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Abstract. Graph-based models provide a fundamental mathematical framework for
representing relational systems through vertices and their connections. Hypergraphs extend
ordinary graphs by allowing a single hyperedge to connect multiple vertices, whereas
SuperHyperGraphs employ iterated power-set constructions to represent nested and
multilevel structures. In parallel, tripolar fuzzy sets describe uncertain information through
positive, neutral, and negative (counter-property) components. In this paper, we formulate
Tripolar Fuzzy HyperGraphs and Tripolar Fuzzy SuperHyperGraphs in a mathematically
explicit manner. We define the admissible tripolar domain, the associated order and meet,
and compatibility conditions for vertices, hyperedges, supervertices, and superedges. We
prove that the canonical edge assignment is always admissible, characterize it as the
greatest compatible assignment in the tripolar order, establish monotonicity under
hyperedge or incidence-set inclusion, and show the expected reductions to Tripolar Fuzzy
Graphs and Tripolar Fuzzy HyperGraphs. These results provide a rigorous basis for higher-
order and hierarchical relational models carrying three-component fuzzy information.
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1. Introduction
1.1. HyperGraphs and SuperHyperGraphs
Graphs are fundamental mathematical tools for describing relational systems, with vertices
representing objects and edges expressing pairwise connections between them [1].
Nevertheless, many real-world interactions cannot be adequately characterized by binary
relationships alone. Collaborative research teams, protein assemblies, and transactions
involving multiple parties are typical examples in which a single relation may involve
several entities simultaneously. Hypergraphs provide a natural framework for such
situations by replacing conventional edges with hyperedges that can join arbitrary
nonempty collections of vertices [2,3].

In many complex systems, however, modeling multiway interaction is only part of
the problem. The underlying organization may also contain several levels of aggregation,
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such as subcommunities embedded in larger communities, components grouped into
modules, or teams organized within broader institutional units. One way to formalize this
nested structure is through repeated application of the power-set construction. This idea
yields finite SuperHyperGraphs, where set-valued structures created at one level may serve
as higher-level supervertices at subsequent levels [4-6]. Consequently, SuperHyperGraphs
can represent both higher-order incidence and hierarchical organization within a single
mathematical framework. Related hierarchical modeling approaches have also appeared in
studies of complex networks and applied sciences [7,8, 52].

Fuzzy-set theory can incorporate uncertainty into graph-based models. Fuzzy
Graphs [9-11,42] associate graded information with vertices, edges, or both, allowing
vague or partially defined relationships to be represented mathematically. This approach
has subsequently been generalized to higher-order settings, including Fuzzy HyperGraphs
[12-14] and Fuzzy SuperHyperGraphs [15-17]. Further uncertainty-based extensions have
also been investigated, notably Neutrosophic HyperGraphs [18,19] and Neutrosophic
SuperHyperGraphs [20,21], which provide additional mechanisms for representing
incomplete and indeterminate information.

1.2. Tripolar fuzzy sets

A Fuzzy Set assigns each element a membership degree in [0,1], allowing partial
membership rather than only binary membership [26, 57, 58]. Related uncertainty
frameworks include Intuitionistic Fuzzy Sets [42,43], Picture Fuzzy Sets [44,45], Hesitant
Fuzzy Sets [46,47], Neutrosophic Sets [27-29] and Plithogenic Sets [30,31]. A Bipolar
Fuzzy Set represents information from two opposite perspectives, typically through
positive and negative membership components [32,33,43]. Related concepts include
Bipolar Neutrosophic Sets [34,35], m-Polar Fuzzy Sets [36,37], and other multipolar
extensions. A Tripolar Fuzzy Set is a three-pole fuzzy model; in the Rao-type formulation
used in this paper, its components represent positive, neutral, and negative/counter-
property degrees [38-41]. This formulation is particularly suitable for constructing
compatibility relations on graph-like structures because the positive component is ordered
in the usual direction while the neutral and counter-property components use reversed
inequalities. Furthermore, related concepts such as Tripolar Intuitionistic Fuzzy Sets [48]
and Tripolar Neutrosophic Sets [49] are also known.

1.3. Research gap and contributions

This paper does not address the absence of fuzzy graph models, hypergraphs, multipolar
sets, or SuperHyperGraphs individually. Rather, the existing frameworks reviewed above
address different parts of the modeling problem: ordinary fuzzy graph models primarily
provide one graded component; bipolar models provide two opposing components;
hypergraphs provide multiway incidence; and SuperHyperGraphs provide nested,
multilevel objects. A mathematically explicit construction is therefore needed when all
three requirements occur simultaneously: (i) higher-order incidence, (ii) hierarchical
supervertex structure, and (iii) three-component fuzzy information with a compatibility
rule that respects the tripolar order.

To address this gap, the paper makes four main contributions. First, it gives
complete definitions of the tripolar admissible domain, Tripolar Fuzzy Graphs, Tripolar
Fuzzy HyperGraphs, and Tripolar Fuzzy n-SuperHyperGraphs, including all domains,
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ranges, admissibility conditions, and componentwise compatibility inequalities. Second, it
proves that the canonical assignment obtained from the tripolar meet of incident vertices
or supervertices is always admissible. Third, it shows that this canonical assignment is the
greatest compatible edge assignment in the tripolar order and is monotone with respect to
inclusion of hyperedges or superedge incidence sets. Fourth, it establishes reduction and
restriction properties that relate the proposed models to ordinary Tripolar Fuzzy Graphs
and Tripolar Fuzzy HyperGraphs. These results clarify both the mathematical meaning and
the structural role of the proposed constructions.

2. Preliminaries
This section introduces the fundamental concepts and notation required below. Unless
otherwise specified, all sets and graph-like structures considered in this paper are finite.

2.1. SuperHyperGraphs

Graph theory offers a fundamental mathematical framework for describing relational
structures, where objects are represented by vertices and pairwise connections by edges [1].
Hypergraphs extend this setting by allowing a single hyperedge to link any finite collection
of vertices, thereby providing a natural representation of higher-order or multi-entity
interactions [3,22,23,24]. SuperHyperGraphs generalize this hierarchy further by
constructing supervertices and superedges through iterated power-set operations on an
underlying base set. Such structures have recently been considered in various theoretical
and applied settings, including molecular modeling, complex-network representation, and
signal-processing applications [7, 50, 51]. In what follows, the hierarchical level n is
assumed to be a fixed nonnegative integer.

Definition 1 (Base set). Let V, be a fixed finite nonempty set. It is called the base (ground)
set from which higher-level supervertices are generated.

Definition 2 (Power set). For a set X, its power set is

PX)={A:Ac X},
and its nonempty power set is denoted by P+(X):
P.(X)={ACS X:A+#0}

Definition 3 (Iterated power set) [25]. For k € N, define

PO =X, PO =P(PEW))
Thus, elements of P (V,) may represent objects nested through k successive set-forming
levels.

Definition 4 (Hypergraph) [4]. A finite hypergraph is a pair
H = (V,E),
where V is a finite nonempty vertex set and E is a finite family of nonempty subsets of V/;
equivalently,
E S P«(V).
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Definition 5 (n-SuperHyperGraph) [4]. Fix a finite base set I/, and n € N,. A finite n-
SuperHyperGraph over 1 is a triple

sM = (W, E, 9),
where

Vo € P"(Vo)

is a finite set of n-supervertices, E is a finite set of superedge identifiers, and the incidence
map d satisfies
0: E — P«(VL).
Thus, for every superedge identifier, d(e) is a nonempty subset of 1;,. For each e € E, the
nonempty set d(e) < V,, is called the superedge incidence set. This notation separates the
hierarchical construction of the supervertices (1, < P"(V,)) from the incidence structure

9).

2.2. Tripolar fuzzy set and graph
We use the Rao-type tripolar formulation cited in [38-41]. The following admissible
domain makes the ranges and constraint explicit:

T ={(,q,1r)€[0,1]x[0,1] X [-1,0]:p +q < 1}.

Definition 6 (Tripolar Fuzzy Set) (cf. [38-41]). Let X be a set. A Tripolar Fuzzy Set (TFS)
A on X is specified by three membership functions
pa:X - [0,1], v: X - [0,1], 84: X - [—1,0],
such that, for every x € X,
0<pa(x)+v4(x) <1
Equivalently,
A(x) = (PA(X);VA(X);5A(X)) €T (x € X).
Here, p4(x) denotes the positive  membership  degree, v,(x) the
neutral/indeterminate/irrelevant degree, and 8, (x) the negative or counter-property degree.
We may write
A ={(x,pa(x), v (x), 64 (x)): x € X}.
For two admissible values
a= (pa,na, da), b= (pb' Np, db)'
define the tripolar order by
asrb © ps<pp Ng = Ny, d, =d,.
The corresponding tripolar meet is
a Ar b = (min{pg, pp}, max{ng, np}, max{dg, dp}).
For any nonempty finite Y < X, we use the notation

T
y/E\YA(y) = <rynelppA o), maxv, o), r;lg;@ (y)>-

Definition 7 (Tripolar Fuzzy Graph) [55]. Let

%4
G=(,E), Ec (2)
be a finite simple graph. Let A, = (py, vy, 6y) beaTFSonV and Ag = (pg, Vg, 0g) aTFS
on E. The structure
g = (G, AV'AE)
8
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is called a Tripolar Fuzzy Graph (TFG) if, for every edge e = {u, v} € E,
Ag(e) <t Ay(u) Ar Ay (V).
Equivalently, for every {u, v} € E,
pe({w, v}) < min{py (u), py (v)},
vg({w, v}) = max{vy (w), vy (v)},

6 ({u, v}) = max{sy (w), 6y (v)}.
The first inequality is the standard fuzzy-graph compatibility bound for positive
membership. The second and third inequalities arise from the reversed order of the neutral
and counter-property components in <. Thus, the edge value cannot exceed the tripolar
meet of its two incident vertex values.

and

3. Results: tripolar fuzzy hypergraphs

A hypergraph allows one edge to contain any nonempty finite collection of vertices. The
tripolar extension below therefore replaces the binary vertex meet in Definition 7 with the
finite meet over all vertices incident with a hyperedge.

Definition 8 (Tripolar Fuzzy HyperGraph). Let
H=(V,E)

be a finite hypergraph. Let Ay, = (py, vy, 6y) bea TFSonV and A; = (pg, Vg, 0g) @a TFS
on E; explicitly,

pv,vw:V - [0,1], 6y V - [—1,0],

g, vg: E - [0,1], g E - [—1,0],
with

pvW)+vy(v) <1 (wev), pe(e)+vg(e) <1 (e€E).
The structure
H = (H, Ay, Ag)

is called a Tripolar Fuzzy HyperGraph (TFHG) if, for every e € E,

T
Ag(e) <t v/e\eAV(v)'
Equivalently, for every e € E,
pe(e) < meinpv(v), vg(e) = mé?\XVV(U). og(e) = mgX5V(U)-
vee vee vee
The positive hyperedge membership is therefore bounded by the least positive membership

among its incident vertices, whereas the neutral and counter-property components are
bounded according to the reversed components of the tripolar order.

Theorem 1 (Existence and well-definedness of the canonical assignment). Let H =
(V,E) be a finite hypergraph and let A, = (py,vy,8y) be a TFS on V. For each e € E,
define
T
M, := A Ay(v) = (1, e, de),

vee

where
17, : = minpy (v), n : = maxvy (v), d, : = maxdy (v).
vEe vee vee

Then M, € T for every e € E. Consequently, the canonical assignment

AF"(e):= M,
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definesa TFSon E and (H, Ay, A#") is a TFHG.
Proof. Because every hyperedge e is finite and nonempty, the three extrema defining
T, N, de €Xist. Since py(v),vy(v) €[0,1] and 6y (v) € [-1,0] for all veV , we
immediately have
r, € [0,1], n, € [0,1], d, € [—1,0].
Choose v, € e such that vy, (vy) = n,. By the definition of 7,
Te < py (Vo).
Hence, using the admissibility of Ay (vy),
0<1,+n, <py(vy) +vy(vy) < 1.
Therefore (7,,n,,d.) € T, so AF" is a well-defined TFS on E. Moreover,
T
AF"(e) = A Ay(v),
so the TFHG compatibility condition holds with equality for every e € E. m
Theorem 1 shows that the proposed class is nonempty for every finite underlying
hypergraph and every admissible vertex TFS; no additional consistency assumption is

required to obtain compatible hyperedge memberships. The theorem also produces a
distinguished, saturated edge assignment from vertex data alone.

Proposition 1 (Maximality of the canonical edge assignment). Under the assumptions
of Theorem 1, let A be any TFS on E such that (H, Ay, Ag) is a TFHG. Then, for every
e €EE,

Ag(e) <t AF"(e).
Thus, AF"(e) is the greatest edge value permitted by the vertex memberships with respect
to <T-
Proof: The TFHG compatibility condition gives

T
Ag(e) <t /E\AV(V) = AF"(e),
vee
foreverye €EE. m

Proposition 2 (Monotonicity under hyperedge inclusion). Lete, f € E satisfy e € f.
Then the canonical values satisfy

AFN(f) < AF"(e).
Proof: Sincee C f,
. < i
ryelppv(v) < minpy (v),
while
> >
maxvy () = maxvy (v), rgngf?V(v) = maxdy (v).

These are exactly the three componentwise conditions for AZ" (f) < A%"(e). m

Proposition 3 (Reduction to Tripolar Fuzzy Graphs). If every hyperedge of H = (V, E)
has cardinality two, then Definition 8 reduces exactly to Definition 7. In particular, a TFHG
on a 2-uniform simple hypergraph is a TFG after identifying each two-element hyperedge
with the corresponding graph edge.

Proof: For e = {u, v},
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T
x/e\eAV(x) = Ay (W) Ar Ay (v),
so the compatibility inequalities in Definitions 7 and 8 are identical. m

Proposition 4 (Restriction property). Let H = (H, Ay, Ag) bea TFHG with H = (V, E).
Forany V' € V, put
E':={e€E:ecV'}.

Let A", and A’ denote the restrictions of A, to V' and of Az to E’, respectively. Then the
restricted structure

}[/ — ((VI' El);A,VfA,E)
isa TFHG.
Proof: For each e € E’, the original compatibility relation already gives

T
Ag(e) <r v/E\eAV(V)-

Restriction does not change any membership value on e, so the same inequality holds in
H'. m

4. Results: tripolar fuzzy superhypergraphs

For an n -SuperHyperGraph, tripolar fuzzy values are assigned directly to the n -
supervertices and superedge identifiers. The hierarchical information is encoded by 1}, <
P™(V,), while the interaction among those supervertices is encoded by the incidence map
d. No flattening of a supervertex to elements of V,, is required for the definition.

Definition 9 (Tripolar Fuzzy n-SuperHyperGraph). Let
s™ = (1, E,d)

be a finite n-SuperHyperGraph over V,. Let A, = (py, vy, 6y) be a TFS on V,, and A =
(pg, Ve, 6g) @ TFS on E; explicitly,

py,vyiVy = [0,1], 8y Vp = [-1,0],

P, vg: E - [0,1], g E - [—1,0],
with

pr)+wx) <1 (xel),  pe(e)+ve(e) <1 (e€E).
The structure
esm =(s™,A,,Ag)
is called a Tripolar Fuzzy n-SuperHyperGraph (TFSHG) if, for every e € E,
T

Ap(@) <7 A Ay(x).
x€d(e)
Equivalently,
< i > >
pe(e) < in py (x),  vegle) = xrgaa(g)w(x), 6g(e) = xrgaa(g)ch ().

Thus, the hierarchical level determines what counts as a supervertex, whereas the tripolar
compatibility condition is applied to the supervertices in each incidence set d(e). The three
fuzzy components interact with the hierarchy only through these level-n incidence sets,
which keeps the construction independent of any particular flattening convention.
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Theorem 2 (Existence and well-definedness of the canonical superedge assignment).
Let S™ = (V,, E, d) be a finite n-SuperHyperGraph and let 4, be a TFS on V,,. For every
e € E, define

T
Mgn) L= /\e)AV (.X) — (re(n):ngn): dgl))’

x€a(
where
™. _ M. _ O
T, xg}al(ré)pv(x), ng xrgﬁa(;g)vv(x), ds: xréla:%)e(ﬁv(x).

Then Mé") € T for every e € E. Hence
AZM(e) = MY
defines a TFS on E and produces a TFSHG.
Proof: Because d(e) is finite and nonempty, the defining extrema exist and satisfy

™ a™elo1, ad™ e[-1,0]
Choose x, € d(e) with vy, (xg) = ng”>. Since re(”) < py(xo) and Ay (x,) is admissible,
0 <™ + 0™ < py(xo) + vy (x) < 1.
Thus M{™ € T. By construction,

T
A%an(e): /\ AV('X);
x€d(e)
) the compatibility  condition is satisfied with equality. [ ]

As in Theorem 1, Theorem 2 guarantees existence for arbitrary admissible supervertex data
and supplies a canonical saturated superedge assignment.

Proposition 5 (Maximality of the canonical superedge assignment). Let A be any
superedge TFS such that (§®™, Ay, Ag) is a TFSHG. Then

Ag(e) <p Ag"(e) (e € E).
Proof: This is the defining compatibility inequality together with the definition of A5?" (e).
]

Proposition 6 (Monotonicity under incidence inclusion). If e, e, € E satisfy
d(eq) < d(ey),

AF" (ep) <7 AF" (e1).
Proof: Enlarging the incidence set can only decrease the minimum positive degree and can
only increase the maximum neutral and counter-property degrees. These three
monotonicities are precisely the componentwise definition of <;. m

then

Proposition 7 (Reduction to Tripolar Fuzzy HyperGraphs). Suppose n = 0, V,, =V,
and the superedge identifiers are themselves nonempty subsets of V, with

dle) =e (e €E).
Then Definition 9 reduces exactly to Definition 8. Hence a TFSHG at level 0 with ordinary
hyperedges is a TFHG.
Proof: Under the stated assumptions, each incidence set d(e) is exactly the hyperedge e,
SO
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T T
A Av(x) = A AV(U)-
x€d(e) vEe

Therefore, the two compatibility conditions coincide componentwise. m

5. Conclusion

This paper developed Tripolar Fuzzy HyperGraphs and Tripolar Fuzzy SuperHyperGraphs
as higher-order and hierarchical graph structures equipped with positive, neutral, and
negative/counter-property fuzzy information. The definitions were stated using an explicit
admissible tripolar domain and a tripolar partial order, which makes the edge and
superedge compatibility conditions precise. For both TFHGs and TFSHGs, the canonical
assignment obtained by taking the tripolar meet of the incident vertex or supervertex values
was proved to be admissible. Moreover, this assignment was characterized as the greatest
compatible edge value in the tripolar order, and its monotonicity under hyperedge or
incidence-set inclusion was established. Reduction results show that the framework is
consistent with Tripolar Fuzzy Graphs in the 2-uniform case and with Tripolar Fuzzy
HyperGraphs at SuperHyperGraph level 0. We also obtained a restriction property for
TFHGs.

These results provide a basic structural foundation beyond mere existence. Future
research may investigate unions, intersections, products, homomorphisms and
isomorphisms, connectivity, degree concepts, paths and cycles, matrix or tensor
representations, and algorithmic problems for TFHGs and TFSHGs. Extensions based on
Neutrosophic Sets [53,54] and Plithogenic Sets [56] are also natural directions. In addition,
application-oriented studies may examine whether the three tripolar components can better
represent higher-order and multilevel systems in decision support, information networks,
and other domains where positive, neutral, and counter-property information coexist.
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