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Abstract. ForL = (L,J — )a complete residuated lattice, a type.ofuzzy covering rough
sets was defined by Li [8] in 2017. In this pajefurther study on rough sets was given.
Precisely, a single axiomatic characterizationhaf It -fuzzy covering rough sets was
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relation rough sets were established.
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1. Introduction

Rough set theory [15,16], proposed by Pawlak in2198 a new tool for dealing with
uncertain and incomplete knowledge. The classiellék rough sets are based on
equivalent relations, which greatly limits the seayf rough set theory and applications.
Hence, many kinds of generalized rough sets warpgsed [7, 11, 12, 24-28]. The core
concept of (generalized) rough set theory is a gaapproximation operators. There are
generally two different approaches to studying ¢hogerators: the constructive approach
and the axiomatic approach. In the constructiver@ah, the binary relation, covering,
and neighborhood (system) in the domain of disewase regarded as the original
concepts, and the lower (upper) approximation dpeiia constructed from them. In the
axiomatic approach, a pair of abstract approximatiperators are put as the initial
concepts, then find an axiom set (or even a siagjlem) to ensure the existence of binary
relation, covering and neighborhood (system) toragpce the initial approximation
operators by the constructive approach.

Fuzzy covering (relation) rough sets are vital galieed rough sets [2-4, 10, 11, 13].
Especially, complete residuated lattice-valued Yueavering (relation) rough sets have
attracted much attention for their many-valued dobackground [1, 8, 9, 14, 17-22]
(complete residuated lattice can be regarded asutietable of many-valued logic [5]).
In 2017, considet =(L,[J —) a complete residuated lattice, Li [8] introducetyjge of

L-fuzzy covering rough sets and used axiom sethaoacterize them. However, a more
interesting single axiomatic characterization hashbeen given. In addition, it is known
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from [28] that the covering rough sets and relationgh sets are interrelated closely.
Nowadays, the relationships betwelerfuzzy covering rough sets arid-fuzzy relation
rough sets have not been clarified. In this papershall give a further study dn-fuzzy
covering rough set around the above two problems.

The arrangement of this paper is as follows. IntiBe@, We recall some the basic
concepts and symbols. In Section 3, we give asiaglomatic characterization of the-
fuzzy covering approximation operators. In Sectomwe clarify the relationship between
L -fuzzy covering approximation operators alnefuzzy relation approximation operators.
In Section 5, we conclude this paper.

2. Preliminaries
In this section, we shall recall some notions aoiztion for later use.

2.1. Complete latticeL and L -fuzzy sets
Let X be a nonempty set. And we us¥X) to denote the power set of , i.e.,

P(X)={A]ADOX}.
A complete residuated lattice is an algebra (L, [J,[,00 0, 1) fulfills:
(1) L=(L,0,0,0,1) is a complete lattice with the least (resp., latgelemen® (resp.,
1)1
(2) (L,01) is a commutative monoid with as the unit element,
(3)Udistributes over arbitrary joins, that isla, a, (j 0 J) U L,aD(.EJ a;)=0@0y).
]

i03
The binary operation—:LxL — L determined bya — b=C{cOL|alc<h} is

called the residuated implication w.r1.
A mappingA: X - L is called anL -fuzzy set onX [6]. All L-fuzzy sets onX are

denoted byL* . ForalJL , we also use to denote the constant valliduzzy set values
a. For ADP(X), we also useA to denote the. -fuzzy set valued at X[ A and 0

otherwise.
An L -fuzzy setR on X x X is called ar.-fuzzy relation onX .

Proposition 2.1. Let L be a complete residuated lattice.

(1)1- a=a,lJa=a,asb-a,as<bea-b=1

2 (alb) s c=a->(b-c)=b-(a-c).

3)a- ]_DDJ b, = J_DDJ(a - b).(4) ]_DDJ a - b= J_DDJ(aj - b).(5) aD]_DDJ b, < J_DDJ(aDoj).

(6) ]_DDJ(a ~b)<a- ]_DDJb]..(7) J_%(aj - b)< ]_DDJaj - b.

If we have(a - 0) - O=a forall alJL, then we say the complete residuated lattice
is regular.

Definition 2.1. [8] For A,BOL*, we define
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S (AB)= xDDX(A(x) - B(X)),15(A,B)= xDDX(A(x)DB(x)),

and call them the. -subsethood degree andintersection degree oA, B, respectively.

Lemma 2.1. [8] For A BOL*,adL.

(01) S (AB)=1- A<B.(02)S (AJa-B)=a - S (AB).
(03) S (A,allB)=allS (A,B).

2.2 L -fuzzy relation rough sets vid and —

Definition 2.2. [19,20] Let R be anL -fuzzy relation orX. For anyAd L*, the pair of
L -fuzzy sets( R (A),ﬁD(A)) defined byOx 0 X,

R.(A( = T (R(xy) - AY)=S_(RKX).A),
Ro(A() = O (R(x, Y) DAY)) = 1,(R(X), A)

is said to be thd_-fuzzy relation rough set ofA. The associated mapping®s_ and Ru

on L* are called the lower and uppér -fuzzy relation approximation operators,
respectively.

2.2. Covering rough sets and. -fuzzy covering rough sets
Definition 2.3. [10] (1) LetCOP(X). If OC = X andK #0 for eachK JC, then

Cis called a covering oiX . (2) LetC O L*. If OC =1 andK # 0 for eachK OC,
then C is called anL -fuzzy covering onX .

Definition 2.4. [28] Let C be a covering orX . For anyx [ X , the family
Md(x) ={xOKOC|OSUOC,x0SOSOK =K =§

is called the minimal description of. FurthermoreC is called unary if for ank [ X ,
[Md (x) E 1, i.e., there is only one element Md(X) . It is easily observed th&t is

unary iff n{K OC: xOK} OC forall xU X ..

Definition 2.5 [12] Let C be a covering onX . For ADOP(X), the pair of subsets
(g(A),E(A)) defined by
C(A) ={K|KIOC,K DA},C_Z(A) = K| KOG AOK?} ,whereK'=X -K

is said to be the covering rough setAf The associated mappings andC on P(X)

are called the lower and upper covering approxiomadiperators, respectively.
In [8], Li defined a type ofL -fuzzy covering rough sets, which can be regarded a
the generalization of that in Definition 2.5.
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Definition 2.6.[8] Let C be anL -fuzzy covering onX and AOL*. Then the pair oL

-fuzzy sets(QD(A),EH (A)) defined by:
C(A= 0 (K 0S_(K,A),C. (A= O (K - 15(K,A)

is said to be thé_-fuzzy covering rough sets &k, andC, (resp.,Eﬂ) is called thel -

fuzzy covering lower (resp., upper) approximatigemator.
Li also used axiom sets to characterize the lowet apperL -fuzzy covering
approximation operators.

Proposition 2.2.[8] For a mappingp: L* - L*, there is ar-fuzzy coveringC on X
s.t. p=C,iff p satisfies

(L1) p@)=1, (L2) A<B= p(A) < p(B) for all ABOL", (L3) p(A)< A for all
ALY, (L4) p(A) < pp(A), (L5) alp(A) < p(adA).

Proposition 2.3. [8] Let L be a regular complete residuated lattice hndl* — L* be
a mapping. Then there is dnfuzzy coveringCon X s.t. h =C.. iff h satisfies

(U1) h(0)=(0), (U2) A< B=h(A)<h(B) forall ABOL",

(U3) h(A) = A for all AOJL*, (U4) h(A) = hh(A) for all AL,

(Us)a - h(A)=h(a - A).

3. The single axiomatic characterizations onlL-fuzzy covering approximation
operators

In this section, we shall use a single axiom torati@rize thel -fuzzy covering
approximation operators.

3.1.0n lower approximation operator C
A mapping®: L* - L* is called order-preserving if for anf BOL*, A< B implies
®(A) < D(B).

Lemma 3.1. Let @ : L* - L* be an order-preserving mapping. Then the following
conditions are equivalent.

(1) ald(A) < d(alA foranyall, AOL.

(2) a - ®(A)=P(a -~ A) foranyaldL, ADL".

Proof: (1) = (2). It follows by alldP(a - A) < P(ali(a - A)) < P(A), which means
®P(a - A<a- DA).

(2) = (1). It follows by a - ®(allA)=d(a - (allA)) =P(A) , which means
P(alA) <allp(A).O
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Remark 3.1. From Lemma 3.1, it is noted that the condition)(ltbPropositior2.2 can
be restated equivalently ap(a — A)<a — p(A) forall adL, AOL".

Lemma 3.2. Let p:L* - L* be a mapping. Then (L2)+(L5) (POD): A, BO L,
S.(AB)<S_(p(A).p(B)).
Proof. =. Let A BOL* anda=S (A B). Then
OxOX,a< A(X) - B(x) = OxO X,alA(x) < B(x) = alA< B,by(L2)
= h(a0A) < h(B), by(L5) = alh(A) s h(alA) <h(B) = a<S_ (h(A),h(B)).
e. Let ABOL* andallL.
If A< B, then it follows by Lemma 2.1(01) and (POD) that
1=S_(AB)<S (h(A),h(B))=h(A)<h(B),

which means (L2) holds. In addition, note that
Lemma2.1(01)

1 = Sﬁ(a—» A,a—» A)Za—>Sﬁ(a—> A,A)

(HOD)

< a-S (h(a- A),h(A))= s (h(a- A).a-h(A)),
which meansh(a - A)<a - h(A), i.e., (L5) holds[]

Theorem 3.1. (The characterization by a single axiom) lgtL* — L* be a mapping.
Then there is arh-fuzzy coveringC on X s.t. p=C, iff it satisfies (POM): for any
index setT and anyA,B (tOT)OL",

P OIS (P(A).B)=DS (P(A).P® ).

Proof: From Propositio2.2, we need only to verify that (POM) (L1)-(L5).
=. (L1): TakeT =0 in (POM), we getp(1) =1 sincellJ =1 for O O L.

For any A BOL®, putT ={1} and A = A B, =B, then applying (L1) in (POM), we
have tha(POM ") : S (p(A),B)=S _(p(A), p(B)).
(L3): Take A=B in (POM "), it follows by Lemma 2.1 (O1) thaB_ ( p(A), A) =1,
i.e., p(A)<A.
(L2)+(L5): Applying (L3) in (POM ") we get
S (AB)<S (p(A),B)=S (p(A),p(B)),i.e., (POD) holds. It follows by
Lemma3.2 that (L2) and (L5) holds.
(L4): TakeB = p(A)in (POM "), it follows by Lemma2.1(01) that

S (p(A), pp(A)) =1, i.e., p(A) < pp(A).
«. At first, we prove that (L2)-(L5) implie§POM ) . Indeed, for anyA, BO L*,
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(L2)+(L5)=(POD)

s.(p(A).B) < s (p(a).p®)<S.(p(A).p®)

(L3)

<'s (p(A).B)

Hence,S (p(A),B)=S (p(A), p(B)), i.e., (POM ") holds. Then togeth¢ POM ")
and (L1) we obtain (POM]L]

3.2. On upper approximation operator C.
The following lemma is just a restatement of Len8raby replacingp with h.

Lemma 3.3. Leth:L* - L* be a mapping. Then (U2)+(U5) (HOD): JA,BOL*,
S (AB)<S._(h(A),h(B)).

Remark 3.2.From Lemma3.3, it is noted that the condition (W&Proposition 2.3 can be
restated equivalently as(a0A) > alCh(A) for all allL, AOL".

Theorem 3.2.(The characterization by a single axiom) lletbe a regular complete
residuated lattice and: L* — L* be a mapping. Then there is hnrfuzzy coveringC

on X s.t.h=C. iff it satisfies (HOM): for any index set T andyady, B (t OT) 0L,
h©O)OOS. (A,h@)=0S. ((A)NE)).

Proof: From Proposition 2.3, we need only to verify tHaOM) < (U1)-(U5).
=. (Ul): TakeT =0 in (HOM), we geth(0) = 0 since[1] =0 for O OJ L.

For any A, BOL, putT ={1} and A = A B, =B, then applying (U1) in (HOM), we
have thattHOM ~):S (A h(B))=S_(h(A),h(B)).

(U3): TakeA=B in (HOM ™), it follows by Lemma 2.1 (O1) th&_(A,h(A)) =1, i.e.,
A<h(A).

(U2)+(U5): Applying (U3) in(HOM ~) ,we get

S (AB)<S (Ah(B))=S_(h(A),h(B)).i.e., (HOD) holds. It follows by Lemma 3.3
that (U2) and (U5) holds.

(U4): TakeA = h(B)in (HOM ™), it follows by Lemma 2.1 (O1) that
S (hh(B),h(B)) =1, i.e., hh(B) < h(B).
«. At first, we prove that (U2)-(U5) implieHOM ~) . Indeed, for anyA, BOL*,

(U2)+(U 5)=(HOD)

(ua) (L3)
S (AhB) < s (h(A),hh(B)) < S (h(A),h(B)) <S (Ah®B)).
HenceS (A h(B))=S. (h(A),h(B)) i.e., (HOM ) holds. Then togethegfHOM ")
and (U1) we obtain (HOM).]

54



A Further Study om.-Fuzzy Covering Rough Sets

4. The relationships betweerl-fuzzy covering approximation operators andL-fuzzy
relation approximation operators

In this section, we shall prove that some spekidlizzy covering approximation operators
and L -fuzzy relation approximation operators can be ralljyunduced.

An L -fuzzy relationR on X is called reflexive whenevérx[] X, R(X, x) = 1; and -

transitive wheneverlx, z[1 X, DD)((R(X,y)DR(y,Z))s R(x,z).
y!
Definition 4.1. Let R be a reflexivel -fuzzy relation onX . Then the family
CR ={RX¥ OL*| xO X} ,whereOyd X, R(X)(Y) = R(X, y)
forms anL -fuzzy covering onX , called thel -fuzzy covering induced b¥R.

The following theorem shows th& and C®yield the samel -fuzzy approximation
operators iR is reflexive and:-transitive.

Theorem 4.1.Let R be a reflexive andJ-transitive L -fuzzy relation onX . Then
QE =R_ andai =R
Proof: Let ALJL*. We prove below th@S(A) =R (A) and ch (A) =R(A).
For anyXx[] X , note that
Ci(AM) = O (KOs, (K A)) =0 (RME)OS. (R(y). A))

> R(x,X)0S_ (R(x), A), by reflexivity
=10S (R(x),A) =R (A)(X).
Conversely,

CEAM = O (RYX0S.(RW).A) = 0 (R0 (RY.2) - AR))

Y!

< 0 O[R(y,x)O(R(y,2) ~ A(2)) ] byO-transitivity

yOX z0X

< 0 0[(Rx2) - R(,2)I(R(y.2) -~ A@)]

sﬂDX(R(x, 2) - A(2)) =R (A)(X).

Hence CX(A) =R _(A).
For any XLl X , note that

ET(A)(x):KumcR(K(x) - ID(K,A)):yg((R(y,x) - 1(R(y),A))

< R(xX) - 1,(R(x), A) , byreflexivity

=1,(R(X), A) = Ro(A)(X).
Conversely,
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—R
(A= 0 (Ryx - 0(RY,20A@))

> 0 O(R(y.x) - (R(y.2) DA(2))) by C-transitivity

> Zg([(R(x, 2) - R(y,2)) - (R(Y,2)0A(2)) ]
> 0 (R(x.2)TA(2)) = Ra(A)(X).
HenceC . (A=R:(A). O

Let C be anL -fuzzy covering onX . It is well known that the_ -fuzzy relationR® on
X defined byOx, yOX,R°(x,y) = ju (K(x) = K(y))is reflexive and-transitive,

oc
and called thd_ -fuzzy relation induced by -fuzzy coveringC.

Definition 4.2. An L -fuzzy coveringC on X is called unary ifR°(x)dC for any
xX.

Remark 4.1. WhenL ={0,1} , an L -fuzzy coveringC degenerates into a crisp covering,

and thel -fuzzy setR°(x) degenerates into a crisp $gtK 0C: x K} . Hence from

Definition 2.4, we know that the notion of unakyfuzzy coveringC is a generalization
of the corresponding crisp notion.

The next theorem shows th@t and R® yield the samd._ -fuzzy approximation operators
if C isunary.

Theorem 4.2. Let C be an unaryL -fuzzy covering onX . Then BE =C, and

C.=R..
Proof: Let ALJL*. We prove thaR® (A) = C(A) andC . (A) =ﬁE(A) :
Note that for anyx[J X,
C — —
REA0= O (R0 -~ AW)= 0(0(Ke - K) - AY)

>0 O((K& - K(y) - Ay)z O O(KeOK(y) - AY)))

yOX KOC yOX KOC

> 0(k0 05 (KW) - AW))=CA.
which mean&® (A) = C.(A) . On the other hand,
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C(AX) = KEC(K(X) Dyg((K(y) - A(y))),byunarycondition

K=R°(x)

> R°(x,X) Dyg((RC x,y) - A(Y))

=100 (R0 y) = AW) =R (A)K),

which meansC_(A) = R® (A). HenceC_=R° .
Note that for anyx [ X ,

R0 = 0 (R DAW) = 00 (KX - K)DAW)

< 0 O((KG) - K(y)DAY))< 0.0 (K9 ~ (K(y) CAY))

yOX KOC
< 0(ke - 0 (xmDAw))=C.(a.
which meansC . (A) = ﬁg(A) . On the other hand,
C.(AX) = ju (K(x) - yg((K(y) DA(y))),by unary condition

oc

K =R (x)

< R(xx) - O(RxY)DAW)=1- O (R (x,y)IAY))

=RE(A(X),
which meansC . (A) sﬁE(A) HenceC_. =Rs. [

5. Concluding remarks

In this paper, a further study dn-fuzzy covering rough sets was given. The singlerax
characterization orL -fuzzy covering approximation operators was presgnand the
connections betweeh -fuzzy covering approximation operators and thduzzy relation
approximation operators were constructed.
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