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Abstract. In this paper, the concept of picture fuzzy multirelation is introduced. Some basic
operations and the inverse of picture fuzzy multirelations, together with their properties,
were established. Additionally, the study examined Arithmetic, Geometric, and Harmonic
mean operators, providing examples to illustrate both operations and the application of
these operators to a picture fuzzy multirelation. Finally, the composition of picture fuzzy
multirelations was defined and associated properties were established.
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1. Introduction

The introduction of the concept of fuzzy relation (FR) came into play as a result of the
work of Zadeh [18]. Atanassov [1] initiated the idea of intuitionistic fuzzy sets to extend
Zadeh’s work, which served as the basis for the generalisation of fuzzy relations into
intuitionistic fuzzy relations (IFR) established by Bustince and Burillo [2]. Varghese and
Kurrikose [13] extended the concept of intuitionistic fuzzy relations (IFRs) to relations
between intuitionistic fuzzy sets (IFSs).

Cuong and Kreinovich [3], introduced the concept of picture fuzzy sets (PFSs) in
order to generalise both FSs and IFSs and also introduced PFRs as a generalisation of fuzzy
relations and intuitionistic fuzzy relations. Hasan et al [6] defined max-min composition
and min-max composition for picture fuzzy relations and investigated some of their
properties, and also discussed an application of picture fuzzy relations in decision making.
In [7], Hasan et al. also defined PFRs over PFSs, establishing numerous characteristics
related to picture fuzzy relations and discussing some operations with examples.

In [17], Yagar put forward the idea of fuzzy multisets (FMs) as an extension of fuzzy
sets. In [12], Shinoj and Sunil initiated the concept of intuitionistic fuzzy multisets (IFMSs)
as an extension of IFSs and FSs. In [11], Cao et al. introduced the notion of picture fuzzy
multisets (PFMS) as a generalisation of IFMS and FMS, and established some basic
operations of picture fuzzy multisets.

In this paper, the Picture Fuzzy MultiRelation (PFMR) is presented as an extension
of PFR and a generalisation of IFMR. Investigation of some operations and the inverse of
PFMR is carried out. Also, some operators, the Arithmetic mean operator, the Geometric

45


http://www.researchmathsci.org/
mailto:toewuola77@gmail.com

Taiwo O. Sangodapo

mean operator and the Harmonic mean operator, were studied. Lastly, the composition of
PFMR was defined, and some of its properties were obtained.

2. Preliminaries
This section gives basic definitions and preliminaries that are needed in the sequel.

Definition 2.1. [18] Let Z be a nonempty set. A FR U on Z is a Fuzzy set, defined as

{(ry, 1), 0y (ry, M) (r,12) € Z X Z}
where a;;: Z X Z — [0,1].

Definition 2.2. [3] Let X be a universe. A PFS Z of X is an object of the form
zZ= {(I‘, O-Z(r)'TZ(r)' le(r))|1‘ € X)}'
such that o, (r) € [0,1] is referred to as the degree of positive membership, 7,(r) € [0,1]
is called degree of neutral membership and n,(r) € [0,1] is called degree of negative
membership of r € Z and forall r € X,
oz(r) + 7z(r) +1z(r) <1
and the degree of refusal membership of r € Z is 1 — (05 (r) + (1) + nz(1)).

Definition 2.3. [3] Let Z; and Z, be nonempty sets. Then, a picture fuzzy relation (PFR)
U isa PFS over Z; x Z,, defined as

U = {((r1,12), 0y (r1,12), Ty (1, 12), My (r, 1)) (11, 72) € Z1 X Z5}
with  oy:Z; X Zy = [0,1],Ty: Zy X Z, = [0,1],my:Z1 X Z, = [0,1], such that 0 <
oy(r,12) + 1y (ry, 1) + ny(ry,12) < 1 forevery (ry, 1) € Zy X Z,.

Definition 2.4. [3] Let U be a PFR between Z; and Z,. The inverse relation of U, U1
between Z, and Z, is defined as

oy-1(ry, 1) = oy (1, 12), Ty-1(12, 11) = Ty (ry, 12), Ny-1 (12, 11) = Ny (11, 12),
V (r,12) € (Zy X Z3).

Definition 2.5. [3] Let U and V be two PFRs between Z; and Z,. Then,

U sV (ay(n,r) Soy(r,r), (ty(r, ) < tv(r, 1)) and (ny (g, 1) =
Ny (1, 12))

VUV ={((r,12),0y(r,m2) Voy(r, 1), Ty(ry, 72) Aty (r, 12), My (r, 12) A
v (rL, 1)), 12) € Z1 X Z,}

UNV ={((r,12),0y(r,12) Aoy (ry,12), Ty (ry, 12) ATy (ry,12), My (11, 12) V
Ny (ry, )11, 12) € Z1 X Z5}

U = {((ry, 1),y (11, 12), Ty (11, 12), 0y (1, 1)) |11, 72) € Z1 X Z5}

forevery (r1,1,) € (Z X Z3).

Definition 2.6. [11] Let Y be a nonempty set. A PFMS Z in Y is characterised by three
functions namely positive membership count function pmc, neutral membership count
function n,mc and negative membership count function nmc such that pmc:Y - W,
n.mc:Y - W and nmc:Y - W, respectively, where W is the set of all crisp multisets
drawn from [0,1]. Thus, for any r € Y, pmc is the crisp multiset from [0,1] whose positive
membership sequence is defined by (o1 (1), 62 (1), -+, o} (r)) such that ¢ (r) = 02(r) =
-+ = 07 (r), npmc is the crisp multiset from [0,1] whose neutral membership sequence is
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defined by (z1(r),72(r), -, t%(r)) and nmc is the crisp multiset from [0,1] whose
negative membership sequence is defined by (n%(r), nZ(r),--,n%(r)), these can be either
decreasing or increasing functions satisfying 0 < of(r) + t¥(r) + nk(r) <1 vr ey,
k=12:-,n.

Thus, Z is represented by
Zy = {(r,0f,(), 15, (M), nF, (M) T € Y}
k=12, ,n.

Definition 2.7. [11] Let
Zy = {(r, 0§, ("), T5, (M), () 7 € Y}

and
Zy = {(r,0%,(r), 5,("),n%,("))| 7 € Y}
be two PFMSs drawn from Y. Then,
*Z; € Zp, & (05, (r) < af, (), (15, (r) < 75,(r) and (5, (r) = n%,(1); k =
1,2,---,n,r €Y.
.Zl :ZZIc>Zl gZZ ande - Zl'
*Z1 U Zy = {(r, (05, (1) V o, (), (t§,(r) AT§, (1), (05, (r) Ang, (M) r € Y}k =

1,2,---,n.
*Zy N Zy = {(r, (0f,(r) Ao, (M) (£, (r) ATE, (1), E, (1) vk, (")) T € Y}k =
1,2,--,n.

2 = {(r,n5, ("), 5, (1), 0, ("I T € Y} k=12, ,n.

3. Operations of picture fuzzy multirelations

This section defines operations of picture fuzzy multirelations and establishes some
properties associated with the operations. It also defines the Arithmetic Mean Operator, the
Geometric Mean Operator and the Harmonic Mean Operator. Examples were given to
illustrate both operations and operators of PFMRs.

Definition 3.1. Let Z be a nonempty set. Then, a picture fuzzy multirelation (PFMR) U on
Z is PFMS defined by

U= {((7"1'7"2)'05(7"1;7"2);Tg(rp72)'775(71'72))|(r1'72) € Zy X Z,}
where k = 1,2,---, 8 (8 is the cardinality of the PFMS Z) o¥ (r), 75 (r), n% (r): Y - W, and
W is the set of all crisp multisets drawn from [0,1].

Definition 3.2. Let Y be a nonempty set and Z; and Z, be PFMSs in Y with positive
membership of (r) and of (r), neutral membership 75 (r) and 7§ (r) and negative
membership n% () and n (r) such that

of, (), 0f,(r), 7%, (1), 75, (), n5, ("), 0, (r): Y > W
and W is the set of all crisp multisets drawn from [0,1]. Then, Cartesian product of Z; and
Zy,Z1 X Z, isthe PEMS in Y x Y defined by

k — Ak k
07,xz, (11, 12) =N {07, (1), 0z,(12)},
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T’zclxz2 (ri,12) =A {TZ (1), Té(z (r2)}
and

U’flxzz (r,r2) =V {TIZ (7”1):71’52 (r2)}
vr,rn €Y, k=12,--,8 (B is the cardinality of the PFMS Z; and Z,).

Definition 3.3. Let U be a PFMS (Y X Y), U € Z; X Z,. Then, U is called a PFMR from
Zyto Z, ifforall (r,,) €Y XY,

0ff (11,12) < 05wz, (11, 12), T (11, 12) < Tz, (1, 72,5 (11, 72) 2 15 2, (11,72),
With 0 < o (11, 13) + Tk (r, 1) + k(1) < 1.
In particular, if Z, = Z,, then U is called a PFMR on Z;.

Using matrix representation for the PFMR U from Z; to Z, we have

U = [0k, Thw Miet)
where

okt = 0y (M, 1), iy = Ty (e, 1), and ny; = ny (1, 1), k, 1 = 1,2, -+, n.

Example 3.1. Let Y = {r;, 1y, 13} be nonempty set. Let
T 2 T3

_|(©10503) (020407) (050203)f
171(0.3,0.4,0.2) (0.4,0.6,0.0) (0.2,0.7,0.3)| 3"
(0.6,0.1,0.5) (0.4,0.0,0.3) (0.3,0.1,0.4)

&1 ) T3

(0.5,0.3,0.5) (0.4,0.1,0.3) (0.7,0.1,0.2)
Z; = (0.3,0.2,0.2) (0.2,0.6,0.5) (0.2,0.4,0.4)

(0.2,0.5,0.3) (0.4,0.3,0.2) (0.1,0.5,0.4)

Then,
(0.23,0.23,0.53) (0.13,0.27,0.47) (0.13.0.27,0.53)
Zy X Z, = [(0.33,0.17,0.40) (0.20,0.27,0.33) (0.17,0.20,0.43)
(0.33,0.20,0.40) (0.27,0.37,0.37) (0.27,0.30,0.40)

Let
(0.17,0.13,0.70) (0.13,0.27,0.50) (0.13,0.23,0.57)
U =1(0.30,0.20,0.50) (0.17,0.27,0.56) (0.17,0.20,0.53)].
(0.33,0.17,0.43) (0.23,0.33,0.38) (0.27,0.30,0.43)
Then, U is a relation from Z; to Z,.

Definition 3.4. Given a PFMR U on Z, U complement is a PFMR, U€, where o) =

nﬁ,rl’jc = 1K and Thk]r: = ok, i.e;
uc = {((7'1'Tz);nllj(rprz);fﬁ(rprz)» 05(7"1:7'2)” (r,12) €E Y XYLk=12,-,n

48



Some Results on Picture Fuzzy Multirelations
Definition 3.5. Let U € PFMR(Z; X Z,). The inverse relation of U, denoted by U~ from
Z, t0 Z; is defined by
01 (1, 11) = 0f (11, 12), Ty (12, 11) = T (1, 72), M2 (13, 71) = 155 (11, 7).
Definition 3.6. Let U,V € PFMR(Z, X Z,). Then, U € V if for every ry,r, €Y
(0§ (r1,12) < 0oy (11, 12), (Tf5(r1,12) < T (r1,12)) and (5 (11, 12) = (1, 72)); k =

1,2,--,nlfUCSVandV Cc U, thenU =V.

Example 3.2. From Example 3.1, let

and

U=

V =

(0.17,0.13,0.70)
(0.30,0.20,0.50)
(0.33,0.17,043)

(0.27,0.13,0.53)
(0.53,0.20,0.27)

(0.13,0.27,0.50)
(0.17,0.27,0.56)
(0.23,0.33,0.38)

(0.33,0.37,0.30)
(0.27,0.27,0.40)

(0.13,0.23,0.57)]
(0.17,0.20,0.53)
(0.27,0.30,0.43) |

(0.13,0.23,0.57)]
(0.13,0.23,0.57)

(0.40,0.17,0.43)  (0.33,0.33,027) (0.37,0.30,0.33)

be PFMRs from Z, to Z,.

(0.70,0.13,0.17) (0.50,0.27,0.13) (0.57,0.23,0.13)
U¢ = |(0.50,0.20,0.30) (0.56,0.27,0.17) (0.53,0.20,0.17)
(0.43,0.17,0.33) (0.38,0.33,0.23) (0.43,0.30,0.27)

(0.70,0.13,0.17)  (0.30,0.20,0.50) (0.33,0.17,0.43)
U~ =1(0.13,0.27,0.50) (0.17,0.27,0.56) (0.23,0.33,0.38)
(0.13,0.23,0.57) (0.17,0.20,0.53) (0.27,0.30,0.43)
and U CV.

Definition 3.7. Let U,V € PFMR(Z, X Z,). Then, U UV is a PFMR from Z; to Z, such
that

k _ k k
aguy (1, 12) =V {oy (r1,12), 0y (11,12) },

oy (1, 12) =A{Tf(ry, 1), T (11, 12)}
and

NEuy (1, 12) =N {0f (ry, 1), 18 (ry, 1)}
k=12-,n.

Example 3.3. From Example 3.1, let

and

(0.17,0.13,0.70)
(0.30,0.20,0.50)
(0.33,0.17,0.43)

(0.27,0.03,0.63)
(0.23,0.10,0.67)
(0.10,0.17,0.63)
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be PFMRs from Z; to Z,. Then,

(0.27,0.03,0.63) (0.23,0.27,0.40) (0.13,0.23,0.57)
UuV =[(0.30,0.10,0.50) (0.17,0.17,0.56) (0.17,0.20,0.53)
(0.33,0.17,0.43) (0.30,0.33,0.27) (0.37,0.20,0.43)

Definition 3.8. Let U,V € PFMR(Z, X Z,). Then, U NV is a PFMR from Z; to Z, such
that

Gy (11, 12) =A {0 (r1,12), 0 (11, 12)},

v (1 12) =A{T5 (1, 1), T3 (11, 72) }
and

NGav (1, 12) =V 0§ (L 12), 05 (11, 12)}
k=12--,n.

Example 3.4. From Example 3.5,
(0.17,0.03,0.70) (0.13,0.27,0.50) (0.10,0.23,0.60)
UnvV =|00.23,0.10,0.67) (0.17,0.17,0.60) (0.13,0.20,0.64)
(0.10,0.17,0.63) (0.23,0.33,0.38) (0.27,0.20,0.43)

Proposition 3.1. Let U,V,W € PFMR(Z; X Z;). Then,

. (U_l)_l =U

c(UuV)yt=y-tyyt

c(UnV)yt=yu1tny-t

cUNWUW)=UNnV)U VW)

UuWnwW)=WUuvV)nVuw)
Proof:
» Since U1 is a PFMR between Z, and Z,, it implies that

05—1(7”2'7”1) = O-IIJ((Tler)vTL’;—l (r2,m1) = 1§5(r, 72) and U’L(;—i(rz'ﬁ) = N5 (ry, 12).

Now,

k _ k _ _k
oy (r, 1) = Oy-1 (rpm) = Ow-1H-1 (r1,72),

k k
Tkku(rl,rz) = TU—l(Tz, Tl) = T(U-1)—1(T1,T2)
and
k _ .k _ .k
ny(r,re) = rlu—l(rz'ﬁ) =Nyt (r1,712)
* From the definition of inverse,
k k k
0y-1(1p, 1) = U’zf(rb?’z),fu—l(”zﬂ’l) = T5(”1,7’2),77U—1(7’2'7’1) = 77’5(’”1:7”2)

and

k _ k k _ .k k _ .k
UV—l(Tzﬂl) = Oy (7”1:7'2):'[1/—1(7”2:7”1) = TV(Tl'Tz)'TIV—l(TZrﬁ) =ny(ry,12)-
Thus,

k — Kk
G(UUV)—l(TZ'Tl) = aguy (11, 12)
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aff (r1,12) V o (r1,12)
05_1 (ry, ) V 05_1 (19, 11)
= 0'5—1 U O"I/{—1 (Tz,Tl),
T?UUV)—l(Tz'H) = thuy (r1,72)
= 15(r, 1) AT (11, 12)
= Tllj_l (rz,m1) A T{;—l (rz,11)
= Tl’j_l U T{f_l (ry,1y)

and
né(UUV)_l (r2,11) = Doy (11,72)
= N5 (r1,12) Ang(ry,12)
= 1y-1(r2, 1) A1 (r2,71)
= 7)5—1 U 7)1,;—1 (r2,11)

* From the definition of inverse,
01 (r2,m1) = 04 (11,72), T2 (r2,11) = TG (0, 12), M2 (1 11) = M (ra,72)
and
0‘1/(—1(7”2'7"1) = UII/((TLTZ)'T’;—l(Tz;Tl) = Tltf(rbrz)’?h];—l(rzﬂi) = 771’5(7‘1:7‘2)-
Thus,
a(kunV)—l(Tz:ﬁ) = 0y (11,12)
= o (1, 72) Ao (11,72)
= 05—1 (r2,11) A 01]/(—1 (r2,11)
= al’;_l N 0{,‘-1(1“2,7"1),

Técunv)—l(rz'rl) = Ty (1, 12)

= 1 (1, 1) AT (11, 72)

= Tg_l(rz,rl) A T';_l(rz,rl)

= 75-1 N T{;—l (ry,m1)
and
rlé{lmv)—l (r2,71) = Ny (11, 72)

=5 (r1,12) Vg (11, 12)

= 7]5—1(7”2; )V 775—1 (r2,71)

= g1 N My-1(r2,71)
O-l];ﬂ(VUW) (r1,12) = 0ff (11, 12) A (0w (11, 72))

= o (r1,12) A (07 (r1,12) V 0y (11, 72))
(08 (r1,72) Aoy (11, 12)) V 0§ (11, 72) Aoy (11, 72)
0l (11, 72) U 0w (11,12),

K _ -k K
Tunwuw) (1, 12) = Ty (r, 12) A (Truw (11, 72))
= 7fi(r1,12) A (T (r1,12) V T4y (11,72))
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= (25(7”1'7”2) AT g{rp 1)) V 15 (11, 12) ATl (11, 12)
= Tyav (", 72) U Tyaw (11, 12)

nll‘}n(VUW) (r1,72) = N5 (r,12) A Mfuw (11,72))
=5 (r1,12) V (0 (r,12) Anfy (1, 72))
= (g (r1,12) Vi (r1,12)) AN (r,12) Angy (ry,72)
= NGav (11, 72) U Nfaw (11, 12).

* Replace N with U and U with N in the above proof.

Definition 3.9. Let U,V € PFMR(Z, X Z,). Then, U@V is an Arithmetic Mean Operator
from Z; to Z, given by

U@V = (0ffay (11, 72), 5@y (11, 72), M@y (11, 72))

where
k k
k _ oy(ryr)+oy(ryr)
opev(r,12) = > )
k _ T5(T1,T2)+T‘I§(T‘1,T2)
Tyav (", T2) = - 5
and

k k
k _ ny(ry,r)+ny(ry,r)
Nuev (1, 12)) = 2

Definition 3.10. Let U,V € PEMR(Z, X Z,). Then, UgV is a Geometric Mean Operator
from Z, to Z, given by

UpV = (O-IIJ(gJV(rlv 2), Tz’?gav (r1,12), Uz’jgav(rl' 72))
where

Ullfg)v(rl; rp) = \]01’; (r1, 12). 01’/‘(7”1' 72),

Tz’?gov (r,m2) = \/TLI; (r1,72). T{f (r1,12)

and

M () = b))
Definition 3.11. Let U,V € PFMR(Z; X Z,). Then, U®V is a Harmonic Mean Operator
from Z, to Z, given by

uov = (OJL;©V (ry,12), 75©V (r,712), 775©V (r1,712))

where
O'k (Tl Tz) — 261}5(7'1:7"2)-65(7'1:7"2)
vevi'y 05(7"1;7'2)"'0’1}"(7'1:7"2)’
2 k k
‘L'k (Tl rz) — Ty (rur2) Ty (ryrs)
vev T () +Th (rum)
and
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27]5(7”1;7"2)-77{;(7”1;7”2)
775(7"1:7”2)"'771};(7”1;7”2)

k _
Nyov (M, 172) =

Example 3.5. From Example 3.1, let
(0.17,0.13,0.70)  (0.13,0.27,0.50) (0.13,0.23,0.57)]

U =(0.30,0.20,0.50) (0.17,0.27,0.56) (0.17,0.20,0.53)
(0.33,0.17,0.43)  (0.23,0.33,0.38) (0.27,0.30,0.43) |
and
(0.27,0.03,0.63)  (0.23,0.37,0.40) (0.10,0.23,0.60)]
V =1(0.23,0.10,0.67) (0.17,0.17,0.60) (0.13,0.23,0.64)
(0.10,0.17,0.63)  (0.33,0.33,0.27) (0.37,0.20,0.43) |
be PFMRs from Z; to Z,. Then,

(0.22,0.08,0.67) (0.18,0.32,0.45) (0.12,0.23,0.59)]
U@V = |(0.27,0.15,0.59) (0.17,0.22,0.58) (0.15,0.22,0.59)
(0.22,0.17,0.53)  (0.28,0.33,0.33)  (0.32,0.25,0.43)

(0.21,0.06,0.66) (0.17,0.32,0.45) (0.11,0.23,0.58)]
UpV = |(0.26,0.14,0.58) (0.17,0.21,0.58) (0.15,0.21,0.58)
(0.18,0.17,0.52)  (0.28,0.33,0.32) (0.32,0.24,0.43)|

(0.21,0.05,0.66) (0.17,0.31,0.44) (0.11,0.23,0.58)
U©V = [(0.26,0.13,0.57) (0.17,0.21,0.58) (0.15,0.21,0.58)
(0.15,0.17,0.51) (0.27,0.33,0.32) (0.31,0.24,0.43)

4. Composite relation of picture fuzzy multirelations
In this section, we defined max-min-max composition of PFMRs and obtained some

associated properties.
Definition 4.1. Let U € PFMR(Z, X Z,) and V € PFMR(Z, X Z3). The composite
relation V o U is a PFMR between Z; and Z; defined by

VelU= {((7"1;7"3);Utllcou(rl;rs);T’Ifou(rp7”3)'77115011(7”1'7"3)”(7”1'7"3) € Zy X Z3}
where V (11,713) € Z; X Zz and V 1, € Z,, its positive membership, neutral membership
and negative membership functions are defined by

k _ k k
oyoy (11, 73) _r\éV {og (r,m2) Aoy (2, 13)},
2

k _ k k
Tpoy (11, 73) _r/éV {ty(r, ) Aty (1, 713)}
2

and
Moy (r1,73) =r2/év M5 () Vi (ra,m3)}

respectively.

Example 4.1. Consider U and V from Example 3.5. Let
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(0.17,0.13,0.70)
(0.30,0.20,0.50)
(0.33,0.17,0.43)

(0.27,0.03,0.63)
(0.23,0.10,0.67)
(0.10,0.17,0.63)

(0.13,0.27,0.50)
(0.17,0.27,0.56)
(0.23,0.33,0.38)

(0.23,0.37,0.40)
(0.17,0.17,0.60)
(0.33,0.33,0.27)

(0.13,0.23,0.57)]
(0.17,0.20,0.53)
(0.27,0.30,0.43)|

(0.10,0.23,0.60) ]
(0.13,0.23,0.64)
(0.37,0.20,0.43) |

be PFMRs from Z; to Z,. Then,

(0.17,0.03,0.63) (0.17,0.13,0.57) (0.13,0.13,0.57)
Vol =|(0.27,0.03,0.63) (0.23,0.17,0.50) (0.17,0.20,0.53)
(0.27,0.03,0.63) (0.27,0.17,0.43) (0.10,0.17,0.43)

Proposition 4.1. Let U € PFMR(Z; X Z,) and V € PFMR(Z, X Z3). The composite
relation Vo U isin PFMR(Z, X Z3).
Proof: Forall (r;,713) € Z; X Z3, let check
0oy (11, 73) + Thoy (1, 73) + Moy (11, 73) < 1
For all € > 0, there exists r; € Z, such that

o ooy (11, 13) < 0 (r1,75) Aoy (15,73) + € (*)
It is easily seen that
oy (11, 73) S T, 15) ATH (13, 73) (x*)
and
Moy (T1,73) < N (r,73) V i (r5,73) (xxx)

Combining (*), (x%), (*x**), we have
ooy (1, 12) + T’lfou(7l;1'7”3) + Ullfolljc(rl'%) . .
. < ngcrl;rz*)/\av (r3,13) + T3 (ry,12) AT (13, 73)
o AL Vg (g, rs) + €
Here, two things to check,
Firstly: If
ng(r, ) Vs (rs,r3) = i ().

Then,
05(71’(1'7”;) A 0111((71?' r3) + Tz'ﬁ(zl,rz*) A T{;(TE'%) + 771](1(7;1'7'2*) Vg (rs,r3) + €
= 0%(7”1;7"2*) A 01]/((7"2*;7"3) + T%(Tl,rz*) ANTy(ry,13) + () + €
Sog(rym) g, ) +np(r,r) e
<l+4e€

Secondly: If
ng(r, 1) V(. m3) = 0 (r3,73).
Then,
off (r1,13) Aoy (r3,13) + T5(r, 13) AT (15, 73) + 05 (11, 15) Vi (13, 13) + €
= o (r,13) Aoy (r5,13) + 15 (11, 15) ATE(r5,13) + 5 (L s) + €
S of(r, 1) + (L) F 05, 13) + €
<l+4e€
Thus,
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O'"/(oU(Tl,Té) + T{}ou(rl,m) + n’&ou(rl,rz) <l+4+eforalle>0
Therefore,
0oy (11,73) + Thoy (11, 73) + oy (11, 73) < 1

Proposition 4.2. Let U € PFMR(Z, X Z;) andV € PFMR(Z, X Z3). Then (V o U)™1 =
Uloy-t

Proof:

o1 (r3,11) = 0y (11, 73)

_r - {off (r1,15) Ao (r2,73)}

_r Yz {O'U—l(rz'ﬁ) A O'V 1(13,12)}

_r - {O'V—l (r3,12) A O"U—l (rm)}

k
- UU— oyt (T3, rl)

k
Twoy-1(13,11) = oy (r1,73)

=V 4,75) A 15,1
ez, {Tu(l 2) Tv(z 3)}

=r \E/Z {TU 1(7”2'7”1)/\TV 1(13,12)}

=r \E/Z {TV 1(T3'7”2)/\TU 1(12,11)}

k
= TU_loV_l (T‘3, rl)

U?Voy)—l (7"3:7"1) = U’Ifou(rl'r_%)
v ez {(nf(r,m2) V i (r2,73)}
v ez (5-1(r2, 1) V 15-1.(r3,72)}
=r é\z {TIV 1(13,132) VUU 1(ro, 1)}
= UU—1°V—1(7"3'7”1)

Proposition 4.3. Let U,V € PFMR(Z, X Z3) and W € PFMR(Z, X Z,). Then,
c(WAU) oW =V oW)AU W)
c(VVU)oW =W oW)V (U-oW)

Proof:

Onvyow (T, 73) =V {01 (r1,72) A (0 (r2,75) A o (7275)))
=>£ {(oyy (r1,12) A oy (12,73)) A (0 (11, 12) Ao (r2,73))}
=¥ {0 (r1,12) Ao (12, 73)} /\x {0y (r1, 1) Aol (r2,73)}

_ Kk k
= oyow (11, 73) A 0oy (71, 73)

Tavyew (T, 75) =A (0 (r2) A (16 (2, 73) A TG (2, 7))
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:é {(thy (r, 1) AT (1, 13)) A (T (1, 12) AT (12,73))}
=é (Tl (11, 12) AT (12, 73)} /\é (Tl (r1, 1) AT (r0,13)}

_ ok k
= Tyow (11, 73) A Tyow (71, 73)

nécVAU)oW(rl'ré) :é iy (r, ) V (05 (12, 73) A (r2,73))}
=é {nly (re, m2) V i (2, 13)) A (i (1, 72) V 55 (12, 73))}
=é {my (r1, 72) V1 (12, 73) } /\é {my (r1,12) Vi (12,73)}
= Now (1, 73) ANGow (11, 73)

Srvyew (T Ts) =V {04 (71,72) A (0 (r2,73) V 0 (2, 73))
:7\4 {(ofy (r1, 12) A o (12, 1)) V (07 (r1, 72) A 0 (r2,73))}
=¥ {0y (r1,12) Ao (r2,73)} Vx {ay (r1,12) A0 (12,73)}

= 0 (11, 13) V 0oy (11, 73)

k _ K k k
Trveyow (11, 73) —7{; {tw (r, ) A (Ty (2, 13) V T (12, 713)) }

_ k K k k

—5\ {aw (L) Aty (e, 13)) V (T (g, 12) ATy (12, 73)) )
2

_ k K k k

—;\ {tw(ru ) Aty (ry,13)} Vz\ {tw () At (re,13)}
2 2

= o (11, 73) V Tfow (11, 73)

né(VVU)oW(rl'ré) =é iy (ri, 2) V (05 (12, 73) V 5572, 73)) }
=é {nly (re, ) Vi (2, 13)) V (i (1, 12) A (r2,73))}
=é {my (ru, 72) V1 (r2,73) } Vé {my (r1,m2) Vi (12,13}
= Now (11, 73) V Mo (11, 73)
Proposition 4.4. Let V € PEMR(Z, X Z,),U € PFMR(Z, X Z3) and W € PEMR(Z5 X

Zy).Then, (WolU)oV =Wo (UoV).
Proof:

U(kWoU)oV(ﬁ'TAL) =¥ {0F (r1, 72) A (Oop) (72, 73)}
:x {oy (r,m2) A {x {0 (r2,73) A oy (r3, 1)1}
=¥ {x {0y (r1,72) Al (r2,73) A oy (13, 73) 1}
:x {x {o¥ (r1,12) A o (12,73)} A 03y (13, 73) }
=¥ {0ffoy (r1,13) A 0y (r3,1)

_ .k
= Owo(uov) (1, T2)
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TécWOU)oV(rllnl-) :é {t5 (11, 12) A (Ti0r) (12,73)}
:é {t§ (ry,m2) A {é {t5 (2, 13) Aty (13,73)33}
=é {é {1 (ri, 1) Al (r, 73) A Ty (73, 1) 1}
:é {g {ti (r1, 12) ATH (2, 73)} ATl (73,7)3
=£ {T5ov (r1,73) ATy (r3,1)

_ -k
= Tyouor) (11, 72)

ﬂé(WoU)ov(ran) :é (i, 12) A (o) (r2,73)}
=1 G5 ) A (1 ) Al ()
= {g {5 (ru,m2) A (ra,m3) Amiy (3, 7)1}
=1 A 00 am) A ) Al 7))
:2 Gy (r,73) A1y (r3,14)

= nﬁ/o(uov) (r1, 7).

5. Conclusion

In this paper, it has been established that the Picture Fuzzy MultiRelation (PFMR) is an
extension of the Picture Fuzzy Relation (PFR). Some operations (union, intersection and
complement) and some operators (Arithmetic mean operator, Geometric mean operator
and Harmonic mean operator) have been studied with examples. Finally, the composition
of PFMRs was introduced, and some of its properties were obtained. For future work, some
applications of PFMR in decision-making, medical diagnosis, electoral systems,
appointment procedures and pattern recognition will be explored.
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