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Abstract. In this paper, the concepts of fuzzy translatiorfuzey subalgebras in BG-

algebras are introduced. The notion of fuzzy exterssand fuzzy multiplications of

fuzzy subalgebras are introduced and several cefateperties are investigated. In this
paper, the relationships between fuzzy translatiand fuzzy extensions of fuzzy
subalgebras are investigated.
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1. Introduction
The study of BCK/BCl-algebras [6,7] was initiategt bnai and Iseki in 1966 as a
generalization of the concept of set-theoretic eddhce and propositional calculus.
Neggers and Kim [14] introduced a new notion, chbeB-algebras which is related to
several classes of algebras of interest such aBB&lalgebras. Kim and Kim [1Brror!
Reference source not found.] introduced the notion of BG-algebras, which is a
generalization of B-algebras. Ahn and Ledffor! Reference source not found.]
fuzzified BG-algebras. Senapati et al. done lavofks on B-algebras. The authors [5,15-
33] presented the concept and basic propertiesntitionistic fuzzy subalgebras,
intuitionistic L-fuzzy ideals, interval-valued intionistic fuzzy subalgebras, interval-
valued intuitionistic fuzzy closed ideals of BG-altgas. Also, Senapati et al. introduced
L-fuzzy G-subalgebras of G-algebras which is relateB-algebras.

In this paper, fuzzy translations, fuzzy extensiang fuzzy multiplications of
fuzzy subalgebras in BG-algebras are discusseatiBes among fuzzy translations and
fuzzy extensions of fuzzy subalgebras in BG-algeisalso investigated.

2. Preliminaries

In this section, some elementary aspects thateressary for this paper are included. A
BG-algebra is an important class of logical algelma®duced by Kim and Kim and was
extensively investigated by several researcheiis. dlgebra is defined as follows.
A non-empty seX with a constant 0 and a binary operation * isezhlaBG-
algebra if it satisfies the following axioms
1.xX*x=0
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2. x*0=x
3. (xX*y) * (0*y) = x, for all x,y[IX.

A non-empty subse® of aBG-algebraX is called a subalgebra ¥fif x*y[1S for any
xyS.

Let X be the collection of objects denoted generallyxbthen a fuzzy set in X is
defined aA={<x, u(x)>::x1X}, where u(x) is called the membership valuexoin u and
0< p(x)<1.

A fuzzy setu in aBG-algebraX is called a fuzzy subalgebraXif p (x*y)>min{ pu(x),
u(y)} for all x,y1X.

3. Fuzzy trandations of fuzzy subalgebras
Throughout this paper, we tafe1-sup{u(x)|x1X} for any fuzzy setu of X.

Definition 3.1. Let u be a fuzzy subset of X and kef][0,T]. A mappingu, :X—[0,1] is
called a fuzzy-translation ofu if it satisfiesy,' (x)= p(x)+ o for all xOX.

Theorem 3.2. Let u be a fuzzy subalgebras of X and d&fl[0,T]. Then the fuzzyx -
translationu,’ of p is a fuzzy subalgebras of X.

Proof: Let x,yLIX. Thenp,' (x*y)= p(x*y)+ a > min{u(x), p (Y)}H+ a= min{u(x)+ a,
u(y)+o}=min{p,' (X), ue (y)}. Hence, the fuzzya-translationy, of p is a fuzzy
subalgebras of X.

Theorem 3.3. Let 4 be a fuzzy subset of X such that the fuazyanslationyu,' of u is a
fuzzy subalgebras of X for som&l[0,T]. Thenu is a fuzzy subalgebra of X.

Proof: Assume thafi,' is a fuzzy subalgebras of X for somgl[0,T]. Let x,yLIX, we
haveu(x*y)+ a= ' (x*y) = min{u,’ (X), pa' (V)}= min{ p()+ o, p(y)+o}= min{ u(x), p
(Y)}+ a which implies thap(x*y) > min{u(x), p (y)} for all x,y[IJX. Hence,u is a fuzzy
subalgebras of X.

Definition 3.4. Let 4 andv be fuzzy subsets of X. f(X)< v(x) for all xL1X, then we say
that B is a fuzzy extension pf

Definition 3.5. Let u andv be fuzzy subsets of X. Theris called a fuzzy S-extension of
M if the following assertions are valid:
() v is a fuzzy extension qf.

(i) If nis afuzzy subalgebra of X, theris a fuzzy subalgebra of X.

From the definition of fuzzyu-translation, we get,' (X)=p(X)+a for all xX.
Therefore, we have the following theorem.

Theorem 3.6. Letp be a fuzzy subset of X andl[0,T]. Then the fuzzg-translationu,
of uis a fuzzy S-extension ¢t

The converse of the Theorem 3.6 is not true in iggras seen in the following
example.
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Example 3.7. Let X={0,1,2,3,4,5} be a BG-algebra with the fallmg Cayley table:

QBRI WIN| R O| *

A WINFR OO
A WINFR| OO
WIN|R|O|O AN
NR|IOlO|b~lWW
RO~ lwWIND>
OO~ WN KO

5
Let 1 be a fuzzy subset of X defined by

X

0

1

2

4

5

u

0.7

0.4

0.7

0.4

0.7

0.4

Theny is a fuzzy subalgebra of X. Letbe a fuzzy subset of X defined by

X

0

1

2

3

4

5

0.73

0.51

0.73

0.51

0.73

0.51

Thenv is a fuzzy S-extension ¢f. But it is not the fuzzw-translationy,' of p for all
a[0,T]-

Clearly, the intersection of fuzzy S-extensionsadfizzy subalgebrp of X is a fuzzy
S-extension oft. But the union of fuzzy S-extensions of a fuzzialgebrau of X is not
a fuzzy S-extension @f as seen in the following example.

Example 3.8. Let X={0,1,2,3,4,5} be a BG-algebra with the fallmg Cayley table:

A WINEFRL OO

QBRI WIN|FLO| *

5

WO~ EFR|IOIN|F-

A WOHOINIFIN

NP OU|~WWw

RIOINWOA~ D
OIN|FR AW A~lO

Let u be a fuzzy subset of X defined by

X

0

1

2

3

4

5

u

0.6

0.2

0.2

0.2

0.2

0.2

Theny is a fuzzy subalgebra of X. Letandd be fuzzy subsets of X defined by
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X 0 1 2 3 4 5
0.7 0.4 0.4 0.7 0.4 0.4
0 1 2 3 4 5
0.8 0.5 0.5 0.5 0.8 0.5

respectively.

Thenv and 6 are fuzzy S-extensions qf. Obviously, the uniorwds is a fuzzy
extension ofyu, but it is not a fuzzy S-extension qf since v16(4CB)= v[
8(1)=0.520.7=min{0.8,0.7}=min{v0 5(4), v(13(3)}.

For a fuzzy subset of X, a[1[0,T] and t,$1[0,1] with t> a, let U (W:t)={x OX |u(x)>t-
a}. If pis a fuzzy subalgebra of X, then it is clear tHg.:t) is a subalgebra of X for all
tUIm(p) with ta. But, if we do not give a condition thatis a fuzzy subalgebra of X,
then Y,(p:t) is not a subalgebra of X as seen in the folimrexample.

Example 3.9. Let X={0,1,2,3,4,5} be a BG-algebra in Exampledanbe a fuzzy subset
of X defined by

X 0 1 2 3 4 5
vl 0.73 0.51 0.51 0.68 0.68 0.68

Sincen(3*5)=0.51£0.68=min{u(3), w(5)}, thereforeu is not a fuzzy subalgebra of X.
For a=0.15 and t=0.75, we obtain,(:t)={0,3,4,5} which is not a subalgebra of X
since 3 *4=2 does not belong tq(\t).

Theorem 3.10. Foroa[[0,T], let u,' be the fuzzy-translation ofi.Then the following
assertions are equivalent:

(i) no' is a fuzzy subalgebra of X.

(i) U, (p:t) is a subalgebra of X fobxIm(p) with t a.

Proof: Assume thafi,' is a fuzzy subalgebra of X. Then' is a fuzzy subalgebra of X.

Let x,yLIX such that x,y1U,(u:t) and tlim(u) with t>a. Thenp(x)>t-o. and p(y)>t-a

i.e., te (X)= p(X)+a>t and ' (y)= p(y)+o>t. Sincep, is a fuzzy subalgebra of X,

therefore, we have

BOCY)+ 0= p" (¢fy) = min{ p, (), pa' (Y)} 2t

that is,pu(x*y) >t- a so that x *y[1U,(u:t). Therefore, (p:t) is a subalgebra of X.
Conversely, suppose that(U:t) is a subalgebra of X foftlm(u) with t a. If there

exists a,B]X such thay,' (a*b) <p< min{ p, (@), 1" (b)}, thenp(a) > B- a andp (b) > p-

a butp(a*b)< p-a. This shows thatldU,(p:t) and bl1U,(u:t) but a*b does not belong to

U,(:t). This is a contradiction, and therefopg] (x*y) > min{y,' (X), i (y)} for all

x,y[IX. Consequentlyy,' is a fuzzy subalgebra of X.
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Theorem 3.11. Let u be a fuzzy subalgebra of X and tetpU[0,T]. If o> B, then the
fuzzy a-translationy,’ of p is a fuzzy S-extension of the fuztranslationu,' of p.
Proof: Straightforward.

For every fuzzy subalgebgaof X andpU[0,T], the fuzzyp-translationy,’ of p is a
fuzzy subalgebra of X. i is a fuzzy S-extension ofgh then there exists[1[0,T] such
that o > and B-A, that is p(x)>p,' (x) for all x(JX. Hence, we have the following
theorem.

Theorem 3.12. Let u be a fuzzy subalgebra of X and Rtl[0,T]. For every fuzzy S-
extensionv of the fuzzyp-translationu,™ of , there exista.[1[0,T] such thaw. > and B
is a fuzzy S-extension of the fuzaytranslationu,’ of p.

Let us illustrate the Theorem 3.12 using the follmpexample.

Example 3.13. Let X={0,1,2,3,4,5} be a BG-algebra andbe a fuzzy subset of X
defined in Example . Then T=0.3. If we tgke0.11, then the fuzzf-translationy,” of n
is given by

X 0 1 2 3 4 5
uﬁT 0.81 0.51 0.81 0.51 0.81 0.51

Letv be a fuzzy subset of X defined by

X 0 1 2 3 4 5

v 0.89 0.57 0.89 0.57 0.89 0.57

Thenv is clearly a fuzzy subalgebra of X which is a fu&extension of the fuzzfy-
translationy;” of p. Butv is not a fuzzy-translation ofu for all a[1[0,T]. If we takea
=0.15 theru=0.15>0.11$ and the fuzzy-translationu,’ of p is given as follows:

X 0 1 2 3 4 5

o' 0.85 0.55 0.85 0.55 0.85 0.55

Note thatv(x)>p,' (x)for all x(JX, and hencey is a fuzzy S-extension of the fuzay-
translationy,' of .

Definition 3.14. Letpu be a fuzzy subset of X andl [0,1]. A fuzzyy-multiplication ofy,
denoted by,™ and is defined by,"(x)= u(x). y for all xdX.

For any fuzzy subsen of X, a fuzzy O-multiplicationuyy™ of pis a fuzzy
subalgebra of X.

Theorem 3.15. If p is a fuzzy subalgebra of X, then the fuzzymultiplication ofp is a
fuzzy subalgebra of X for ajl [0, 1].

Proof: Straightforward.
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Theorem 3.16. If p is any fuzzy subset of X, then the following atises are
equivalent:

(i) nis a fuzzy subalgebra of X.

(ii) for all y[1(0,1], w," is a fuzzy subalgebra of X.

Proof: Necessity follows from Theorem 3.15. For sufficgipart lety [1(0,1] be such that
w," is a fuzzy subalgebra of X. Then for all K|}, we haveu(x*y). v = u,"(x*y) >min{

B0 w" () FEmind p). v, wy)yr =min{ux), ply)} . v . Therefore,
n(x*y)=>min{u(x),u(y)} for all x,y[1X sincey#0. Hencey is a fuzzy subalgebra of X.

Theorem 3.17. Letpu be a fuzzy subset of %,[1[0,T] andyL1(0,1]. Then every fuzzy-

translationy,” of u is a fuzzy S-extension of the fuzgymultiplication,™ of p.

Proof: For any x1X, we havey,' (X)= p(x)+ a > p(x)> u(x) . v = b,"(x), and squ,’' is a
fuzzy extension ofy,™. Assume thaf," is a fuzzy subalgebra of X. Thenis a fuzzy
subalgebra of X by Theorem 3.16. It follows frome®rem 3.2 thap,' is a fuzzy
subalgebra of X for alk[1[0,T]. Hence, every fuzzy-translationy,' of p is a fuzzy S-
extension of the fuzzy-multiplicationp,™.

The following example illustrates Theorem 3.17.

Example 3.18. Let X={0,1,2,3,4,5} be a BG-algebra which is givenExample , and
consider a fuzzy subalgebueof X that is defined in Example 3.7. If we take0.2, then
the fuzzyy -multiplicationp,™ of p is given by

X 0 1 2 3 4 5
oz 0.14 0.08 0.14 0.08 0.14 0.08

Therefore, 2" is a fuzzy subalgebra of X. Also, for amy] [0,0.3], the fuzzya-
translationyu, of p is given by

X 0 1 2 3 4 5

o' 0.7+a 0.4+0 0.7+a 0.4+0 0.7+0 0.4+0

Theny, is a fuzzy extension af,," andy,' is always a fuzzy subalgebra of X for all
[0[0,0.3]. Hencey,' is a fuzzy S-extension gf ," for all o [1[0,0.3].

8. Conclusions and future work

In this paper, fuzzy translation of fuzzy subalgebin BG-algebra is introduced and
investigated some of their useful properties. Téationships between fuzzy translations
and fuzzy extensions of fuzzy subalgebras has beestructed. It is our hope that this
work would other foundations for further study béttheory of BG-algebras.
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