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Abstract. In the field of computer-aided design and relatpgliaations, the free curve
with parameters shows its strong function. Butxaekent curve with parameters need to
eliminate unnecessary cusps and inflection posuisshape analysis is needed for some
specific curves. We have already shown many exuelgoperties of the DTB-like
curves and DT B-spline-like curves. Thus the shégmures like convexity, loops,
inflection points, and cusps of the DTB-like curvasid DT B-spline-like curves are
further discussed in this paper. And the necessay sufficient conditions for the
existence of shape features of the corresponding-IIXE curves and DT B-spline-like
curves are given. And the shape features distdbuwail be generalized into tables and
diagrams, which are useful for industrial design. dddition, the effect of shape
parameters on the shape features diagram and jiistmént ability to the shape of
corresponding curves are analyzed, respectivelg.Wdrk in this paper enables users to
determine how to set parameter values so that ¢éinergted curve could be a global
convex or local convex curve, has a required itifb@c point, or eliminate the
unnecessary one, and could be adjusted to andthed shape.

Keywords: DTB-like Curve, Inflection Points, Convexity, Stlepreatures, Feature
Distribution

AMS Mathematics Subject Classification (201@)1A15

1. Introduction

Curve construction with shape parameters is alwaysnportant part of CAGD. Often a
kind of practical curve method plays an importasierin promoting the growth of the
geometry industry. So researchers have done d Vebvr&. The simplest method is to add
shape parameters to the classical Bernstein anglifsbasis [1-5]. But for sake of
effectively amending the curve, a lot of work rexesd around the tension parameters [6-
11]. Based on the&c* splines, theC? n FC® spline curve with tension parameters is

constructed [9]. On this basis, a group ©f n G*spline curves with three shape
parameters is constructed [12]. Han constructednespkurves, which possess
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C2 n FC**3continuity [13]. Given the shape-preserving propeftthe curve, Costantini
[14] proposed a variable degree polynomial basig, in1-t)°,t%, which is a Quasi
Extended Chebyshev (QEC) space [15,16]. From {lh@at?,---,t"2 (1-t)° t9} is also

verified to be a QEC space [17]. Lately, with thHeedry of Canonical Complete

Chebyshev space, it is proved that the variableedegplines basis possesses a total
positivity property [18]. Zhu constructed a kindmfasi-Bernstein basis, which is proved

a B-basis, and the related B-spline curve posses$es=C*** continuous [19]. The
changeable spline basis is given [20]. Wang cootgdua group of DTB-like basis, and

the associated B-spline basis posses3&gcontinuity when the shape parameters are
global [21]. In addition, the corresponding DTBdikurves and DT B-spline-like curves
can accurately describe the elliptic arc and artewletaining all the good properties of
the traditional Bézier and B-spline curve.

For geometric design, the presentation of curvek good properties is only the
first step. In many applications, good shape deskguld remove unnecessary cusps and
inflection points; convexity is also an indisperisalelement in shape design. The
determination conditions of the shape featuresvarg important for the shape control
and adjustment of the curve with parameters [22-FEff example, these geometric
properties directly affect the dynamic performantéhe shape design, the complexity of
the algorithm, and the operability of the procegsitherefore, it is particularly important
to analyze the shape features of the proposed ctiowever, there are few kinds of
literature about the proposed method for shapeysisalFor the planar cubic Bézier curve,
an exhaustive study is proposed [28, 29] and tlaeck rational case is given [30]. And
the related general parametric curve form is gin. In addition, the shape features of
cusps, inflection points, and loops are given dmedassociated shape diagram is shown as
well [32]. However, the global and local convexitythe proposed curve is not explained
[32]. Han analyzed the shape features of TB cumed he also gave the shape diagram
[33]. Zhu gave the shape diagramagi- like curve [19].

By using envelop theory and topological mapping,digeuss the shape features of
the DTB-like and DT B-spline-like curves which agesen in [21]. We also give the
distribution conditions for cusps, inflection pantloops, and convexity, which are
summarized into tables. And we also give the shibggram of the DTB-like curves and
DT B-spline-like curves, which are similar to theeoin [19, 29, 33]. Further, we discuss
the influence of parameters on the shape diagrahtrenability of curve adjustment.

The other work arrangements of this study are Bewe: Section 2 shows the related
definition of background knowledge. Sections 3 dndiscuss the shape analysis of the
DTB-like curve and DT B-spline-like curve, respgety. Section 5 puts forward the

conclusion.

2. Preliminaries
Definition 1. Given control pointsP (i =0,1,2,3) in R?/R®, we call the following formula

3
QM) =) TM®Rt0[0,77/2],a,A0[2+) (1)
i=0

as the cubic DTB-like curve [21], where
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_ (1-sinty
T =17 @-2)sint’
T =1-siPt- A=
1+ (@ - 2)sint @)
T,(t)=1- co§t—m,
1+(8-2)cod
_ (1-cos ¥
T = 1+ (B-2)cog

Definition 2. Given R(i =0,1,.. n) inR?/R* and a non-uniform knot vectar , for any
a;, B 0[2,+0),n= 3ul [uz,U,,,], @ non-uniform DT B-spline-like curve[21] can bewn
as follows:

Q)= B R (3)

i=0
where the basis functioB (u) is defined as Definition 3:

Definition 3. Given a sequence of knoti§ <u; < <Un.4 and a knot vector

U =(Ug, Uy, ,Unsg) - LEL N =Uj—up, andt;(u) = u—u;)/ 2h;,j = 0,1+ n+ &, for any
a;, 3 0[2,+), i=0,1;-- n, the B (u) could be concluded as follows:

B o) =dT5(t: B),
Ba(tig) = Z?:0q+1,jTj Gep e p B
BW= B o(ti.2) = Z?:Oh+2,jTj (2004 284+ 2

B s(tics) = 8. alotic 3004 9,
0,

UD[Ui'uiﬂ)v
ull [ui+ pUi+ 2),

(4)

ut [Ui+ 2+ 9'
ubU, aUs 4,
UD[Ui'ui+4)’

where the related coefficient valuash ;,¢ ;.d; are defined as follows:

A= (@~ BR +a,, (B - DNy, g =0+ BNy,

6 = Ah+uhy
L AN
- Bk oY ,
Aot A AN+ AR
@ Aal¥ ,
Aty + AN+ Aighaah
. B-¢-h d,

i-1

. Go=diy

Hia
ahy

G 2= @iy

Bai=da.. G1=

Q,Z = ai+1y

Hi
B|h+1

di-y

_Aah+agh,
aih’y

(5)

B 3= 8. Gs= L4

a +1¢i +1h a

i+

2t ﬁ'(ﬂ\ﬂ di_y
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For uO[u;, u,,],i =3,4,...,n, we rewrite (2) as follows:

Q)= D B

©)
=(aRs+thoR 2t G R- DAL o) + (B B- 2t G B )AL o)

+(0,R_2 +GR_DAL; B) + (B Aot BoHAdR)ALL; B).

() (b)

Figure 1. DTB-like curve with different parameters.

Figure 2: Uniform DT B-spline-like curve with different paraaters.

3. The shape analysis of the DTB-like curve

In this section, we will discuss the shape featofdhe curve, given in [21], by using
envelope theory and topological mapping. A detdidedwledge of shape features can be
found in [28, 31, 34-36].

3.1. The spatial QCT-Bézier curve
Theorem 1.Whena, f0[2,+),t0[0,77/ 2], if R(i =0,1,2,3) are not coplanar, the DTB-
like curve is spatial, it does not have cusps, $o@md inflection points, and it has the
same rotation direction &3(i =0,1,2,3).
Proof: Leta, =R -R_,,i =1,2,3, we rewrite (1) as

Q) =R +L-To(t; )]y +[TLt B) +T{t Pla,*+T{t Has (7)
Thus, we have

Q'(t) =-To(t;a)a, +[T5(t; B) + Tt B)la+ T4t Pas (8)
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When0<t<7/2, according (2), we havg(t; B) +T,(t; B) = 2sint cog # (. SinceR are
not coplanar, we can know that the vecioare linear independent. Thug(t) #0, and

it has no cusps.
Next, we assume thaQ(t) possess loops, wheo<t <t,<m/2, we have

Q(t) -Q(t,) =0. Thus,
[To(ty @) —To(ty a)la; HT4t; B
+T5(t; B) —To(tx B) ~Totz B)la, )
HTs(ty B) ~Ti(t; BAlaz=0.
According to the previous discussion, we have knothiat g are linearly
independent, therefore, it follows that
Totya) =To(tza) Tty B) =TAt 3 B) T4t iB) =Tt 30) .
Then, we lefTy(t;a) =0, we have
_cost (1= sirt ) + & — 2)sin
[L+(a-2)sint P ’
we can obtain = 77/ 2(x)andt = arcsing / & — 2)). According to
O<arcsing /& — 2)<m /2 we havea<2.
Thus, whena 0[2,+), T,(t;a)is monotonically decreasing @6, 7z/2], andT,(t;a) has
no loops. Thus, wher 0[2,+x), Q(t) has no loops.
Then, letG(t) =det@' ¢).Q" ¢)Q" ¢)), we have

(10)

3 3 3
G(t) =detl) RT't) D RT'C) D RT)
i=0

i=0 i=0
3 3 3 3
2TO YT YT DT
_|i=0 i=0 i=0 i=0
ieﬂ (t) iemt) ng;(t) iF?Ti'(t) (11)
i=0 i=0 i=0 i=0

[To®) Tot) To) Telt) ]
:'1 1 1 1} TE6) TE) TIE) TiC)
Tt) TH) TH) THY

| Ts() T3t) T30 T3t
[To® To) To® Too |
:’1 0 0 o} T ¢) Tt) TE) TCt)
R a a, as||[Tyt) Tiyt) TLt) THt)

[ Ta(t) T3 Tat) TS0

= (21,87,83)D ().
where (a,a,,a;) is @ mixed product of vector edgg a,,a;, by directly computing, we
have D(t) >0. For anyO<t< /2, from (a,a,,a;) # 0, we haveG(t) #0, and it has the
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same positive and negative property(asa,,a;). Thus,Q(t) has no inflection points,
and it has the same rotation direction as the obptints.

3.2. The planar DTB-like curve
If R are coplanarQ(t) is planar curve. At this time, we hayg,a,,a;)=0. Firstly, we

considera, | lag, we havea, = ua, +va,. Substituting it into (7), it follows that
Q(t) =Ry +[1-To(t) +u(T,(t) + Ta(t)]a; +H[T4H) +UT{t) +T{t)]ag (12)

3.2.1. Cusps
The necessary condition of the planar DTB-like eup{t) has cusps is

Q'(t) =0(0<t<m/2). Thus, we can get

[=To(t) +u(To(t) + Ty()]a +HTLY +UTLY +TEH)]a;=0. (13)

Becauses, and a; are linearly independent, from (13) and (2), weeha

__(A-sint)fa+ (@ - 2)sint ]
© 2sint[l+ @- 2)sirt
__(d-cog)[B+ (B- 2)cos
- 2cos [+ B- 2)f
We analyze the shape 6f, from (14), we have

limu=-co,limv=0, lim u=0, lim v=-o,
t-0 t-0 t-ml/2 t-ml2 (15)

This shows that the two curves=0andv=0 || gre asymptotes for cunfe: For
anya, f0[2,+), we havedu/dv<0, d?u/dv®<0,. This indicates that the€ is a strictly
convex and monotonically decreasing curve. For @gy,)C, we haveQ'(t) =0and
Q'(t) 20. In fact, similar to the discussion of (13) and)(we have

[=To(t) +u(T5(t) + T a, HTE) +UTEY +T{D) a3=0, (16)

2(a -1 cost+
_ @-sint)sint fr+ @?-a- 2)sit+ &- 2} siAt

]0<t <ml2. (14)

2cos2 [ - 2)sin '
o<t<rm/2,
2(8-1) sirft + i (17)
_ l@-cost )cos p+ B2-B- 2)cost - 2) cds ]

,

2cos2 [ - 2)cos
For anya, 30[2,+x), we can easily verify that (14) and (17) cannoebtablished
at the same time. It indicate®(t) =0 and Q'(t) 2 0. Therefore, we have
QD) = Q'()(t ~to) + ot ~t,). (18)
When the parameter passes,, the direction ofQ'(t) will changes. We can easily
conclude that)'(t,) is a cusp. Therefore, the planar DTB-like curvdingel by (12)
possesses cusps that are equivaleftpC .

3.2.2. Inflection points
We can easily geQ'(t)xQ"(t) = f (t,u,v)a xaz, where
To(t) Ts®), [T2() TaO)],
To() T [T2(t) Tt

o Tot) Tit) 19
f(tu,v) = Tot) THb) 49

6
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Qty)(0<ty,<m/2) is an inflection point whenf(t;u,v) changes sign at,. In the
uv - plane, the possible region of inflection points triues covered by a family of straight
lines f(t;u,v)=0. According to [11], the curv€is just the envelope of the family of
straight lines f (t;u,v)=0. Therefore, it can be known th&is a strictly convex
continuous curve. Thus, the region swept by thgaanline of the curveis SODOC,
that is, the region where the inflection point nmgur. In Figure 3.,S' represents the
region where the DTB-like curve only has one irftaT point; 'N,,N,, N, 'represents the
region where the DTB-like curve without inflectipoints and loops; and'' represents
the region where the DTB-like curve with two inflien points; and L'’ represents the
region where the DTB-like curve has loops.

AY AY
ND ND
S -1 WU S 1 oY
_ plo - —~Dl o
— . T T .\u ~C
= I ™~ I \
N Q I \
N1 \‘ \ N1 \-“I “
\ \ |
! \ \
I L__‘____‘.»‘__ , I L i
1 ™ \ 1 ‘
2 I“ \2
| \|
\ | \
| | ‘,
11 I
Ny h N, i s Ny fy N, \‘ S
|
||
\ |
i \
(a) (b)

Figure 3: Shape diagram of DTB-like curve((@k g=2; (b):a=8=5).

There is one tangent liné(ty;u,v) = 00f curve C that passes through at any point
(Up,Vo)OSODOC. When(uy,v,)OC, from the expansion below, we have

l n
f(t;up.vo) = > i (toiUg Vo)t —t o +o((t—t9)?), (20)
wheref"(t;u,,V,) # 0. Thus, we can easily conclude that,u,,v,) does not change sign
att,, and the planar DTB-like curve has no inflectiarngs. When(u,,v,) JSOD, we

assume thaf (t,u,,v,) is one of the tangent lines 6f, which passegy,,v,), according
to Taylor expansion, we have

f(t;uOvVO):% fitouo Vo)t —tg)+ott -ty . (21)

It easily getsf/(ty,uq, Vo) % O(if f/(ty,uy, V) =0, from the definition of the envelope,
we can know thatu,,v,)JC ). Thus, f (t;uy,v,) Will change sign at,, the planar DTB-
like curve Q(t) has an inflection point af. In addition, when(u,,v,)OJS, the curve
Conly has one tangent line which pasg&sv,), the related curv€(t) only has one
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inflection point; When(u,,v,) 0D, Chas two tangent lines which pasgesv,), thus,
Q(t) has two inflection points.

3.2.3. Loops
The planar DTB-like curveQ(t) has loops if and only if there possesses
0st <t,<m/2such thatQ(,)=Q(t,) . This is equivalent to the parametew.t,,t,
satisfying the following equations:
u= To(tz) —To(ty ,
To(t) +Ta(ty) —THt) —T4t)
V= Ta(ty) —Ts(tp) ,
To(ty) +T5(ty) —ToA(t) —T4t)
where Q ={(t,t,) OR?|0<t,<t,<7/2}. Easy to verify the expression (22) defines a
topological mappingF:Q O R? ~ F(Q)OR? Thus, L=F(Q) is a simply connected
region. The three boundary lines pbfcorrespond to the three boundary lingst,,
t, =0andt, =1 of Q, i.e. theC (without L), L1 andL: (both belonging td.) (see Figure
3). The planar DTB-like curve corresponding to loént in L has only one loop, where
the expression of, and L, are as follows:
= @-sint ¥ - [+ @- 2)sirt ]
L: [1+(a -2)sint]sirft ,Ost<r[/2, (23)
(1-cog ¥
[1+(B-2)cog |sirft’
(1-sint ¥
L [1+(a - 2)sint]cogt 0<t<rl2 (24)
Ve (l1-cos ¥ - [+ (B- 2)co$ ]
[1+(a - 2)sint]cogt
From the mathematical analysis, it can be dedut&idthe curvé, and L, are both
strictly convex curves and monotonically decreasiggand L, both intersect at point
(-1,-1), the asymptote of, is the u axis, the asymptote af, is thev axis as the
asymptotic line. The curv€ does not intersect eithey or L, .

(t,t,)0Q. (22)

3.2.4. Convexity
Let N=R*\(COSODOL) , where the upper left part enclosed by the curve
L, L, (excluding the boundary of,,L,) is N,, the lower right part isN, , and
No=N\(N,ON,), see Figure 3. From the previous discussion, wloer)ON , the
planar DTB-like curveQ(t) has no cusps, inflection points and loops. Next,camsider
the following vector:

{M(t)=Q'(0)><[Q(t)-Q(0)], (25)

N(t) =[Q(t) ~QO)]xQ'(t).

According to (12) and (25), by direct computing, mave

8
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{M(t) = &(tu,v)(ag % ag), (26)
N(t) = J(t;u,v)(a X ag).
where,
$(tu,v) = a{T5() +TLY +TLY]}, (27)
¢(tu,v) =[1-ToOIT3(t) + To(t) To(t) +UTLOTLL) —TLOT £1)] 28)

AL -To(OILTLY +TED] +TEI TR +TEI-

When v, = -T5(to) /[Tty +T{t9] , &(t;u,v) changes the direction aj. We can
easily get-1<v,<0. Thus, when(u,v)ON, (see Figure 3), the curv@(t) is locally
convex [11]. Happensy, happens to be part &f of the region covered by the tangent
line to L, . According to the literature [11], the envelope tbe family of lines
{(t;u,v) =0 is exactly curveL,, and the region swept by the tangent lineLofn N is
N, (see Figure 3). Therefore, wheru,v)ON, , Q(t) is locally convex.
When(u,v) 0N, = N\ (N, ON,), Q(t) is globally convex.

Finally, whena, ||a;, the curveQ(t) has no cusps and loops; whemas the same
direction of a; (Does not include the 4-point collinear singulasejathe curve)(t) only
has one inflection point.

Theorem 2.When a, ||a;, the planar DTB-like curv@(t) has no cusps and loops; If and
only if a has the same direction af, Q(t) only has one inflection point; Whesq | Ja;,

let a, =ua, +va,, the distribution of pointsgu,v) can determine shape featureq@t) in the
uv-plane (see Table 1), ie

Table 1: Distribution of shape features of the planar DT Icurve.

(UVv) Convexity Cusp: Loops Inflection point:
C 1 No No

L No 1 No

s No No 1

D No No 2

No Globally No No No

Ny ONp Locally No No No

3.2.5. Influence of shape parameters on shape diagn and adjustment of curve
shape

Through the above analysis of the shape of the DKeB-curve, the following
conclusions can be drawn

As shown in Figure 4, the change of the shape pateam andg does not affect the
single inflection point regiors and the global convex regitly, so whenQ(t) is global

convey, it cannot be eliminated by adjusting patanse and when it is globally convex,
the shape parametéges 5> 2) are modified anyway, the curve is still globallyngex.

As the shape parametesand g increase, the curve is stretched toward the
point (0,0), L, is stretched toward the point (-1,Q), is stretched toward the point (0,-
1), double inflection points regiob shrinks, loops regiom expands correspondingly,

9
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and locally convex regionsl, and N, expand, as shown in Figure 4.

(©)
Figure 4: Shape diagram of the DTB-like curve.

When (u,v)O{(u V) | 1< u,v< O}\{(4, 1)}, i.e. the first and last two edges of the
polygon are intersected (except the first and peshts coincide), the curve(t) may
have cusps and loops or inflection points. The e@it) cannot be made into a locally

convex curve simply by modifying the shape parameseshown in Figure 5.
When (u,v)0{(uV)|u<-1,-1<v}O0{(u V| -l<uv<-1 , i.e. when the control

polygon is locally convex, the loops, cusps antkation points of the curve(t) can be
eliminated by modifying the shape parameter, arddirveQ(t) can be adjusted to a
locally convex curve, as shown in Figure 6.

10
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Py Ps

Figure 6: Eliminate double inflection points, cusp, or loapaidjust the curve to local
convex

4. Shape analysis of the DT B-spline curve

In this section, we will use the same method asi@e8 to analyze the shape features of
non-uniform DT B-spline curve segments given in @pm the expression (6), we can
easily find that each segment possesses two shagegters that will influence its shape
for a fixedi . Thus, we only discuss the situation about thera [u,,u,,,], other

situations can be discussed similarly.

4.1. The spatial DT B-spline curve
Theorem 3. When g, 3 0[2,+w),u0[u,u,,]i=34,-n , if the four control points

P(j=i-3i-2ji-1j)are not coplanar, then the DT B-spline-like cusegment is a
spatial curve, it has the same rotation directioha control points and it does not have
cusps, loops, and inflection points, .
Proof: Letb; =P, -P,_;(j =i-2,i-1i), the DT B-spline-like curve segment given in (6)
can be rewritten as
Q (u) = R_3 +[1-B_s(Wlb_, +[B_{u) +B(UW]b_,+B(Wh, (29)

We haveQ (u) =-B_;(u)h_, +[B_4(u) +B/(u]b_,+B(uh . Since the four control points
P, are not coplanar, the knot vectors; are linearly independent, and
Q'(u)=0(u, <u<u,,) . Therefore, we can easily g&_;(u)=0and B'(u)=0. From
B'(u) =0, we haveaT;(t,a;) =0(0<t, <7 /2), i,e. Ty(t,a;) =0. Obviously, this can lead
to contradictions. Thus, we can conclugl¢éu) # 0, and we also can easily conclude that
the curve segmer® (u) have no cusps and loops.

Next, we consider the inflection points. Lig{t) = det@Q ©).Q"()Q"t)), we have

11
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H (u) :de{ Z B )P, z Bl ()P, Z Bl U)P,

j=i-3 j=i-3 j=i-3
DB Y BW Y BW Y BW
- j=i-3 j=i-3 j=i-3 j=i-3
DB P Y BiWP Y BIWP Y BI(UP,
j=i-3 j=i-3 j=i-3 j=i-3
B_s(u) B_3(u) B_3u) B~;u) (30)

:{ 1 1 1 1]B,U) B_(u BL(u) B,u)
Rs B, By R B4 B_j(u) BLj(u) BZyu)
Bu B B Bl
[B_3(u) B_3(u) Bls(u) B”53(u)
={ 1 0 0 0} Bo(u) B_p(u) Bl (u) BZ,Uu)
Rz b, By B By() By(u) BLyu) BZy(u)
| BW B B B

=(b-2,0-.8)M; ).
where, (b_,,b_;,h) is a mixed product of vector ed@ye,,h_;,b , by directly computing,

we haveM; (u) >0. For anyuO[u;, u;,,], since(h_,,b_;,b)# 0, we can gefi (u) 20, and
it has same positive and negative property(bas,b_;,h). Thus,Q(u) has the same
rotation direction as the control points and ha#flection points.

4.2. The planar DT B-spline-like curve
If the four control pointgP; O R?,j=i-3,i-2i-1j)are coplanar, the segmeQu) is a
planar curve, at this time, there are the followtiingorems about its shape features.

Theorem 4.Whenh ||b_,, the planar DT B-spline-like curve segmentu) has no cusps
and loops; If and only ify has the same direction gf,, Q (u) only has one inflection
point; Whenh b, , leth; =Uh ,+Vh, where(U,V)=(Qxh.b oxh 1)/ (B_,xh),
then the pointgu,v) can determine the shape featuresQgt) in the UV -plane (see
Table 2), ie

12
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Figure 7. The complete shape analysis diagram of the DT-Beslike curve with
parameters.

Table 2: Distribution of shape features of the planar DTdlirge-like curve.

u.v) Convexity Cusp: Loops Inflection point:
c 1 No No

L No 1 No

s No No 1

D No No 2

No Globally No No No

Ny O Np Locally No No No

where, the description of each distribution area iss follows:
S={(U,V)|UV <0} {(U0) | -1 <U <0} {(0,V)|-1<V <0}; D is an open region surrounded
by a coordinate axis,v and curveC. L is a region surrounded curvg, L, andC,
wherel, OL,L, 0L, butCOL; N, is an open region surrounded cuiyeandl, ; N,
is an open region surrounded cumveandl,; N, =R?\(SODOCOLON,ON,)which

include the boundarieg(u,0)|uU +1)=00{(0,V)|V(V+)=001,01, . The parametric
equations for the relevant curves are as follows:

U= dT5(t; 8)
c) @ +ho-hl)Té(ti:ai)+(h3-h,9Tg(ti;,6:)+2(h »~hy )sint cog o<t <niz  (31)
V=- a1'T0(ti;a’i)
(& +bo —R)To(ti;a) + (B 3—b JTHL; B) +2(8 ,~h Jsint cod
U= dTs(t;4)
(& +bo)To(t; @)+l Tyt o) +h T B) +B T 4t:8) - o3

L o<t <ml/2 (32)
g —aTo(t;a;)

V =
(& +ho)To(t;a) +h Tyt o)+ T B)+b T4t 5) -b o—4

13
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U= d —dT(4:5)
L,: hs‘[(ai+ho)To(ti?ai)+h1-r1(ti;ai)+h2Tz(ti?5|)+hérﬂti?ﬁ)]oqi<ﬂ/2 (33)
V= aTo(t;a)
Bs—[(a +ho)To(t; o) +h Tt o) +b T Lt; B) +b T £t B)]
ly:V :VU(9++11),—1<U <U”, (34)
sz—uE%%ELW<U<Q (35)
whereU” =v' =— 9
bs-ho-3

Proof: We first consider the situatian ||h_,, we can easily gaf_, =Uh_, +Vh, then we
combine (29), we have

QU =Rs+{1-B_3u) +U[B_{U +B(U]} b_,
HB(W +M B (9 +B(Ylt b

Below we discuss the cusps, inflection points, 8g@nd convexity.

(36)

4.2.1. Cusps
The necessary condition that the planar DT-B sgikeesegment curve) (u) has cups is

Q(u)=0 (y <u<u,). From (36), we have
{UIB(U +B(U] B0} h_o€ B b +¥ BIGH +& )} Be - (37)
Sinceh_,andh are linearly independent, according to (37), we get the curvec:
B_3(u)
B_1(u) +B(u)
B'(u)
B_1(u) +B(u)

We analyze the shape of the cu@egiven in (38) and (31), we have

U <U<u. (38)

imU=-1IlimV =0, limU =0, limV =-1. (39)

u-u Vo U u-u Vo Uiy

This shows that the curve has two asymptotes =0 andV =0, respectively. By
direct calculation, we have

2
U 54V oo (40)
dav dv?

This indicates that the curweis a monotonically decreasing and strictly convex

14
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curve, and the curve is tangent to the axisat (-1,0), and it is tangent to the axisaxis
at (0,-1).

For any (U,,V,)OC, we haveQ(u)=0 and Q'(t)#0 . In fact, similar to the
discussion in (37) and (38), we have

{UB_(U +B(U] -B_{V} b_,

HB(W +V BL{(4 +B(U]} b 0.

In fact, similar to the discussion of 3.2.1, thare no parameters[u;,u;,,] such
that (37) and (38) hold together, which indica@@&) =0and Q'(u) 0. Thus, we have

(41)

Q' (u) = Q(u)(u —up) +0o(u = Up). (42)

We can know thaQ'(u) change the sign ak), thus,Q (u,) is a cusp. Therefore, the

planar DT-B spline-like curve segment defined bygéssesses cusps that are equivalent
to(u,v)OC.

4.2.2. Inflection points
Q) is an inflection point of the DT-B spline-like ®@& means that

Q'(u)xQ'(u) =g(u;U,V)(B_3xh) change its sign when the curve passes the pgint
where,

guu,Vv)=
Qs Q) QL) Q) Qs Qo) (43)
Qo) QW) QL) Q) Q) Qo)

Sinceb_;xb #0, we only consider the sign ef(u;u,V). On theUV -planar, the
possible region that makes the cu@¢u) has an inflection point must be covered by the
line family g(u;U,V). From the previous discussion, it can be seenttigaenvelope of
the line family g(u;U,V) is curveC, and the curveC is globally convex, so the region
swept by the tangent of the curve 381D OC, which also the possible region of the
inflection points, wheres={(u,v)|uv <0} {(U0)| -1 <U <0} {(0, )| 1<V <0} , D is the
open region enclosed by the cu@eand the coordinate axi$,vV (see Figure 7). At any
point (U,,V,)0SODOC has at least one straight line on thé - plane that is tangent to
the curveC. When U,,V,) 0C, according to Taylor expansion, we have

g(u;U,V) = 0.50], U Ug Vo)lui—uo¥ +ol-u,¥,
where g/, (uy;U,,Vo) #0. We can get thag(u;U,V) will not change the sign when the
curve passes the parametey . Thus, Q) has no inflection points; When
Uy, Vo) OSOD, let g(uy;U,V) is one of the tangent lines of the cu®@e Thus, we have
9(u;Ug, Vo) = g} (Ug;U o, Vo)u—ug) +o(u—-u g (Where g; (uy;Uo, Vo) # 0,
otherwise(U,,V,)0C), we can get thaty(u;U,,V,) change sign ati,; Further, when
(Uo,Vo) OS, there is only one tangent of cur@ecan be made through it, a@l(u) has
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only one inflection point; Wheiu,,V,)OD, there are two tangent of curv€scan be
made, and) (u) has two inflection point.

4.2.3. Loops
The DT-B spline curve segment has loops means M&t;)=Q (u,) when

U <u <U,<u,,. Thisis equivalent t&v,V,u; ,u, satisfying the following equations:

B_s (U;) - 3—3(U*1)
By (U3) + B, (Uy) — Bi_5(ui) — B (Uy)
Ve BU)-BU) *
B_1(uz) + B (uy) - B _y(uy) - B (uy

(U Up) OA. (44)

where A={(u,u,) DR |u <u;<u,<u,} . The equations given in (44) define a
topological mappingG:ADOR? - G(A) OR?. Thus, the imagel = F(Q) is a simply
connected region iV —plane. The three boundary lines lofcorrespond to the three
boundary linesy =u,, u, =u,andu, =u,, of A, i.e. the curveC (not belonging ta ),

L, and L, (both belonging toL ). The curveQ (u) corresponding to poinU,V)in L

only has one loop. From the mathematical analitstgn be inferred that both the curves
L, and L, are continuous curves of monotonically decreasing strictly convex, and

whenu - u;, theU axis is tangent of the curvg at the point(-1,0), and wheru - u,,,,
theV axis is tangent of the curvg, at the point(0,-1). L, andL, intersect at point
(U",V"), the tangent ling, of L, at point(U",V")crosses poinf0,-1), and the tangent
line I, of L,at point(U",V")crosses poin{-1,0)(see Figure 7), where the equation,of
andl, are given in (34) and (35), respectively.

4.2.4. Convexity

The following is the case fa),V)ON =R*\(COSODOL). The curve segmentg (u)
has not cusps, inflection points, and loops. Negt,considerR(u) = Q'(u;) x[Q(u) - Q(u;)]
and S(u) =[Q(u) - Q(u)] xQ'(v) , from (37), we have

{R(u) =W(u;U,V)(b_xh), (45)

S(u) = P(u;U,V)(h_3xh).
where,

Yu;u,v)=

{Ul(by -89 B +a(By~b)] +B_ba W 61~ i) (46)
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OU;U,V) =[By(u) ~ B_a(WIB(W) + B_{UW)B(U)
+U{[B_{1 +B(Y -B_{w] B(Y {B_(9 +B(9] B( Y}
V[B () -B_{UlB(9 +B(]

+B_a(U)[B-y(u) + B (U) — B_y(u)]}-

(47)

According to (46),W(u;U,v)=0 determines a family of straight lines passing
(-1,0) on theUV -plane. Its slope is

< = BB W +a (B () -h) 48)
B_s(u)

Through direct computing, we have
V(%_U&< K(u) <0, (49)

therefore, the region swept by the line familyu;u,v)=0 in N happens to be the part
enclosed by the curve, and the straight line segment, which we record as\,
(excluding the boundary lines andl,, as shown in Figure 7). ,,V,)ON,, we have
WYuuU,v)20 (otherwise. U=-1V=0) Thus, from the expansion
W(U;Ug, Vo) =W UgiU o Vo)u-ug+ou-uy, we can know thaw(u;U,,V,) will change
sign at pointu,. The regionN, is exactly the portion of the tangent of the cutye

sweptinN.
Solve the following equations abouy :

{CD(U;U V)=0 (50)

o'(ui;U,V)=0

We can easily check that the solution is exacttyaguation of the parameters curve
L, . The region where the tangent igf is swept inN is N,. ThenN, is surrounded by

the curveL, and the straight line segmegt(whereL, O N,,I, 0 N,, see Figure 7). If
(U, Vo)ON, , we have @'(uy;U,,V,) %20 (otherwise (U,,V,)OL, ). Thus, from
D(U;Uq,V,) = @' (UgiU o, Vo)u—ug+ou—-uy, we can easily check thaw(u;U,,V,) will
change the sign at the poigy.

Let Ny =N\(N,ON,), whenU,V)ON,, Q(u)*xQ'(u), Ru) and S(u) all doesn’t
change significantly. Thus, the curv@(u) is globally convex; Whenu,V)ON, ,
Q'(u)xQ'(u) and S(u) doesn’t change significantly, buR(u) change sign one time, at
this time, the curveQ(u) is locally convex; When(U,V)ON, , Q(u)xQ'(u) and
R(u) doesn’t change significantly, bi#u) change sign one time, at this time, the curve
Q (u)is locally convex [11].

Finally, whenh_, J|h , the curveQ (u) has no cusps and loops; If and only if when
h_,has the same direction f, Q (u) only has one inflection point.
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4.2.5. Adjustment effect of shape parameters
According to the equation and region division & thurve in the shape diagram, the
following conclusions can be drawn:

The change of shape parametersand g does not affect the inflection point

region S, so when there is only one inflection point @u), shape parameters cannot

be adjusted to eliminate it.
The change of shape parametersand 3 does not affect the regioN,/Z , at this

time, Q(u) is globally convex, wherez is the triangular region enclosed by
(-1,0),(0~1),¢" V" (including the boundary ling andl,, excluding the straight line
connecting two pointg-1,0) and (0,-1)).

With the increase of shape parameterss 0[2,+»), (U",V )tends to(0,0), and
with the decrease of shape paramet@s,V’)tends to-1/4,-1/4). The region of

double inflection points and loops gradually shsinknd the global convex regian
gradually expands, see Figure 5.

P

(d)o=3=5

(@) (b)

(boy=472.5

(c)
Figure 8: The effect of parameterg and 5 on L,D,Z

For a;, 8 O[2,+), whena;, 3 - +, N;ON, - 0, see Figure 8.
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By adjusting the value of the shape parameteB , the cusp, loop and double

inflection point on the curve can be eliminatedd éime curve can be adjusted to global
convexity, see Figure 9.

(b)

Figure 9: The unnecessary shape features are avoided byingjskape parameters((a):
the original image, (b): enlarged image).

5. Conclusion

We have given many excellent properties of the DikB-curves and DT B-spline-like
curves [21], which play an important role in thesidge of curves and surfaces. Especially
the high-order continuity, which is completely afiise many existing methods. And this
article is a further discussion of the literatu2&][ The key point is that the shape features
of DTB-like curves and DT B-spline-like curves witho denominator parameters are
studied, including the convexity, inflection pointsisps, and loops. And the existence
conditions of corresponding features are given,ctvidould avoid unnecessary feature
points in the obtained curve. The work in this papas a certain guidance value for
further application of the DTB-like curve and th& B-spline-like curve.
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