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Abstract. Let G = (V(G), E(G)) be a graph. A dominating set of G is a subset of V(G) such
that every vertex in G is either in the set or adjacent to a vertex in the set. The domination
number is the size of a minimum dominating set in G. In this note, we present sufficient
conditions involving the domination number, minimum degree, and maximum degree for
some Hamiltonian properties of graphs.
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1. Introduction

We consider only finite undirected graphs without loops or multiple edges. Notation and
terminology not defined here follow those in [1]. For a graph G = (V(G), E(G)), we use n
and e to denote its order [V(G)| and size |E(G)|, respectively. The minimum degree and
maximum degree of G are denoted by & = 6(G) and A = A(G), respectively. A subset S of
the vertex set V(G) of G is independent if no two vertices in S are adjacent in G. A
maximum independent set in a graph G is an independent set of the largest possible size.
The independence number, denoted o = a(G), of a graph G is the cardinality of a maximum
independent set in G. A subset T of the vertex set V(G) is called a dominating set of G if
every vertex in G is either in T or adjacent to a vertex in T. A minimum domination set in
a graph G is a domination set of the smallest possible size. The domination number of G,
denoted y = y(G), is the size of a minimum dominating set in G. We use K  to denote a
complete bipartite graph with two partition sets Y and Z such that [Y|=sand |Z| =t. A
cycle C in a graph G is called a Hamiltonian cycle of G if C contains all the vertices of G.
A graph G is called Hamiltonian if G has a Hamiltonian cycle. A path P in a graph G is
called a Hamiltonian path of G if P contains all the vertices of G. A graph G is called
traceable if G has a Hamiltonian path. In this note, we present sufficient conditions
involving the domination number, minimum degree, and maximum degree for Hamiltonian
graphs and traceable graphs. The main results are as follows.

Theorem 1.1. Let G be a k-connected (k > 2) graph of order n > 3 and size e. If

63


http://www.researchmathsci.org/

Rao Li

(n—k-1)(6+ 4)?
Yy<n- T

then G is Hamiltonian.

Theorem 1.2. Let G be a k-connected (k > 1) graph of order n > 2 and size e. If
(n—k-2)(6+ 4)?
Yy <n- T s

then G is traceable.

2. Lemma
We need the following results as lemmas when we prove our theorems. Lemma 2. and
Lemma 2.2 below are from [2].

Lemma 2.1. Let G be a k-connected graph of order n > 3. If o < k, then G is Hamiltonian.
Lemma 2.2. Let G be a k-connected graph of order n. If a <k + 1, then G is traceable.
Lemma 2.3 follows from Theorem 2.22 on Page 55 in [4].

Lemma 2.3. If G is connected graph of order n > 2, then n - e <y with equality if and
only if Gis Ky n-1.

Lemma 2.4 is Corollary 4 on Page 67 in [3]. See also [5].

Lemma 2.4. Let the real numbers vk (k=1, 2, ..., n) satisfy 0 <m < yx < M. Then
1 (m+M)? ,

113:1),,( k=1Yk < amM
If M > m, then the equality sign holds in above inequality if and only if n is an even number;
while, at the same time, for n/2 values of k one has yx = m and for the remaining n/2 values
of k one has yx = M. If M = m, the equality always holds in the above inequality.

3. Proofs

Proof of Theorem 1.1. Let G be a k-connected graph (k > 2) with n > 3 vertices, e edges,
and the maximum degree A satisfying the conditions in Theorem 1.1. Suppose G is not
Hamiltonian. Then Lemma 2.1 implies that o > k + 1. Clearly,n>a +1> k+2 and
thereforen - k- 1> 1. Let I := {uy, Uz, ..., U} be a maximum independent set in G. Then |
= {us, Uy, ..., Uk+1} is an independent set in G.

Clearly, > yc1d(y) = [E(I, V=1)| <Y ,cv-1d(z). Since Y ye1d(y) +> ,cv-1d(z) = 2e,
we have that > yc1d(y) <e <Y ,cv-1d(z). From Lemma 2.3, wehaven —y< e<> ,cv-
1 d(z). Note that 5 <d(z) <A foreach z € V - |. From Lemma 2.4, we
have that

- k-1 1 S+4)%?n-k-1)72
v d@ S Toeva g Toevard() < oo
Thus
_ _ 2
S ev1d(2) < (n—k 1)6(6+A) .
Therefore

64



The Domination Number and Some Hamiltonian Properties of Graphs

(n-k-1)(8+A7)2
48
< n—’YSESZZEV-|d(Z)S

(n-k-1)(6+4)2
46

Hence n —y =e. By Lemma 2.3, we have G is Ky, »_1, contradicting the assumption
that G is k-connected, where k > 2. This completes the proof of Theorem 1.1.

Proof of Theorem 1.2. Let G be a k-connected graph (k > 1) with n > 2 vertices, e edges,
and the maximum degree A satisfying the conditions in Theorem 1.2. Suppose G is not
traceable. Then Lemma 2.2 implies that oo > k + 2. Clearly, n>a + 1> k + 3 and therefore
n-k-2>1.Letl :={uy Uy, ..., U} be a maximum independent set in G. Then I := {us,
Uz, ..., Uk+2} is an independent set in G. Using the proofs which are similar to ones in the
above Proof of Thereon 1.1, we have thatn —y<e <Y ,.v-1d(z) and

~ k-2 1 E+a2mn-k-2)2
2 2 ZZ(V—Id(Z)SZzeV-IH Lzev-1d(z) < 41:;4\ '
Thus
(n—k—2)(8+4)?
ZzeV—ld(Z)S 2 48 )
Therefore
mn—k—2)(6+ 4?2
48
Sn-y<es<Y,cvad@)<
(n-k-2)(+4)2
48 )
Hence

—k - 2
n_yze:ZZEV—Id(Z)Z (n —k 1)5(8+A)

From Lemma 2.3, we have that G is Ky, n—1. We also have thate =}, v d(z) which
implies that e =}y 1 d(y) and therefore G is a bipartite graph with partition sets of | and
V - I. From

(n-k-2)(5+4)2

ZZEV-ld(Z): 25 ,
We have that
— k-2 1 _(6+M)2n-Kk-2)%
e v d@ = Toevi g Teevard@) = i
Thus all the vertices in V - I must have the same degree of A. Therefore |V - 1| = 1 and

d(z) = (n - 1), where z is the only vertex in V - I. Consequently,

J— 2
M-1)=A=Y,cv-1d(2) =%
_ (n—k-2)(+n-1)> _ [v-1I|n* _n?
B 4%1 T4 4
So, n = 2, contradicting the assumption that n > 4. This completes the proof of Theorem

1.2
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4. Conclusion
Using Schweitzer's inequality, we present sufficient conditions involving the domination
number, minimum degree, and maximum degree for Hamiltonian and traceable graphs.
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