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1. Introduction
The concept of intuitionistic fuzzy sets (IFSs) watoduced by Atanassov [2] as a
generalization of fuzzy set proposed earlier byefafll2]. Shyamakt al. [1] studied
distance of intuitionistic fuzzy set and discusggdrval valued intuitionistic fuzzy set.
Some further studies in this direction can be siefil3-21]. Shinoj and Sunil [8]
proposed the concept of intuitionistic fuzzy muts (IFMSs); theoretical views of
IFMSs and some applications were given in [4-709-1

In this research, we introduce some new operation-MSs as an extension of
the works in [3, 11] and deduce some new resullBMSs.

2. Concise note of intuitionistic fuzzy multisets
Definition 1. [8] LetX be a nonempty set. An IFM&drawn fromX is characterized by
two functions: “count membership” df denoted as"M, and “count non-membership”
of A denoted a€N, given respectively b¢ M, : X — Q andCN,:X —Q whereQ is the
set of all crisp multisets drawn from the unit v [0,1] s.t. for eachx € X , the
membership sequence is defined as a decreasindbrear sequence of elements in
CM,(x) and it is denoted asuf (x), p2 (x),....n" (x)), wherq (x) = p%(x) =...2
w4 (x) whereas the corresponding non-membership sequeneteroents iInCN,(x) is
denoted by} (x),v4 (x), ...V (x)) s.t.0 su;(x) + V4 (x)<1 for everyx € X andi =
1,.. .,n. This means, an IFM$§ is defined asd = {(x,CM,(x) ,CN4(x)). X € X} or
A= {0 (), () xeX}fori=1,.. .,n
For each IFMSAin X, mh(x) = 1 —pi, (x) — V4 (x) is the intuitionistic fuzzy

multisets index or hesitation marginxin A. The hesitation margin, (x)for eacti = 1,

..,n is the degree of non-determinacy ofe X, to the setd and mj(x) €
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[0,1]. Similarly, T (x)as in IFS, is the function that expresses lack rvkedge of
whetherx € A orx & A.

In general, an IFM$A is given asA = {(x,p, (x), vy (x), 4 (x)):x € X}, or
{60 (%), v (3,1 =y (%) = v () x € X}, or {(x, i, (%), 1= (x ) — 104 (%), 705 ()):
x € X}, or {(x,1-V} (x) — w4 (x), v§ (x),m5 (x)): x € X} Sinceuil(x) + v (0)+mh (x) =
1foreachi =1,.. .,n.

Definition 2. We define IFMS alternatively. Léf be nonempty set. An IFM& drawn
from X is given asd = {(ui (%), ..., Kh (x), ..., V3 (%),..., vV} (%), ... ): x € X } where the
functions HZ (x),vi (x):X - [0,1] define the belongingness degrees and the non-
belongingness degreesAin Xs.t.0 su;(x) +v4 (x)<1 fori = 1,... If the sequence of
the membership functions and non-memberghijelongingness functions and non-
belongingness functiopdiave only n-terms (i.e. finite), n is called thitmension’of A.
Consequentlyl = {(u} (%), ..., i (x), v} (%),..., v} (x)):x € X} for i = 1, ...,n. when no
ambiguity arises, we define= {(u} (x), v (x)):x € X }fori =1, ..,n.

Definition 3 (modal operators). [7]Let X be nonempty. I#l is an IFMS drawn fromX ,
then;

() A={xuh())x € X} = {{6uh (), 1 - us(x)):x € X}
(i) 0A ={(x,1—V}(x)):xeX} = {(x, 1—vi(x),vi(x),):x € X}, for eachi =
1,2,...,n.

Operations on intuitionistic fuzzy multisets[8]
For any two IFMSsA and B drawn fromX, the following operations hold. Let

A ={(x,uf4(x),v};1 (x)):x € X}and B ={<x,uli5,(x), vk (x)): x € X}, for eachi =1,2,...,n.
1. ComplementA® ={(xvi(x), u4(x)): x € X}

Union: A U B ={{x, max (ufq(x), u;(x)), min (Vi (x),v5(x))): xeX}

IntersectionA N B ={{(x,min (ufq(x), ug(x)), max (vi(x),vh(x))):xeX}

Addition: AQ] B ={(x,|,tf4(x) + ufg(x) - uil(x)u;(x), vi(x) vh(x)):xeX}

Multiplication: AOB ={{x, HZ(X)HE(X), Vi) + vi(x) — vi(x) vi(x)):xeX)

a s wn

Algebraic lawsin intuitionistic fuzzy multisets[6]
Let 4, B andC be IFMSs inX, then the following algebra follow:
1. Complementary law: Af)¢ = A
2. Idempotentlawgi) AUA = A (ii)ANA = A
3. Commutative laws: iYAUB = BUA(ii)ANB=BN A
(ii))A® B = B® A(iv)A® B = B A
4. Associative laws: J(AUB)UC=AU(BUC)
({i))(AnB)NC =An(BNC)
(ii)A®(B® C) = (A® B)® C
(iv) A®(B® C) = (A® B)® C
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5. Distributive laws:  (i))AU (BNC)=(AUB)N(AUC)
(i)AN(BUC)= (AnB)U (ANnC(C)
(iii) A(BUC) = (A®B) U (A® 0)
(iv)A®(B N C) = (A® B) N (4@ C)
(w)A®(BUC) = (A®B) U (A® ()
(vi)A®(B N C) = (A®B) N (A® C)
6. De Morgan's laws: (i) (AU B)¢ = A° n B¢ (ii) (AN B)¢ = A UB¢
(iii)(A@B)¢ = A°®B°(iv) (A®B)¢ = A°@B¢
7. Absorptionlawsii) AN (AUB) =A (ii) AU(ANB) =4

Note: Distributive laws hold for both right and left lém

3. New operations on intuitionistic fuzzy multisets
For any two IFMSsA andB drawn fromX, the following new operations hold. Let

A ={(xpl (x), V§ (x)):x € X}and B ={(x,): x € X}, for eachi =1,2,...,n.

1. A@B = {(x 7 (1}, (x) + ni(0)),5 (Wi () + vh(x): x € X}
. . 1 . . 1
2. A$B = {(x, (y(x)up ()7, (valx)vp(x))z): x € X}
2pl s () 2vh ()vh(x)

3. A#B = —A——B —A—B x €X

e e yes e rev e U

_ PAD)+E() v () +vp(x)

4. AxB = {<X'2(pfq(x)ug(x)+1)' 2(qu(x)vl“?(x)+1)> o
Note that for convenient seek, we may wadte {(x,p}, vy ):x €X} in place
ofA ={(x,|,tf4(x), v (x)):x € X}

:x € X}

Theoreml.Let4, B andC be IFMSs inX, then; ()A@B = B@A (i) A$B = B$A
(i\)A#B = B#A (v) AxB = B+ A (v) A@B = A@B (vi) A$B = A$B

(vii) A#B = A#B (vii) AxB=A*B
Pr oof:
(DA@B = {(x, (], (x) + pL, (1)), 5 (Vi (x) + vh(x)): x € X}

= {05 (M5 () + 1, (0), 5 Vh () + V5 () x € X} = B@A
(i) ASB = {(x, (u}, (R, (0)7, WA()VE(0))2): x €X)
= (%, (1l (01, (002, (Vh(OVA(0))2): x € X = B$A

(iii) A#B = {(x, 240Ms) V4V y. e yy

i ) +ub () v (0)+vE ()

_ {<X 2pp (O () 2vp()vA(x)
"l () + pk (0) v (x) + vi(x)

>:x€X}=B#A
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b (0)+pb () Vi (20)+v (x0) )

(V) A * B = {30 Gont o)’ 20w evh (o +1)

x € X}

_ { GO R S NI (R A7 16)
2(pd CORL () + 1) 2(VE)Vi(x) + 1)

):xEX}=B*A

(v) A@B = {(x,5 (Vi(x) + v5(x)),5 (1, () + ph (0))): x € X}
= {(%3 (W, (0) + 5 00)), 5 (VA () +vE())): x € X} = A@B
(Vi) A$B = {(x, (V5 ()vE ()7, (], (R, (1))7): x € X)

= {0, (, (O ()7, (V4(¥)VE())Z): x € X} = A$B

(viil) ZFB = {(x, 2alVp() 20500y gy

VR0V G (0)+u ()

:{ 2pl @b () 2vi()vh ()

= A ~"" V. x € X} = A#B
S+ @ v + v € }

I — i : L)+uE ()
viii) A B={ VAWV athp : EX}
( ) * <X 2(v2(x)v§(x)+1) 2(u2(x)u§(x)+1)> x

_ { ( wh (0 +pk (%) v () +vE ()

£ k £ . :x € Xt =A=x*B.
X 2(p (Ouh (0+1) " 2(v () vE () +1) )X } *

Theorem 2. Let 4, B andC be IFMSs inX, then;

() A@(BNnC)=(A@B) n (A@C)

(i) A@(BUC) = (A@B) U (A@C)(iil) A#(B N C) = (A#B) n (A#C)
(iv) A#(B U C) = (A#B) U (A#C)(v) A$(B N C) = (A$B) N (4$C)
(vi) A$(B U C) = (A$B) U (45%0).

Proof:

() B n C ={{x,min (ug, uic), max (v, vt)):xeX}

A@B N C) = {(x, H + mirzl(”g’“ic),vfi‘ * ma;(vé’vé) )X € X}

={(x,%(uf4 + ug),%(vfl + v§)>: x € X} N {<X'%(“i1 + uic),%(vj + vé)>: x € X}
= (A@B) n (A@C). ‘

(i) B U C ={{x,max (u;, uic), min (vs,vk)): xeX}

uil + max(ug, u‘c) v}l + min(vf-,.,vé)
2 ’ 2

A@(BUC) = {(x, »x € X}
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1 . . 1 . . 1 . . 1 . .
:{(X,E(ufq + H};):E(Vﬁ +vh)x€ X} v {(X,E(u;l + u‘c),g(vlﬁ +VE)ix € X}
= (A@B) U (A@C)
(i) B n C ={{x,min (ug, uic), max (v, vt)):xeX}

ZpAmln(uB,uC) ZVAmax(vB,vC)

A#(BNC(C) = x €X
( )= ul +m1n(uB,uC) vA+max(vB,vc) )
2t 2v‘v 2 2vivi
o DMats BVAVS o Sate 2V oy
Myt MG ity M+ He Vit Ve
= (A#B) n (A#C)
_ ZHA max(ub,uk) 2vA min(v§v)
(iv) A#(BUC) = {(x, L rmax(il i) L +min(vh, L)) X € X}
2vivi bl 2vivi
= (% ”A”Bl HAYB ) e XJU (oAt S ey
Wyt vt Wy +He v+ Vg

= (A#B) U (A#C)

(V) A$(B N C) = {(x, (u, min(ulig, uic))%, Wi max(vé,vé))%: x € X}
= {0, (b E)2, WvE)D: x € X3 0 {(x, ()%, WAvE )i x € X)
= (A4$B) N (A$C)

(vi) A$(BU C) = {{x, (ufq max(ug, ué))%, Wi min(vé,vé))%: x € X}

= {(x (W2, WvEYD): x € XJU {(x, (i b7, (vAvE)2): x € X)
= (4$B) U (4$0).

Theorem 3. Let A, B andC be IFMSs inX, then; (i) o(A@B) = oA@oOB (ii) O(A$B) =
OA$OB
(iiiy O(A#B) = nA#OB (iv) 0(A@B) = 0A@OB (V) 0(A$B) = 0A$OB (Vi) O(A#B) =
OA#OB
Proof:
() A@B = {(x,5 (1, + i), 5 (v +vh)): x € X}
1 . .
O(A@B) = {(x,i(u;l + up)):x € X} = 0A@oB

(i) A$B = {(x, (W, 1)z, (vAVE)2): x € X)
O(A$B) = {(x, (u;ug)%- x € X} = 0A$0B
(i) AHB = {(x, 2Ha¥s 2”A”B> X €X)

% p +ul Tvh+vh

2“A“B
T
(vi) Let us take the heS|tat|on margin to be zero,

1 . 1 . .
A@B = {<x,§(1—v:; +1 —vg),§(1 —pl +1—pb))x €X}

O(4A#B) = {{x y:x € X} = oDA#OB
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0(A@B) = {(x,%(1 —vi+1—-vj)ix€E x} = 0A@0OB

(v) Let us take the hesitation margin to be zero,

A$B = {(x, ([1 = v][1 = vED)2, (1 — i ][1 - pb D) x € X)

0(4$B) = {(x, ([1 - vi][1 - vi])2): x € X} = 04$0B

(vi) Let us take the hesitation margin to be zero,

2[1 - vl — vl 2[1 — w11 — il
1—-vi+1-v) " 1—-pi+1-yl

2[1=vY][1-vE
O(A#B) = {<x,%): X € X} = 0A#0B.
4. Conclusion

We conclude tha®, $, # andx are not associative. Agai®,$ and# are idempotent and
* is not. Let us see these:

1, . o1, . 1 | ,
A@A = {<X,5(u; 1), (vh + i) e x} = {(x,z(zu;),z(2v§)>: x € x}
= {(x, uil,vb: X € X} =A
. .1 P i 1 . 1
A$A = {(x, (W, 1)2,v4v4)2): x EX} = {(X,([HZ]Z)E, ([val»?): x € X}
= {(x, Wy, Va)i X € X} =4
2ubpl 2vivi 2[uL 2 2[vi)?
A#A = {(x, iuA“Al. = A Al. Vix € X} = {(x, [HAL-] ,[—Al-]>=x €eX
HatHy Vatvy 2py 2V
= {(x, HZ'Vb! X € X} = A.

A#B = {(x,

yix € X}
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