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Abstract. Let Y be an alphabet. For multiple strings X, Y3, Y2, ..., Yy, and a constrained
string P over the alphabet Y, we introduce the constrained longest common subsequence
and substring problem for strings X, Y1, Y2, ..., Y with respect to P as to find a longest
string Z which is a subsequence of X, a substring of Y1, Yo, ..., and Y, and has P as a
subsequence. In this paper, we propose an algorithm for solving the above problem.
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1. Introduction

Let Y be an alphabet and S a string over >.. A subsequence of a string S over an alphabet
> is obtained by deleting zero or more letters of S. A substring of a string S is a subsequence
of S consisting of consecutive letters in S. An empty string is a string that does not have
any letters in it. An empty string is a subsequence and substring of any string. The number
of letters in a string S, denoted |S|, is called the length, of the string S. The longest common
subsequence problem (LCSSeq) for two strings is to find a longest string which is a
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subsequence of both strings. The longest common substring (LCSStr) problem for two
strings is to find a longest string which is a substring of both strings.

Both the longest common subsequence problem and the longest common substring
problem have been well-investigated in the last several decades. More details on the studies
for the LCSSeq problem can be found in [2], [3], [4], [5], [7], [©], [11], [12], [13], [16],
[17], and[18] and the LCSStr problem can be found in [1], [8], [10], and [20].

Motivated by LCSSeq and LCSStr problems, Li, Deka, and Deka [14] introduced
the longest common subsequence and substring (LCSSeqSStr) problem for two strings. For
two strings X and Y, the longest common subsequence and substring problem for X and Y
is to find a longest string which is a subsequence of X and a substring of Y. They also
designed an O(|X||Y]) time algorithm for LCSSeqSStr problem for two strings X and Y in
[14].

Motivated by LCSSeq problem, Tsai [19] extended the longest common
subsequence problem for two strings to the constrained longest common subsequence
(CLCSSeq) problem for two strings. For two strings X, Y, and a constrained string P, the
constrained longest common subsequence problem for two strings X and Y with respect to
P is to find a longest string Z such that Z is a common subsequence for X and Y and P is a
subsequence of Z. Tsai designed an O(JX[?> [Y[?> |P|) time algorithm for the CLCSSeq
problem for two strings in [19]. Chin et al. [6] improved Tsai's algorithm and designed an
O(X| Y| |P]) time algorithm for the CLCSSeq problem for two strings X and Y and a
constrained string P.

Motivated by Li, Deka, and Deka's LCSSeqSStr problem and Tsai's CLCSSeq
problem, Li, Deka, Deka, and Li [15] introduced the constrained longest common
subsequence and substring problem for two strings with respect to a constrained string. For
two strings X, Y, and a constrained string P, the constrained longest common subsequence
and substring (CLCSSeqSStr) problem for two strings X and Y with respect to P is to find
a longest string Z such that Z is a subsequence of X, a substring of Y, and has P as a
subsequence. Clearly, the LCSSeqSStr problem is a special CLCSSeqSStr problem with
an empty constrained string. Li, Deka, Deka, and Li [15] designed an O(]X| |Y] |P]) time
algorithm for the CLCSSeqSStr problem for two strings and a constrained string.

In this paper, we further generalize the CLCSSeqSStr problem as follows. For
multiple strings X, Y1, Yo, ..., Yn, and a constrained string P over an alphabet >, we define
the constrained longest common subsequence and substring (CLCSSeqSStrM) problem for
strings X, Y1, Yo, ..., and Y, with respect to P as to find a longest string Z which is a
subsequence of X, a substring of Y1, Y, ..., and Yy, and has P as a subsequence. We will
propose an algorithm to solve the CLCSSeqSStrM problem in this paper.

2. The Recursions in the algorithm

In order to present our algorithm, we need to establish some recursions to be used in our
algorithm. Before doing that, we need some notations as follows. For a given string S ='s;
S2 ... Siover an alphabet ), the ith prefix of S is defined as S[i] =s1 S ... Si, where 1 <i <1
I. Conventionally, S[0] is defined as an empty string. The $I$ suffixes of S are the strings
0fS1S2... 51,5253 ... SI, ..., Si-181, and sy. Let

X =X1 X2 ... Xm,
Y1=y[1,1]y[1, 2] ... y[1, pul,
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Y2=Vy[2,1]vy[2, 2] ... Y[2, p2],
Yn=yI[n, 1] y[n2] ... y[n, pn], and
P=pip2...pr

We define Z[i, ju, j2, ..., jn, K] s a string satisfying the following conditions:

(1.1) itis a subsequence of X[i] = X1 Xz ... Xi,

(2.1) itis a suffix of Y4[j1] = y[1, 1] y[1, 2] ... Y[1, jal.
(2.2) itis a suffix of Yz[j2] = y[2, 1] y[2, 2] ... y[2, j2],
(2.n) it is a suffix of Y _n[jn] = y[n, 1] y[n, 2] ... y[n, jnl,
(3.1) it has Pk as a subsequence,

(4.1) under the conditions above, its length is maximum,

where 0<i<m,0<j1<p, 0<j2<pz, ..0<jn<pnand0<k<r.

Obviously, ifi=0and k=0)or (ji=0and k=0) or (j=0and k=0) or ... or (jn
=0and k =0), then Z[i, j1, j2, ..., jn, K] is an empty string and |Z[i, j1, j2, ..., jn, K]| = 0.

Also,if i=0andk>1)or(ji=0andk>1)or (=0andk>1)or..or (jn=0
and k > 1), then Z[i, j1, j2, ..., Jn, K] dO not exist.

Next, we will prove the following claims on Z[i, j1, j2, ..., jn, K]

Claim 1. Assume k=0,i>1,j1>1,j.>1,...,and jn > 1. If y[1, j1], V[2, j2], ... , and y[n,
jn] are not the same, then Z[i, j1, j2, ..., jn, K] is an empty string.

Proof of Claim 1. Suppose Z[i, j1, j2, ..., jn, K] is not empty. Then the last letter of it must

be equal to y[1, jil, YI2, j2], ... , and y[n, ju. Thus Y[, ja] = VI2, j2] = ... = Y[, ja], @
contradiction. Hence the proof of Claim 1 is complete.

Claim 2. Assume k=0,i>1,j1>1,j.>1,...,and ja > 1. Ify[1, j1i] = Y[2, j2] = ... = ¥[n,
jn] : = ®, then

Case 2.1. if xi = @, then |Z[i, j1, jo, s s KI[ = |Z[1 - L, j1- 1, 2 - L, ooy o - 1, K]| + 1.
Case 2.2. if Xi £ ®, then |Z[i, j1, jor s jo KI| = |21 = 1, 1, 20 oo oo K]

Proof of Case 2.1 in Claim 2. In this case, it is clear that the string Z[i - 1, j1 - 1, j» - 1,
eon-1LKlo

(1.1) is a subsequence of X[i],

(2.1) is a suffix of Y4[ji],

(2.2) is a suffix of Y2[j2],

(2.n) is a suffix of Yan[jn],

(3.1) has Py, which is empty, as a subsequence.
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By the definition of Z[i, js, j2, ..., jn, K], we have that |Z[i, j1, j2, ..., jn, K]| > |Z[i - 1, j1- 1, ]2
-1l n-L Kol =|Z[i-1,j1-1,j2-1, .., jn- 1, K]| + 1.

Suppose Z[i,j 1, 2, v J_nm K] =U1U2 ... Ua—1Ua. Then Uz = y[1, j1] = Y[2, 2] = ...
=y[n, jn] = ®. Thus Z[i, j1, j2, -.vy jn, K] = {Ua} = U1 Uz ... Ua_1iS

(1.1) is a subsequence of X[i - 1],

(2.1) is a suffix of Yq[j1 - 1],

(2.2) is a suffix of Y2[j, - 1],

(2.n)isa SUffIX of Yu[jn - 1],

(3.1) has Py, which is empty, as a subsequence.

By the definition of Z[i- 1, j1-1,j2-1, ..., jn - 1, K], we have that |Z[i - 1, j. - 1, > - 1, ...,
jn - 1’ k]l Z |Z[|1 j11 j2, e jn, k] - {Ua}l = |Z[|1 jl’ j21 Xl jnv k]| -1

Hence [Z[i, j1, j2, «oor Jo K| =121 - 1,1 -1, ]2 -1, ..., jn - 1, K]| + 1 and the proof of
Case 2.1 in Claim 2 is complete.

Proof of Case 2.2 in Claim 2. In this case, it is clear that the string Z[i - 1, j1, j2, ..., jn, K]
is

(1.1) is a subsequence of X[i],

(2.1) is a suffix of Y1[ji],

(2.2) is a suffix of Y[jz],

(2.n) is & suffix of Ya[js],

(3.1) has $Px, which is empty, as a subsequence.

By the definition of Z[i, j1, j2, ..., Jn, K], we have that |Z[i, j1, j2, ..., jn, K]| > |Z[i - 1, j1, J2, .-

jn, K.
Suppose ZJi, j1, j2, - jnn Kl = U1 Uz ... Up—1Up. Then up=y[1,j 1] =VY[2,j 2] = ...
=y[n, jo] = ® #Xi. Thus Z[i, j1, j2, ..., jn, K] IS

(1.1) is a subsequence of X[i - 1],

(2.1) is a suffix of Y[ji],

(2.2) is a suffix of Y2[j2],

(2.n) is a suffix of Yufja],

(3.1) has Py, which is empty, as a subsequence.

By the definition of Z[i - 1, js, j2, ..., jn, K], we have that $Z[i - 1, j1, j2, ..., jn, K]| > |Z[i, j1,
J2y s Jno K]I-

Hence [Z[i, j1, j2, -y Jo, KI| = |21 - 1, j1, J2, ---, jn, K]] @nd the proof of Case 2.2 in
Claim 2 is complete.

Claim 3. Assume k>1,i>1,j1>1,j.>1,...,and jn> 1. If y[1, j1], Y[2, j2], ... , and y[n,
jn] are not the same, then Z[i, j1, j2, ..., jn, K] does not exist.
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Proof of Claim 3. Suppose Z[i, j1, j2, ..., Jn, K] exXists. Notice that the condition of k > 1
implies that Z[i, j1, j2, ..., jn, K] is not empty. Thus the last letter of Z[i, j1, j2, ..., jn, K] must
be equal to y[1, ji], Y[2, j2l, ... , and y[n, ju]. Thus y[1, ji] = Y[2, j2] = ... = Y[, ju], @
contradiction. Hence the proof of Claim 3 is complete.

Claim4. Assumek>1,i>1,j1>1,j2>1,..,and jn > 1. If y[1, j1] = Y[2, J2] = ...
=y[n, jn] : = w and Z[i, j1, J2, ..., jn, K] exists, then we just have the following cases
and the statement in each case is true.

Case 4.1. Xi = o =pk and |Z[i, j1, j2, .o Jo, KI| = 1Z[1 - 1, j1- 1, J2- 1, ...y jn - 1,
k - 1]| + 1 in this case.

Case 4.2. Xi = o #pk and |Z[i, j1, j2, «oor I, K| = |1Z[1 - 1, j1-1,J2-1, ..., jn- 1,
K]| + 1 in this case.

Case 4.3. Xi # o, Xi # Pk, ® = Pk, and |Z[i, j1, j2, ...y jn, KI| = 1Z[1 - 1, J1, j2, oy oy K]
in this case.

Case 4.4. Xi # o, Xi £ Pk, ® # Pk, and |Z[i, j1, J2, ..., jn, K]| = |Z[1 - 1, j1, j2, +ouy Jn,
K]| in this case.

Case 4.5. Xi # o, Xi = Pk, ® # Pk, and this case cannot happen.

Proof of Claim 4. The five cases can be figured out in the following way. Firstly,
we have two cases of Xi = o or X; # . When Xi = o, we just can have two possible
cases of Xi= w = pk Or Xi = ® # pk. When X; # ®, we just can have three possible
cases of Xi # px and o = pk, Xi # Pk and o # Pk, Or Xi = pkand o # pk. Since Z[i, j, j2,
..y Jn, K] exists and k > 1, Z[i, j1, j2, ..., jn, K] is not empty. Next we will prove the
statements in the five cases.

Cased.l. Xxi=® = pk.
In this case, itisclearthat Z[i - 1,j1-1,j2- 1, ....jn-1, k- 1] ®

(1.1) is a subsequence of X[i],
(2.1) is a suffix of Yq[ji],
(2.2) is a suffix of Y[j],
(2.n)isa SUffIX of Ya[jnl,
(3.1) has Py as a subsequence.

By the definition of Z[i, ji, j2, ..., jn, K], we have that |Z[i, j1, jo, ..., jn, K]| > 1Z[1 - 1, j1 - 1, ]2
-1, 0n-Lk-1]ol=|Z[i-1,j1-1,j2-1, .., jn -1, k- 1] + 1.

Suppose Z[i, j1, j2, -, Joy Kl = U1 U2 ... Uc-1 Ue. Thenuc = Y[1, j1] = Y[2,]2] = ... =
YN, jn] = © =Xi= pk. Thus Z[i, j1, j2, ...y Jo, K] - {Uc} = Uz U2 ... Uc-1

(2.1) is a subsequence of X[i - 1],
(2.1) is a suffix of Yq[j1 - 1],
(2.2) is a suffix of Yz[j2 - 1],
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(2.n) is a suffix of Ya[jn - 1],
(3.1) has Px-1 as a subsequence.

By the definition of Z[i- 1, j1-1,j2-1, ..., jn- 1, k- 1], we have |Z[i - 1, )1 - 1, j2- 1, ..., Jn
-1, k- 1]| = |Z[|1 jl’ j2’ ] jn, k] - {UC}l = |Z[|1 jlv j21 sy jn, k]l -1

Hence [Z[i, j1, j2, «oor Joo KI| =121 - 1, j1- 1,2 -1, ..., jn - 1, kK - 1]| + 1 and the proof
of Case 4.1 in Claim 4 is complete.

Case 4.2. Xi = ® # P«
In this case, itisclearthat Z[i - 1,j1-1,j2- 1, ....jn- 1, K] ®

(1.1) is a subsequence of X[i],
(2.1) is a suffix of Y1[ji],
(2.2) is a suffix of Y[j],
(2.n)isa SUffIX of Ya[jnl,
(3.1) has Pk as a subsequence.

By the definition of Z[i, js, j2, ..., jn, K], we have that |Z[i, j1, j2, ..., jn, K]| > |Z[i - 1, j1- 1, ]2
-1 gn-LKlol=)Z[i-1,j1-1,j2-1, .., jn - 1, K] + 1.

Suppose Z[i, j1, j2, <y jny Kl = U1 Uz ... Ug—1 Ug. Then ug =y[1, j1] =VY[2,j2] = ... =
y[n, jn] = ® = Xi # px. Thus Z[i, j1, j2, «..r Jn, K] - {Ud} = U1 U2 ... Ug-1

(1.1) is a subsequence of X[i - 1],
(2.1) is a suffix of Y1[j1 - 1],
(2.2) is a suffix of Y3[j2 - 1],
(2.n) is a suffix of Yu[jn - 1],
(3.1) has Pk as a subsequence.

By the definitionof Z[i- 1,j1-1,j2-1, ..., jn- 1, K], we have |Z[i - 1, j1-1,j2- 1, ..., jn -
1! k]| = |Z[|! jl! j21 s jnv k] - {ud}l = |Z[|1 jl’ j21 s jn, k]| -1

Hence |Z[i, j1, j2, < Jo, KI| = |Z[1 - 1, j1 - 1, j2 - 1, ..., jn - 1, K]| + 1 and the proof of
Case 4.2 in Claim 4 is complete.

Case 4.3. Xi# o, Xi # Pk, ® = Pk.
In this case, it is clear that Z[i - 1, j1, j2, ..., jn, K]

(1.1) is a subsequence of X[iJ,
(2.1) is a suffix of Y[jd],
(2.2) is a suffix of Y[j],
(2.n) is a suffix of Yn[jn],
(3.1) has Pk as a subsequence.
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By the definition of Z[i, ju, jz, ..., jn, K], We have that [Z[i, j1, jz, s jm KII > 121 - L, j1, jor oo

in, K.
Suppose Z[i, j1, j2, «-y jy K] = U1U2 ... Ue—1 Ue. TheN Ue = Y[1, j1] = V[2,]2] = ... =
y[n, jn] = ® # Xi. Thus Z[i, j1, j2, ...y jn, K]

(1.1) is a subsequence of X[i - 1],
(2.1) is a suffix of Y1[ji],
(2.2) is a suffix of Y[j],

(2.n) is a suffix of Yn[jn],
(3.1) has Pk as a subsequence.

By the definition of Z[i - 1, ja, j2, ..., jn, K], we have |Z[i - 1, j1, 2, ..., Jn, K| > |Z]I, J1, j2, ..,

jn, K.
Hence [Z[i, j1, j2, ..y joo KI| =120 - 1, j1, j2, .-, jn, K]] @nd the proof of Case 4.3 in
Claim 4 is complete.

Case 4.4. Xi # ®, Xi # Pk, ® # Pk
In this case, it is clear that Z[i - 1, j1, j2, ..., jn, K]

(1.1) is a subsequence of X[i],
(2.1) is a suffix of Y[ji],
(2.2) is a suffix of Y[j],

(2.n) is a suffix of Yn[jn,
(3.1) has Pk as a subsequence.

By the definition of Z[i, js, j2, ..., Jn, K], we have that |Z[i, j1, j2, ..., jn, K]| > |Z[i - 1, j1, J2, .

jn, KI-
Suppose Z[i, j1, j2, « jr K] = U1 Uz ... Us—1Us. Then us = Y[1, j1] = Y[2,j2] = ... =
y[n, j_n] = ® # Xi. Thus Z[i, j1, j2, ..., jn, K]

(1.1) is a subsequence of X[i - 1],
(2.1) is a suffix of Yq[ji],
(2.2) is a suffix of Y3[j2],

(2.n) is a suffix of Yan[jn],
(3.1) has Py as a subsequence.

By the definition of Z[i - 1, j1, j2, ..., jn, K], We have |Z[i - 1, j1, j2, ..., Jny KI| = 2], j1, j2, oo

jn, K]I.
Hence [Z[i, j1, j2, -y o, KI| = 2] - 1, j1, J2, ---, jn, K]| @nd the proof of Case 4.4 in
Claim 4 is complete.

Case 4.5. Xi £ ®, Xi = Pk, and ® # Pk
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Suppose Z[i, j1, j2, -+ jo, K] = U1 Uz ... Ug—1 Ug. Then ug=y[1, j1] = Y[2, j2] = ... = Y[, jn] =
® # Xi. Since Ui Uz ... Ug_1 Ug is @ subsequence of X;and x; # ug, we have that ugq appears
before xion X;. Since p1 pz ... P is a subsequence of Ui Uz ... Ug—1 Ug, Px @ppears in uy Us ...
Ug- 1 Ug Which is a subsequence of Xj, contradicting to px = x;. Thus this case cannot
happen and the proof of Case 4.5 in Claim 4 is complete. Since this case does not happen,
it is not necessary for us to deal with this case in our algorithm.

Claim5. Assume k>1,i>1,j1>1,j>>1,...,and jo > 1. If y[1, 1] =VY[2, j2] = ... = Y[n,
jn] : =@ and Z[i, ja, j2, ..., jn, K] does not exist, then

[1]. fxi=o=pk then Z[i-1,j1-1,j2-1, ..., jn - 1, k - 1] does not exist.
[2]. fxiz=o#px, thenZ[i-1,j1-1,j2-1, ..., jn - 1, K] does not exist.
[3]. If Xi # o, Xi # Pk, ® = Pk, then Z[i - 1, j1, j2, ..., jn, K] dOes not exist.
[4]. If Xi # ®, Xi # Pk, ® # Pk, then Z[i - 1, ju, j2, ..., jn, K] dO€S not exist.

Proof of [1] in Claim 5. Suppose Z[i- 1, j1-1,j2-1, ..., jn - 1, k - 1] exists. Since xi = ®
=pk, Z[i-1,j1-1,j2-1, .., jn-L k-1l ®

(1.1) is a subsequence of X[i],
(2.1) is a suffix of Y[ji],
(2.2) is a suffix of Y2[j2],
(2.n) is a suffix of Ya[js],
(3.1) has Pk as a subsequence.

This implies that Z[i, j1, j2, ..., jn, K] exists, a contradiction. Thus the proof of [1] in Claim
5 is complete.

Proof of [2] in Claim 5. Suppose Z[i- 1,ji1-1,j2-1, ..., jn - 1, K] exists. Since xi = ® #
P, Z[1-1,j1-1,j2-1, ..., jn- 1L, Kl ®

(1.1) is a subsequence of X[iJ,
(2.1) is a suffix of Yq[ji],
(2.2) is a suffix of Y.[j2],
(2.n) is a suffix of Y[jn],
(3.1) has Py as a subsequence.

This implies that Z[i, j1, j2, ..., jn, K] exists, a contradiction. Thus the proof of [2] in Claim
5 is complete.

Proof of [3] in Claim 5. Suppose Z[i - 1, j1, j2, ..., jn, K] €Xists. Since Xi # o, Xi # Pk, ® =
Pk, Z[i - 1, j1, j2r ooy o K]
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(1.1) is a subsequence of X[i],
(2.1) is a suffix of Y1[ji],
(2.2) is a suffix of Y2[j2],

(2.n) is a suffix of Y[jn],
(3.1) has P as a subsequence.

This implies that Z[i, j1, j2, ..., Jn, K] exists, a contradiction. Thus the proof of [3] in Claim
5 is complete.

Proof of [4] in Claim 5. Suppose Z[i - 1, j1, j2, ..., jn, K] €Xists. Since Xi# o, Xi # Pk, ® #
P, Z[1 - 1, j1, j2, «vy Jny K]

(1.1) is a subsequence of X[i],
(2.1) is a suffix of Yq[ji],
(2.2) is a suffix of Y2[j]

(2.n) is a suffix of Yn[jn],
(3.1) has Pk as a subsequence.

This implies that Z[i, j1, j2, ..., jn, K] exists, a contradiction. Thus the proof of [4] in Claim
5 is complete.

Claim 6. Let U = us® uo® ... ungo*, where 0 <k <r, be a longest string which

(1.2) is a subsequence of X,
(2.1) is a substring of Y1,
(2.2) is a substring of Y2,
(2.n) is a substring of Yy,
(3.1) has P« as a subsequence.

Then h(k) = max{|Z[i, j1, j2, oo jn, K]| : 1 <i<mM, 1<j1<pp, 1<j2<p2, .., 1<jn <
Pn, 0 < k< r}.

Proof of Claim 6. For each i with 1 <i <m, each ji with 1 <j; <pa, each j> with 1
<j2<p2, ..., €ach j, with 1 < jn < pn, and each k with 0 <k <r. By the definition of
Z[i, j1, j2, .., jn, K], we have that

(2.1) is a subsequence of X,
(2.1) is a substring of Y1,
(2.2) is a substring of Y2,

(2.n) is a substring of Yy,
67



Rao Li, Richy Modugu and Brandon Weathers
(3.1) has P« as a subsequence.

By the definition of U, we have that |Z[i, j1, j2, ..., jn, K]| < |U¥ = h(k). Thus max{
IZ[1, J1, Jo, eon Ju K] 2 <0<mM, 1<j1<p, 1<)2<p2, o, 1< n<pn, 1<k <r}<
h(k).

Since U* = us* u2X ... ung)¥ is a longest string which

(1.1) is a subsequence of X,
(2.1) is a substring of Y1,
(2.2) is a substring of Y2,
(2.n) is a substring of Yy,
(3.1) has P« as a subsequence,

there are indices i, Iz, Iz, ..., and In With Ung = Xi, Ung® = Y[1, 1], Un® = Y[2, I2],
oy Un = Y[, 1n], and UX = ugX uzX ... ungk has Px as a subsequence, where 0 < k <
r such that UK = us* uX ... ung is a string which

(1.2) is a subsequence of X[i],
(2.1) is a suffix of Y1[l1],
(2.2) is a suffix of Y2[l2],
(2.n)isa sufflx of Yn[ln],
(3.1) has P« as a subsequence.

By the definition of Z[i, ju, ja, ..., jn, K], we have that h(k) <|Z[i, I1, Iz, ..., In, K]| <
max{ |Z[i, j1, j2 .o, jo, K] s 1<i<m, 1<ji<ps, 1<jo<pz .., 1 <jn<pn 0<k<

r}.
Hence h(k) = max{|Z[i, j1, j2, ..., jn, K]| : 1 <i<m, 1 <j1<p1, L <j2 < p2,
iy 1 <Jn < pn, 0 <k <r} and the proof of Claim 6 is complete.

3. The algorithm
Now we can present our algorithm. Let us recall

X =X1 X2 ... Xm,
Y1=y[1,1] y[1, 2] ... y[1, pu],
Y2=y[2,1]y[2, 2] ... y[2, p2],

Yn=y[n, 1] y[n, 2] ... y[n, pn], and
P=pipz..pr

Let M be a (n + 2)-dimensional array of size (m + 1)(p1 + 1)(p2 + 1) ... (pn + 1)(r + 1).
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ForO<i<m,0<j1<p,0<j2<p2, ..., 0<jn < pn, 0 <k <, if Z[i, j1, j2, ..y s K]
exist, the cell M[i1[j21[i2] ...[inl[K] = |1Z[i, j1, j2, -y Jn, K]I; B Z[i, J1, j2, ..., Jn, K] dO NOt exist,
the cell M[i][ju][jz] .. [in][K] = -0, where o is a larger number. For instance, o can be
1000(m + 1)(p1 + 1)(p2 + 1) ... (pn + 1)(r + 1). Our algorithm consists of the following
steps. Firstly, we will fill in the cells in array M.

Step 1. If i=0andk=0)or (j=0and k=0) or (jz=0and k=0) or ... or (jn=0and k
=0), then Z[i, j1, j2, ..., jn, K] is an empty string and |Z[i, j1, j2, ..., jn, K]| = 0. Thus M[i]
lia102] --- [in][K] = O.

Step2.If (i=0andk>1)or(ji=0andk>1)or (=0and k>1)or...or (ja=0and k
> 1), then Z[i, ju, j2, ..., jn, K] do not exist. Thus M[il[ju[j2] ... [jn][K] = -oc.

Step3.Ifk=0,i>1,j1>1,j.>1,..,and jn> 1, Y[1, ji], Y[2, j2], ... , and y[n, ja] are not
the same, then Z[i, ju, j2, ..., jn, K] is an empty string. Thus M[i][j][j2] ... [in][K] = O.

Step 4. 1fk=0,i>1,j1>1,j2>1, ..., and o> 1, V[L, j] = V[2, j2] = ... =y, ] : = o,
and xi = o, then [Z[i, j1, jz - jm K11 = 1Z[i - 1, j1 - L, jo - L, ooy jn - 1, K]| + L. Thus MIi]
[x102] - [in][K] = M[i - 110 - 102 - 41 ... [in - 1][K] + 1.

Step5.1fk=0,i>1,j1>1,j.>1,...,and jn> 1, y[1, j]] =VY[2, 2] = ... = y[n, ju] : = o,
and xi # o, then |Z[i, j1, j2, .., Jo, K]| = |Z[1 - 1, J1, j2, «vy jn K]|- Thus M[i1[2][i2] ... [nl[K] =
MIi - 1[40z --- LindIKI-

Step6.Ifk>1,i>1,ji>1,j.>1,..,and jn>1, y[1, j1], Y[2, j2], ..., and y[n, jn] are not
the same, then Z[i, j1, j2, ..., jn, K] do not exist. Thus M[i][jil[j2] ... [jn][K] = -oo.

Step7.Ifk>1,i>1,j1i>1,j.>1,...,and jn > 1, Y[1,j1] = Y[2,j2] = ... = y[n, jn] : = o,
and Xi = o = pi, then |Z][i, j1, j2, ..o, jn KI| = |21 - 1, J1- 1, j2- 1, ..., jn- 1, k- ]| + 1. Thus
MIil0102] --- OnllK] = MIi - 1][j2- 2102 - 1] ... [n- 110k - 1] + 1.

Step8.Ifk>1,i>1,j1i>1,j.>1, ..,and jn> 1, V[, ji] =VY[2,j2] = ... = y[n, jn] : = @,
and Xi = ® # pk, then |Z[i, j1, j2, oo Jo K| = 1Z[1 - 1, j1-1,j2- 1, ..., jn - 1, K]| + 1. Thus
M0z --- OnllK] = M[i - 102- 2102 - 1] -.. [n- 1][K] + 1.

Step 9. Ifk>1,i>1,j1>1,j.>1, ...,and jn =1, V[1, ji] = Y[2, j2] = ... = y[n, jn] : = o,
and Xi # ®, Xi # Pk, ® = Pk, then |Z[i, j1, j2, ..., oo KI| = |Z[1 - 1, j1, j2, +oy Jow K]|. Thus M[i]
Oad02] - Onl[K] = MIi - 110402 - [a10K]-

Step10. Ifk>1,i>1,j1>1,j.>1, ...,and jn> 1, Y[1, ji] = V[2, j2] = ... = Y[N, jn] : = ©,
and Xi # ®, Xi # Pk, ® # Pk, then |Z[i, j1, j2, ..., Jn, KI| = |1Z[1 - 1, 1, j2, -es Jn, K]|. Thus MJi]
Oad02] - Onl[K] = MIi - 110402 - [a10K]-

Notice that Claim 6 implies that if a longest string which
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(1.1) is a subsequence of X,
(2.1) is a substring of Y4,
(2.2) is a substring of Y,
(2.n) is a substring of Y,
(3.1) has Pr as a subsequence,

called a desired string, exists, then its length is equal to max { M[i1[j11[j2] ... [inl[K] :
1<i<m, 1<ji<p,1<j25p2 ..., 1<jn<pn, 0<k<r}. Hence a desired string can
be found in the following steps.

Step 11. Define one variable called maxLength which eventually denotes the length of a
desired string and its initial value is 0.

Step 12. Define another variable called lastindexOnY1 which eventually denotes the
last index of the desired string on the string Y1 and its initial value is p:.

Step 13. Visit all the cells of M[i][j][j2] ... [n][K], where 0 <i<m, 0<j1<p;, 0o <
P2, ..., 0<jn<pn and k =r, in array M by using loops embedded loops. During the
visitation, if M[i][jl[i2] ... [in][K] > maxLength, then update and lastindexOnY1 and
maxLength to and ji: and M[i][jal[j2] ... [in][K] respectively.

Step 14. After finishing the visitation of all the cells of M[i][j_1][j_2] ... [in][K], where
0<i<m,0<ji<p1,0<j2<p2 ..., 0<jn<pn and k = r, we output the substring of Y;
with starting index of (lastindexOnY1 - maxLength) and ending index of lastindexOnY1
and maxLength.

The combination of Claim 1, Claim 2, Claim 3, Claim 4, Claim 5, and Claim 6 in Section
2 ensures that the output string is a desired string and the output maxLength is the length
of the desired string. It is clear that both time complexity and space complexity of the
above algorithmare O(m+ D)(p1 + D(p2+ 1) ... (pn + D(r + 1)) =O(MPpP1pz2... pa¥).

4. Conclusion

In this paper, we introduce a new problem called the constrained longest common
subsequence and substring problem for multiple strings X, Y1, Y2, . Ynand a constrained
string P. We propose an algorithm with time complexity and space complexity of
O(X||Y41]|Y2] ... [Yn|[P]) to solve the problem. In future, we will design new algorithms
improving the time and space complexities and find the practical applications of our
algorithm.
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