthermore, a number of researchers have invéstiga wide range of fractional
calculus operators in terms of properties, implemagon methods, and complex
modifications.

Recently, Nair [28] introduced and defined the path fractional integral
operator as follows

If f(x)UL(a,b), nOC,R)>0, a> 0with £ <1 (pathway parameter), then

(F%(f,{) f )(X) = X’/ﬂa(lx—c‘)}[]_—m} _ f(t) dt. 1)
0 X

an

n
1-6) |-¢
If £=1in equation (1), the{l—u} - e * and pathway fractional integral
X

operator switches to Laplace integral transfornT{L[23] with parameter"‘?'7 as
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(RO 1) =x] e (t) dt = XL, (%j @)

If £=0, a=1 and replacing7 by #7—-1 in equation (1), then pathway fractional
integral operator switches to the Left-sided Riemhiouville (R-L) fractional integral

operator( ) [23]
(Reot) 00 = [ x-0 @ e =r (2)(12.)() o

Many authors have contributed works on the Pathvagtional integral
operator, which is associated with a variety ofcgdefunctions including the Aleph
function and generalized polynomials [20, 34], théunction, the M-series [8, 9, 24], the
Mittag-Leffler type function [27], the generaliz&eMittag-Leffler function [30], the new
generalized Mittag-Leffler function [33], the Steufunction [29], the composition of two
functions [3, 15], the Mainardi function [5], theoduct of two Aleph functions [6], the
Gimel function [1],the composition of Hurwitz-Lerch zeta function J2ihe weighted
Chebyshev function [26], the incomplete H-functipésand the modified multivariable
H-function [16].

In 1893, Lauricella [25] has defined the Lauricdliactions F\"), Fé') andr"”
in r (real or complex) variables. The integral esg@ntation of Lauricella functions was
defined by Tuan, V.K. et al. [35]. Lauricella fuimris have been transformed as
summation formulas [32], decomposition formulas ][18xtension formulas [1],
reduction formulas [11], a cubic transformationnfiota [14], an expression over a finite
field [10], incomplete Lauricella functions [12], incompleteutizella matrix functions
[36], andt-extension of Lauricella functions of several valgsb[22] with applications

on heat equations [19].
Motivated by the above-mentioned works, we applgh®ay fractional integral

operator on the-extension Lauricella functionE,ﬁ”), Fé”) and Fé") of n variables [22] in
the present investigation. These functions areesgad in terms of additional parameters
7,,7,,....T,, which are defined as follows

Leta,a,,q,,...a,,.6,.58,,...6,0C ang y, ¥, ,..4,0C A,
where Z; =2~ U{0}, then
FO0 @, BBy VoW XX

r(yl) r(yn) i ((a)ny g T (BrrTmy) . ('Bn*'rn”%)xl_ml“.ﬁ] (4)
T(B) T (B)n 5 Tirnm)-Flarnm) ™ my

(12 7oy > O3 +[3) + x| < 3
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FBEn),Tl,...,Tn [0'1’ o, ’ﬁl , ﬁn VX ,Xn]

S/ B (<a>m...<a>nhr(ﬁl+rm>---r(/znwm) XX ] ()
r(ﬁl) I'(,B )ml ..... = T(y+mm+..+r,m,) n'&l n'hl

(rl, Tyl > 0 5 ma|x| x| .| [} < )1

and
F I, BBy iV % e X, ]
- r(y) Z a+r1ml+ +1'nn'h)(ﬁ1)ml B, Xl ﬁ (6)
r(a.)m-L ..... (y+mum+.. +7,m,) ml!' m/! !

(rl, Tyl > 0 5 max|x| x| ../} < )1

2. Main results
In this section, we derive the images for sormextensions of Lauricella functions of

several variables under the pathway fractiom@igral operatorp{’* .

Theorem 1. Forn,p,a,B,0C,y,0C\Z; ,R@7)>0,R(0)>0R €@ )> O0a> 0

R(8,)20, b, 0OR (j=1,2,..n nON) ,R{&l?gj> maf O R 4 }) !

[ S 0;‘blt"1
hold true
F%)(fi) |:tp_l|:A(n)]r1 ’’’’’ n (alﬂll"-iﬂn ;y]_l" yn btal ”bntan ):|

+ ‘bz'["2 +

+ bt

+ n
X" B| p,1+
(p fj S

_ 5 (2)smesom (Do (B (B,
I:a(l_{] Mo =0 (1_'_,0_'_1:75] (yl)rlml"'(yn)rnmn
XL‘“MA“_LWL_ (7)

[a@-)]") ™ {[a(r-)]" ) ™

Proof: Using equations (1) and (4), in thElS of equation (7), we have
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F?J(ilf) [tp—llzlin),r1 ..... I, (a’ﬁl’"_,ﬁn Vo yn j tal bta ):|

= [l [1M} o )T 0,)
i X r(B).-T ()

o \™ o, \™
5 i ram (0] (W)

By changmg the order of integration and summatiom after some simplifications using
the beta function formula, we get the desired tg30l

Special cases
Corollary 1.1. Puttingé =1 in equation (7), we obtain the following result

P [t”‘lF,i“"’l """ n (a,ﬁl, BV ey, BER LB )]
:_r (’0) X”—+p i (p)alml+ AL (a)ml*"--*'”h ('Bl)rlml.“('gn)l'n”h
0 (yl)rlml"'(y")rnrm

(aﬂ)p MMy =

o m 0, ™
| B L pex ) 1 ®)
(a7)” ) m  ((an)") ™
This is the same as the Laplace transform of itengunction.

Corallary 1.2. Taking £ =0, a=1and replacing7 by 7-1 in equation (7), we obtain

the following result
r(n)r x7Pt
[ ot ] T

)mn 9)

N (p)ﬂm+---+0nrm (a)ﬁh+---+mn (’Bl)rlml"'(’gn)rm (blxgl)ml (bnxgn
m,...m,=0 (,7 +p)c71ml+ .otom, (J/l)z'lml"'(J/n)z'nm1 rn'll rnnl

This is the same as the left-sided Riemann-Lioaviliactional integral of the given
function.

Theorem 2. For 77, p, a;, B;0C,y00C\Z; ,R@7)>0,R(p)> 0a> O0R &, B O
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R(8,)20,0, 0R,(j=12,..n nON) R[ }11—7_£j> mafk GR g1, 7, ,.Z,>
; max{‘blt"l bt ... }b t7 ‘} < land £ <1,then following results hold true

ROt R (e BBy o DE™ B

:X”“’B(”’“l-@ $ | Plone o (@) () (8) ),
[a@-8)]"  mime (1+p+ 7 Ej V7 I~

[a@-&)]"

m s
L[ me [af @
my! {[a(l—f)]a" J my

Proof: Using equations (1) and (5), in the LHS of equafitd), we have

=0 [lwo) {1_ a<1—<‘>tr TR
° x F(B) - &)

% Z y+rm+ AT, mn) m/! m/

By changmg the order of integration and summation after some simplifications using
the beta function formula, we get the desired tg4q).

oyt (7' ()}

Special cases
Corollary 2.1. Putting £ =1 in equation (10), we obtain the following result

R NN

’ (v)
yr1ml+...+rnm1

(a7)” mim-
( D" Ti (bnx“n J“i v
(an)”) m {(an)”) ™|
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This is the same as the Laplace transform of thengiunction.

Corallary 2.2. Taking £ =0, a=1 and replacing? by 7-1 in equation (10), we
obtain the following result

pUo [tp‘lFé””Tl“"’Tn (al ..... a. BB,y bt* . bt” )}
r(’])r(p) X,]+p_l c {(p)almﬁ,,ﬁanm1 (a,)ml(a,)m1 ('3]')71%"'([?”)1'””11

= 2

r(n+p) n- 7+8) s o W e
ox)” o (bx)” (12)
T

This is the same as the left-sided Riemann-Lioaviliactional integral of the given
function.

Theorem 3. Forn, p,a, B, 0C, yOC\Z;, R@7)>0,R(p)>O0RE > 0a> 0

(@]

R(8,)20,b,0R(j=12,..n nON) R( }%} mek R4 1, 7, ,.7,>
max{‘blt‘fl )

RIO[t R (@ By, By L7 01 )]

bt

e }bnt"n ‘} < 7 and & <1,then following results hold true

X71*P L
B(p,l-'- 1‘5) N (lo)almu AT, (a)r1m1+ T, (’Bl)mlm('gn)"h
—_ ° =0
I:a(l E):| m,...,m, (l+ [0 +l,_7j (y)rlmﬁ T,
oyt +o,m,

X[L mli | bx™ wi , (13)
[a(1-&)]" ) ™ |[a(r-&)]" ) ™

Proof: Using equations (1) and (6), in the LHS of equafit3), we have
RYO[ R (a1, B, By iy DA% B

xls

= x’/.[[a(l):é)} {1-—61(1_5)11_ T W)
0 X Ma)

= a+TM AT, ANV bltal k bntgn "
« 5 e Ol el
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By changing the order of integration and summatiom after some simplifications using
the beta function formula, we get the desired tg43)).

Special Cases
Corollary 3.1. Puttingé =1 in equation (13), we obtain the following result

R[S (B By iy B bt |

o [P (@ () (B
(al]) m,...m,=0 (y)rlml+,,,+rnm1

focls (we s o
(an)*) m  (ar)™ ) mi]

Corollary 3.2. Taking £ =0, a=1 and replacingy by 7-1 in equation (13), webtain
the following result

pu=0) [t"‘lFD(“)"1 """ T (a,,b’l,...,[a’n bt . Pt )}

_ r (I7) r (p) X,7+'0_1 i (p)alml+ oo +O,M, (a)rﬂw”_,{,ﬂ"h ('Bl)m1 (ﬁn)mﬂ (15)
r (,7 + '0) m,...,m,=0 (,7 + 'o)alml+ .o, (y)r1m1+ LT,
()" (o")"
" m o m

This is the same as the left-sided Riemann-Lioaviliactional integral of the given
function.

5. Concluding remark

In this study, we used the pathway fractional iraégoperator p’*’ on somet-
extensions of Lauricella functions with severaliables. The results obtained here are
quite general in nature, and they also have iniegespecial cases-urthermore, we

can establish some more propertiest@fxtensions of Lauricella functions with
several variables
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