Journal of Mathematics and | nformatics
Voal. 4, 2015, 9-19 Journal of

I SSN: 2349-0632 (P), 2349-0640 (online) Mathematics and
Published 26 December 2015 InfOI'm ati cs

WWW.I esearchmathsci.org

Generalized Intuitionistic Fuzzy BE-Algebras
Akbar Rezaei® and Arsham Borumand Saeid”

& Department of Mathematics, Payame Noor University,
P. O. Box. 19395-3697, Tehran, Iran
E-mail: rezaei@pnu.ac.ir
®Department of Pure Mathematics, Faculty of Math@satnd Computer,
Shahid Bahonar University of Kerman, Kerman, Iran
E-mail: arsham@uk.ac.ir

Received 2 December 2015; accepted 21 December 2015

Abstract. In this paper, we introduce the notion of,gvqg)-intuitionistic fuzzy
subalgebrasas a generalization of a&npe\(q)-intuitionistic fuzzy subalgebrasin BE-
algebras. Characterizationss,€Vvqy)-intuitionistic fuzzy subalgebrasare established.
Finally, we show that the Cartesian producte&yqy)-intuitionistic fuzzy subalgebras is
an (,eVvqy)-intuitionistic fuzzy subalgebras.
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1. Introduction

The theory of fuzzy set was introduced by Zadel®i651[16]. The generalization of the
crisp set to fuzzy sets relied on spreading pasithformation that point {1} into the
interval [0,1]. Since then the notion of fuzzy sistactively applied to many branches in
Mathematics andit is known that several generatinabvf a fuzzy set were extensively
investigated by many researchers and properties baen considered systematically.
Fuzzy sets and its extensions have provided suotessults dealing with uncertainty in
different in many real word problems.

The fuzzification of algebraic structures was atitid by Rosenfeld [14] and he
introduced the notion of fuzzy subgroups. The idB&ntuitionistic fuzzy set” was first
introduced by Atanassov [2,3], as a generalizatibthe notion of fuzzy set.These kind
of fuzzy sets have gained a wide recognition aseduli tool in the modeling of some
uncertain phenomena. Bhakat and Das gave the dsnakf,B)-fuzzy subgroup [4,5,6]
by using the “belong to” relatiore)] and “quasi-coincident” relation (q) between azfyz
point x; and a fuzzy sef. Then theyintroduced a new type of fuzzy subgrolgt, is, the
(e,evq)-fuzzy subgroups anceeVvq)-fuzzy subrings and obtained some fundamental
results pertaining to these notions. J. Zhan aral.éhtroduced the notion oEVvQ)-
fuzzy p-ideals, €,evq)-fuzzy g-ideals and €,evq)-fuzzy a-ideals in BCl-algebras and
investigate some of their properties [17]. Jun letraroduced the notion ofe(evqy)-
fuzzy subgroupssuch as an important generalizatidtosenfelds fuzzy subgroup.Then
many authors have studied about it for other akgjelstructures.

BE-algebras have been defined in [8] as agenetializaf BCK-algebras.Ahn et al.
[1] fuzzified the concept of BE-algebras and inigeged some of their Properties.Song et
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al. was defined the notion of fuzzy ideals in Bfeddras and investigated related
properties [15]. Rezaei et al. investigated thati@hship between Hilbert algebras and
BE-algebras. In fact we showed that a commutatiygicative BE-algebra is equivalent
to the commutative self distributive BE-algebra gmrdve that Hilbert algebras and
commutative self distributive BE-algebras are eglémt [11]. Rezaei and
BorumandSaeid [12] introduced the notionss-@feneralized fuzzy filters(ideals) in BE-
algebras. Recently, we introduced the notion oftheisfuzzy (implicative) filters and got
some results on BE-algebras and show that eveityahe$uzzy implicative filter is a
hesitant fuzzy filter but not the converse [13].

The aim of this paper is to introduce the notion(gEVvqy)-intuitionistic fuzzy
subalgebras, which is an extended notion of &n(Q)-intuitionistic fuzzy subalgebras in
BE-algebras. Then we prove some theorems and resoeme basic properties on this
algebra by using our definitions.The Cartesian pobdf (g,evqy)-intuitionistic fuzzy
subalgebrashas been discussed.

2. Preliminaries
In this section, we review the basic definitiongl @ome elementary aspects that are
necessary for this paper.

Definition 2.1. [8] By a BE-algebra we shall mean an algdbta’,1) of type (2,0)
satisfying the followingaxioms:

(BE1) xCx=1,

(BE2) x[1=1,

(BE3) 1ICx=x,

(BEA4) xC(yLz) =yL(x[z),forallx,y,zO X.

The binary relatioh<” on X is defined byX <Y if and only if XL y =1, for all
x,vyEX.

Definition 2.2. [8] A BE-algebraX is said to be self distributive if
xC(yLz) =(xCy)C(xC2z), forall x,y,zOX.
A fuzzy sety in Xis a functionu: X — [0,1]and the complement @f denoted byi
is the fuzzy set ity given bya(x) = 1 — u(x) for all x € X, For a [1[0]1] the set

Ulp,a) ={x € X:pu(x) = a} (resp.L{y,a) = {x € X: pulx) = a})
is called an upper (resp. lower) level setiof

Definition 2.3. [10] Fuzzy setfu is called a fuzzy subalgebra of if
p(x +v) = min(u(x), u(y)), for allx, y € X.

Note that ifu is a fuzzy subalgebra &fthenu(1) = u(x)for all x £ X.
A fuzzy subset 1 of a sgtof the form

t 0 (0] if y=x
p(x) = -
0 if y#x
issaid to be a fuzzy point with supparand valuet and it is denoted by,.
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Let f: X — ¥ be a function ané be a fuzzy set df . Then the fuzzy set~*(&) of X
is defined by:
F1E)(x) = 8(f(x))for all x € X.
Let f: X = ¥ be a function angd be a fuzzy set of. Then the fuzzy sef(u)(x) of
¥ is defined by:

sup u(x) i T(y) £
f()(x) = {01 L
0 if f(y)=¢

An intuitionistic fuzzy set (briefly, IFS)\in a nonempty se¥isan object having the
form A ={(xusx),va(x)):x €X} where the function u,:X —[0,1] and
ya4:X — [0,1]denoted the degree of membership and the degremrofmembership,
respectively, wherf = pu,(x) +y.(x) = 1forallx € x.

An intuitionistic fuzzy sed = {(x, u4(x),y.4(x)): x € X} in X can be identified with
an ordered paify 4,y,4) in I* x 1%,

For the sake of simplicity, we shall use the symick (u,4,p,) We define
0(x) = 0andi(x) =1, forallx € X.

Pu and Liu [9] introduced the symbqbiu, wherer D{D,q,D Lq,0 [q}. We say

thatx, is said to belong to (resp. be quasi-coincidenhwit fuzzy sety. To say that
(x, OCq(resp.x, O Cq)), we meanx, U u or x.qu (resp. x, Oy andx,qu ). By the
symbol x,q, ¢4 we mean p,(x)+t+k>1. where kOO (01). and (x, OCq, (resp.
x, 0Cq, ), we meanx, Ou or xq,u (resp.x, Ou and x.q, 4 ). The symbol

X, a/ means thatx,au does not hold forr 0{0, q,0 Cq,0 Cq, .0 Ca}.

3.0n (D,D [qk)-intuitionistic fuzzy subalgebras of BE-algebras
From now onj is a BE-algebra unless otherwise specified.

Definition 3.1. An intuitionistic fuzzy setd = (u 4, y,4Jof the form

_[la.B) if y=x
X(”'ﬂ)(y)_{(o;t) if zix

is said to be an intuitionistic fuzzy point withpgort x and valuea, 8) and is denoted
by X, 5 A fuzzy point X, , is said to intuitionistic belongs to (resp. intaitistic qusi-
coincident) with intuitionistic fuzzy set = (1,4 Jwrittenx, , 0 A(resp. X, 4 0A)
if walx) = aandyy(x) = f(respuas(x) + @ =1andyy(x) +F < 1). By the symbol
X5 AWe meanu, (x) + a + k = 1andy,(x) + g + k < 1wherek 0 (0]).

We used the symbot, [ u, impliesy, (x) >t and%[D]yAimpliesyA(x) <t,in the

whole paper. To say tha¢, ; U LgA(resp.X, ;) U LgA), we
meanx, s 0 Aorx(ay ﬁ)qA(resp.x(aY ) 0 Aandx(ay ﬁ)qA).
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By the symbok(a’ﬁ) 0 [qkA(resp.x(a’ﬁ) ULg,A) we mean
X5 DAOrX, 50 A(respX, 4 0 Aandx, 40d,A) wherek [ (0).

Definition 3.2. An intuitionistic fuzzy setA=(u,,y,)of X is said to b§,0Cq,)-
intuitionistic fuzzy subalgebra oX if
X) DA, Vi) DAIMPlY (XCY) o) OCG A
forall x,y O X,t,,t,,t,,t,,k 0 (0]).
Or equivalently we have
An intuitionistic fuzzy setl = (., v,)of X is said to beJ,00 Cq, )-intuitionistic

fuzzy subalgebra oKX if
Xy OB Vi) D= (X5 Y)o, DT, DX YO Xtk 0 (01,

bty

t t, Lt
- =Hy.. Sy = =50y, by DX .t kO oD,

Example3.3. Let X ={1, a,b,c} be a set with the following table:

*11|lalb
1|1(a|b
all|1]a
b|{1]|1]1

Then (X;[,1) is a BE-algebra. Define the intuitionistic fuzatd = (u,,y,4Jof Xas:

X 1| a|b

U, (X) 0.4|10.2|0.€

ya(x) [ 02102 0.z

and

t, 0.8
t, 0.2
t, 0.4
t, 0.t
k |01

Thend = (g yalis an(D,D [qk)-intuitionistic fuzzy subalgebra ¢t

Theorem 3.4. An intuitionistic fuzzy sei = (u,,y4) of X is said to be al(D,D Eqk)—
intuitionistic fuzzy subalgebra ¢f if and only if

Ha(x*y)2 min{ﬂA(X), #aly), %},andyA(X* y)< maX{yA (). ya(y): %}
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Proof: Letd = (4. be an(D,D [qk) -intuitionistic fuzzy subalgebra oiX. By
contrary assume that there exist sang(0,1] andr € [0,1) such that

gl y) <t<minf (9 ()25

2
and
. 1-k
yalxxy)>r> maX{yA(X). VA(y).Z}
This implies ¢, (x) 2 t, . (y) 2 t, (X T y) < t. Then we have

1, (x* y)+t+k<1;k+1_2k+k=1.

Hence(x* y),00q, A Which is a contraction. Therefore

gl y)zmin] 0,00, () 25K

Also, we havey, (x)< r,y,(y)<r,y.(xCy)>r.Then we have
ya(x*y)+r +k>1_2k+1;k+k=1.

r
Hence y[D] D[qk]A. Which is a contraction. Therefore

palee )= ma 1, 00 v, ()55

Conversely, assume that

pa(x* y)= min{uA (x). 24 (), l_zk} and/a(x* ¥)< maX{yA (). yaly) l_zk}

Let (x), Ou, and(y), Ou, for all x,yOX,t,,t kO (1] andtiDyA, tADyA for
X y

allx,y O X, t,,t,,k 0 [03).

This implies thatu, (x) 2 t,, 1, (y) = t,andy, (x) < t,, . (y) < t,.

Considery, (x* y) > min{uA(x), 1), 1;} > {ttlzk} fe, o, > 27K then

,UA(X* y)2 % and SO,L(A(X* y) + (tl th) +k> % + % +k =1. Which implies that

1-k 1-k
(¢* ), cx, At AISO, y, (x* y) < maX{yA(X), yaly) 2} < {ts, ta, 2}-
f 4, 0t <K theny, (xry) s 2K and sg, (cry) o, O )k <P K e 2K ak=n
Which implies tha}@[g]g[qA]yA_Thereforel = (ugyalis an(D,D [qk)-intuitionistic
X*y

fuzzy subalgebra oX.
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Corollary 35. LetA = (u4,y4) be an(D,D [qk) -intuitionistic fuzzy subalgebra of
XTheru,(1) = min {,u._q(x}, 1k

-
£

} andy4(1) = ma:x{]@l(x}, l:—k} forallx € X

Theorem 3.6. Let 4 = (4, y.) be ar((,0 Cq, )-intuitionistic fuzzy subalgebra ¢, for

somek € (0,1). If p (1)< ﬂ andy,(1) = #,thena = (pa4¥4) IS an intuitionistic
fuzzy subalgebra cf.
Proof: Letd = (i, ¥,) be ar{0,0Cq, )-intuitionistic fuzzy subalgebra ¢, for some

k € (0,1), andu(1) < ? Then by Corollary 3.5, we have
H‘} = pa(1) < =Fand squ, (x) = =~

min{_uﬂ_(x}, , for all x € X. Thus

: 1-k
palx*y) = min {H’A(x}.l paly), T} = min{p,(x), pa(y)}.
Also, by a similar way we have

-
£

1-k
Yalxxy) = max{]f_q(x}, ¥a(y), T} = max{y(x),y.(3)}.
Therefored = (4, v.4) iS an intuitionistic fuzzy subalgebra Gf.

Theorem 3.7. If 4; = (4, v.4,) for alli € 1, is a family of (7,0 Cq, ) -intuitionistic fuzzy
subalgebra of, for somek € (0,1).Then N;c;4; is an (0,0 Cq, ) -intuitionistic fuzzy
subalgebra of where;c;4; = (v, ny;)-

Proof: For alli € IJandx, v € X, we have

_ 1—k _ 1—k
v (xxy) 2 v (mm(#e(xl#i(}’lT)) = mm(v#i(x}, V#:‘(}’}JT)
and

1—k 1—k

wyi(xxy) < a (max (’k’z‘ (), v: (v), T)) =max (f‘-'}’e (), ny: (), T)
Hence by Theorem 3.4, we haffR;A; = (vu;, ay;) is an (0,0 Cq, ) -intuitionistic
fuzzy subalgebra o¥.

Theorem 3.8. Let A be a subalgebra of and k € (0,1). Thenl = {X,, X,)is an
(0,0 Cq, )-intuitionistic fuzzy subalgebra d.

Proof: Let k€(0,1]. If x,y €4, thenx+y€ Aand X,(x) =1, X(x) =0 and
X,(y) =1, X4(y) = 0Hence

Xalxey) =12 mm{xﬂ(x}, 0, ?} _ #
Also,
Ky(xsy) = 1-Xu(x+y) =0 = max{x_ﬂ(x},x_ﬂ(y},izi} 1ok

2
If x£ Aandy € 4, (or, x € 4 andy £ 4), thenx,(x) = 1, X,(x) = Dandx, () =0,

Xa() = 1or(X,(x) = 0, Xy(x) = 1andX, () = 1, X () = 0).

14
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Thus we have

Xy +3) = min{ 2,00, 2,0, 1;—3‘} _ 0

and
1—k

Tilxxy) = max{x;(x}, T, T} —1

Definition 3.9. Let 4 = (u4,¥4) be an(D,D [qk)-intuitionistic fuzzy subalgebra of

X'Define the intuitionistic level set as
1-k 1-k
Aa.p) ={XDX Ha(¥)2 @,y (x) < B where,a D (0,=—71, AU 1)}.

{1b}.

Theorem 3.11. An intuitionistic fuzzy se#t = (u,,y,) of X is said to be afJ,0Cq, )-
intuitionistic fuzzy subalgebra & if and only ifA(, g, # @ is a subalgebra oK.

Example 3.10. From Example 3.3, we havg,,,. ={La b}andA s

Proof: Letd = (u,v.4Jbe an intuitionistic fuzzy subalgebrasofand X,y U A, 5. Then

walx)=a, uyy) =a andy,(x) = 8,y.(y) = 5.Sinced = (i 4,¥,)is an(D,D [qk) -
intuitionistic fuzzy subalgebra ¢f, we have

U (X*y) = min{,UA(X), /'IA(y)1Tk} > min{a,a,T} > min{a,%} —a
and
Ya(x*y)< max{VA(X), yaly), %} < max{ﬁ,,ﬁ’, %} < max{ﬁ,%} = L.

Hencer « y € A, gy Thereforedq, g is a subalgebra oX.
Conversely, assume that, o) = 0 is a subalgebra oK.By contrary assume that
there exist somg, y € X such that
1-k

Ha(X* y) < min{#A(X), ﬂA(y),%} andy, (x* y) > maX{yA (%), va(y) T}

Choosey [J (0, 1_2k], L0 [1_2k 1) such that

1-k

Ha(x*y) <a < min{uA(X), Hal(y), Z}a“d Yalx*y)> B> max{yA (). va(y). 1;"} ,

Hencex +y & A, g, Which is acontradiction to the hypothesis. Themefi = (u,,v.4)
is an (0,0 Cq, )-intuitionistic fuzzy subalgebra of.

Definition 3.12. Let X be a BE-algebra and €. An (0,0Cq,) -intuitionistic

characteristic functiofy = {{x, px,,yx,):x € X} Wherep ., andy,, are fuzzy sets
respectively, defined as:
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1-k

fy X = lodx - g, (=15 T XEA
0 if xOA
and
1 if xOA
y)(A:X _’[O']']'X_’VXA(X):: 1;2k if xXOA

Proposition 3.13. Let X be a BE-algebra agid= 4 € X. dis a subalgebra oK if and
only if the characteristic intuitionistic 8} = {(x, px,, ¥, ):x € X}is an(0,0Cq,)-
intuitionistic fuzzy subalgebra Gf.

Proof: Let k € (0,1). If x,y¥ €A, thenx »y € Aand py,(x) = = Yxy,(x) =1 and

1-k z
mxs (y) === ¥, () = 1 Hence

1-k 1-k) 1—-k
HIA(X*}?} = T = min{#IA(X}JHIA(}?}JT} = T
Also,
1—-k
Yr,(xxy) =1= max{m, (), ¥ 25 O, T} =1
If xedandy g4, (or, x&A andy€4), then uy, (x) =¥, tx,)=0 and

]{IA(X}=1 ) ngb’}z? or ( #I‘A(}’}zj-;_k ) #I‘A(x}:ﬂ and YI‘A(}’}ZZL )
EACEE!

Thus we héve

1-k
Moy (x*y) =min {#I‘A(x}: Mg (), T} =0
and

Vg Gee 7) = max fre, () T = 1

Theorem 3.14. Letf: X — ¥ be a homomorphism of BE-algebras @et (55,75) be an
(0,0 Cq, )-intuitionistic fuzzy subalgebra &f for somek € (0,1). Then

FHB) = (f~(8s), f2(85)) is an (0,0 Cq, )-intuitionistic fuzzy subalgebra ¢f.
Proof: Let B = (85,95) be an(D,D [qk)-intuitionistic fuzzy subalgebra @f, for some

k €{0,1) andx, v € X. Then we have
FH8s)x * ) = 85(Flx+3)) = 85(F(x) * £ (3))

= min {ag{f(x}l aﬂ{f(}?}}’ ¥}

= min{f'i{é‘ﬂ(x}lf'i{é‘ﬂfyjj,?}.
And
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F@p) (e ¥) = 85 (flx x 1)) = #5(f () » F (1))
< max{8,(£(0), 92 (£ 0)), 5]

1—-k
= max{f‘l{ﬁﬂ(x}},f‘l{ﬁﬂ(y} }JT}
Definition 3.15. Let f: X =¥ be a function. An(g, € vg, ) -intuitionistic fuzzy
subalgebrat = (4, ¥,)0f X is said to bef-invariant, if f(x) = f(y) implies that
walx) = pa(landyy(x) = y4(y), forallx, v € X.

Theorem 3.16. Let f: X — ¥ be a homomorphism angl= (u, y,) be an(g, € vg,)-
intuitionistic fuzzy subalgebra cf. If 4if f-invariant, thenf(4) = (f(u4), f(¥4))is an
(&, € vg, J-intuitionistic fuzzy subalgebra of, where,

sup 4, (x) if FH(y) £

f(u,)(x) = {xﬂf‘l(y) -
0 if f7(y)=¢

and
f(yA)(X) - {denf(y) yA(X) !f f _1()/) @
0 it t7y)=¢

Proof: Lety,, y, €Y. If f~1(3y) = @or f~1(y,) = @, then the proof is obvious.
Otherwise, letf=1(y,) = @or f~1(y,) = @. Then there exisk,,x, € X such that
flxy) = wandf(x;) = y;. Thus we have

FludOn*xy) = sup  palx) = sUp palx) = sup g (x)
*Ef ") fo_‘—[fl:x:jgfl:xz}} wef flarasxa)
1-k
= palxg * %) = min {.“'ﬂ(xll .“'A(—'X-'E}JT}

_ 1—k
=miny sup pa(x), sup pa(x),
xef~*{Fre,y) xef~H frap) 2

xef~2(y) xef~i(y,

= min {fﬁu)(}&lf(ﬂﬁ(}’zl - ; k}

=min{ sup pa(x), mﬁm(xl?}

and
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Flyadyixy2) = inf  yalx) = inf ¥a(x) = inf ]YA (x)

x&f ey 2Ef 2 flag#f lxa) xef~H{f lrysrs)

1—k
=yalag xx,) = mﬂx{h(ﬁl Yalxa), T}

[ . 1—k
=maxy inf yalx), inf  ya(x),
(e ~(Fixn) wef~2(Frag) 2

=max{ inf ya(x), inf ’}f_q":xli_k}

Lef~2) fo-—'i:;-.} . 2
= mar{ F) 00, FOD 0
Letd = (uy,v4) andB = (ug, ¥5) be (g, € vg, )-intuitionistic fuzzy subalgebras in
X, for somek £ (0,1). The Cartesian product gfandg is defined by
AXB =(uy X ugv¥a % vg)h Where
(g% pp)(x,3) = min(ps (0),1507)) and(y, x ¥5)(x,¥) = min(ya(x),ys(7)).

Theorem 3.17. Letd = {u,y,) and B = (ug,y5) be (€ € vg, ) -intuitionistic fuzzy
subalgebras inY , for somek €(0,1). Then A x B = (4 X fp¥s X ¥g) iS an
(€, € vgy )-intuitionistic fuzzy subalgebras i x X.
Proof: For any(xy,v,),(x5,7,) € X x X, we have
(pax #B}{(xl:}’l} ¥ (xz:}’z}} = (pa > pug)xy* x2,5 *¥3)
= mm{#.q(% * x2), g (v * }’z}j

( 1—k 1—k
> minmin{ua(ey) pale) 5 minfis (), us (72, T}}

. . 1-k
= min{min{p, (x;), #a(}-‘1}}Jman{#.q(:le#a(}-‘:}k—}

2
r 1-k
=min (}JA x #3}(1'1; }’1}: (HA X .“B}(xzj}’zl T}

L

and
(ya x YB}{(xli}"l} *(xy, }’2}} = (ya X v5) (1 * x2,1 *¥2)
= min{]@._(xl wx5),¥5(0 * }’2})
1— 1—-k

= min{max {yﬂ(xl], yA(xg},Tk}J max {]’3(}’1}1 ’}’B(}’le}

= min r’J"rl ax{yalxs),ys(y)t max{y, (o), ey} %}
( 1- k}
2

=minj(y x yg)(x1,04), (ya % ye)lxa, v2),

Proposition 3.18. Letd = (u,,v4) andB = (ug,¥5) be (&, € vg, J-intuitionistic fuzzy
subalgebras iny, for somek £ (0,1). Then{4 x B}.:,Lg;. =Aap) X Bap) where

e (02 andg  [12,1),
8. Conclusion
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In this paper, we extendéd, € vg) -intuitionistic fuzzy subalgebras s, € vgy)-
intuitionistic fuzzy subalgebras for purpose ofeattension of fuzzy sets in BE-algebras.
Since filter theory is a very interesting and intpat area of research in the theory of
algebraic structures in mathematics we wish theseepts can be further generalized to
(€, € vg)-intuitionistic fuzzy filters (ideals) and congruan relations related to this
structures. Also, in the future work we will intnazk the notion of an interval-valued

(€, € vg, )-fuzzy BE-algebra and investigated relation betw&& [qk)-fuzzy point.

These concepts can further be generalized and pe it® have been some applications
in the real world.
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