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1. Introduction
In 1965, Zadeh (see, [9]) introduced the notiofuaky sets. A few years later, many
researchers working on fuzzification of algebraracures (see, [6]). In 2001, Hong
(see, [5]) introduced the notion of fuzzy dot sgedlras of BCH-algebras as a
generalization of the notion of fuzzy subalgebraBB©@H-algebras.

In 1990, Yuan and Wu (see, [8]) introduced theamobf fuzzy sublattices of
lattices and in 1994, Ajmal and Thomas (see, [Hiinkd a fuzzy sublattice as a
fuzzy algebra and characterized fuzzy sublattiteshis paper, the notion of fuzzy
dot bounded sublattices of bounded lattices i®thiced as a generalization of the
notion of fuzzy bounded sublattices of boundeddest and some of their properties
are investigated. The binary operationsY, ° and* are introduced. The fuzzy dot
bounded sublattices of bounded lattices are cheraetl in terms of, ¥, ® and. The
image and the preimage of fuzzy dot bounded sud#attof bounded lattices are
studied. Some fuzzy dot bounded sublattices gesabréty fuzzy subsets are
described.

2. Preliminaries
In this section, we give some definitions and bassults which will be used for the
development of the paper.

Definition 2.1. (see, [2]) A nonempty set L together with two binaperations\ and
Vv (read “meet” and “join” respectively) on L, deted by (L;A, V), is called a lattice
if it satisfies the following identities:

i.  (XAy)AzZ = xA\(yAz) and (xy)Vz = xv(yVvz) (associative laws),
ii. XAy =yAXx and Wy = yvx (commutative laws),
ii.  xAx=xand xx =X (idempotent laws),
iv.  xXA(Xvy) = x and X (xAy) = X (absorption laws).
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Remark 2.1. (see, [2]) The relatiod on L, defined by Xy if and only if x\y = x, is
a partial order on L.

Definition 2.2. (see, [2]) A poset () is complete if the meet and the join of every
subset of P exist in P.

Definition 2.3. (see, [2]) An algebra (L4, V; 0, 1) with two binary operations\,v
and two nullary operations 0,1 is called a bounid¢tite if it satisfies the following
conditions:

i. (L;AV)is alattice,

ii. xA0=0andxl=1.

Definition 2.4. (see, [2]) Let (LA, Vv; 0, 1) be a bounded lattice. A nonempty subset
S of L is called a bounded sublattice of (L,;Vv; 0, 1) if it satisfies the following
conditions:

i. XxXeSandy Simplyx\yeSandxyeS,

i. OeSandlkS.

Notation 2.1. (see, [2]) Sub(L) denotes the set of all boundeblastices of a
bounded lattice (Lp, v; 0, 1).

Notation 2.2. (see, [2]) Let (LA, V; 0, 1) be a bounded lattice. For any subset X of
L, Sg(X) denotes the bounded sublattice of ALyv; 0, 1) generated by X; i.e., the
smallest bounded sublattice of (A,;V; 0, 1) containing X.

Remark 2.2. (see, [2]) For any bounded lattice (,;V; 0, 1), Sub(L) with the usual
ordering< is a complete lattice.

Definition 2.5. (see, [2]) A mag: L, _, L, from the underlying set; of a bounded
lattice to the underlying set;lof another bounded lattice is called a homomorphis
of bounded lattices if it satisfies the followingrditions:

L f(xAy) = FO)Af(y) andf(xvy) = fF(x)Vf(y) forall x,ye Ly,

i.  f(0)=0and(1) =1.

We now review some fuzzy logic concepts.

Definition 2.6. A fuzzy subset of a nonempty set L is a funciioh — [0, 1] from L
to the real unit interval [0, 1].

Notation 2.3. F(L) denotes the set of all fuzzy subsets of a mptg set L.

We define on F(L) the partial order called order of fuzzy sets, by<v if and only
if u(x) <v(x) for all xe L. We also define on F(L) the binary operationgndV
respectively by:Av)(x) = min{u(x),v(x)} and @vv)(x) = max{u(x),v(x)} for all

X € L.

Notation 2.4. For any family {1}, of fuzzy subsets of a nonempty set L;.jnfand
supqui denote the fuzzy subsets of L respectively defimgd(infi p)(X) = infiqui(x)
and (supiw)(X) = supupi(x) for all xe L. We will sometimes use the notations

inf{ w;: ie I} and sup{u;: ie I} to mean inf,u; and supu; respectively.
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Remark 2.3. F(L) with the ordek is a complete lattice.

Definition 2.7. A fuzzy relation on a nonempty set L is a fuzzysatlof LxL.

3. Main results
We confuse now a bounded lattice (L;Vv; 0, 1) with it underlying set L. In the
following, unless otherwise specified, L denotdsanded lattice.

Definition 3.1. Let u be a fuzzy subset of lu.is called a fuzzy bounded sublattice of
L if it satisfies the following condition:

minfu(xAy),u(xvy),u(0)1(1)} = min{u(x),u(y)} for all x,y € L.

Definition 3.2. Let u be a fuzzy subset of Lu is called a fuzzy dot bounded
sublattice of L if it satisfies the following conidin:

minfu(xAy),u(xvy),u(0) (1)} = u(x)-u(y) for all x,y e L.

Example 3.1. Let L={0, a, b, ¢, 1} such that O<a,b<c<l and, adam are
0,5if xe{0,b,1},
incomparable. The fuzzy subgetf L, defined by(x) =X 0,4if x =a, forall
{ 0,3if x =c.
x € L, is a fuzzy dot bounded sublattice of L.

Note that every fuzzy bounded sublattice is ayudat bounded sublattice, but the
converse is not necessary true. In fact, the fuday bounded sublatticé of the
example 3.1 is not a fuzzy bounded sublattice, lmxa

&(avb) =¢(c) = 0,32 0,4 = ming(a) &(b)}.

Proposition 3.1. Let pu be a fuzzy subset of L. |f is a fuzzy dot bounded sublattice
of L, then minfu(0),u(1)} > p(x)? for all x e L.

Proof. If uis a fuzzy dot bounded sublattice of L, then

min{p(0),u(1)} = min{p(xXAX),u(xXvx),u(0),u(1)} > wx)-u(x) for all xelL; thus,
min{u(0),u(1)} > u(x)* for all xe L.

Corollary 3.1. Letp be a fuzzy dot bounded sublattice of L. If thexests a
sequence {# in L such thatlim,,_, u(X,) =1, thenu (0) =p(1) = 1.

Proof. Assume that there exists a sequenggifxL such that

lim,,_,c, p(X,) 2= 1. By proposition 3.1, minf(0),u(1)} > u(x,)? for every positive
integer n. Consider, 2 min{p(0),u(1)} > lim,,_, 00 u(Xy) 2= 1.

Hence, min{(0),u(1)}=1; i.e.,u(0) = (1) = 1.

Theorem 3.1. Let {p}iq be a family of fuzzy dot bounded sublattices ofThen
infiqw is a fuzzy dot bounded sublattice of L.
Proof. For any x,ye L,
min{(infiap) (xAy), (infiap) (xvy), (infiap)(0), (infiap) (1)} =

= min_{in_jlui(x/\y)Jnfiel_ui(va)!inficl“i(_o)!infielui(l)} .

= min{ing i (%) wi(y),infia (<) iy infia (<) wiy), infia () wiy)}
= infr (%) piy)
= infiq (infiapi(x))- (infiapi(y))
= (infu () (infia(y))
= (infpi) () (infiap) (y)-
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Hence, inf,; is a fuzzy dot bounded sublattice of L.

Notation 3.1. Fs(L) denotes the set of all fuzzy dot boundedattibés of L.
Remark 3.1. Fs(L) with the ordek of fuzzy sets is a complete lattice.

Definition 3.3. Given a fuzzy subset of L, the smallest fuzzy dot bounded sublattice
of L containingp is called the fuzzy dot bounded sublattice of begated by, and
denoted by Fsgj.

Notation 3.2. For any subset B of L and 3 € [0, 1], Bg and[Bg‘] denote the fuzzy
subsets of L respectively defined by:

a [ B’ a
By (x) = {[)’Cf)gze}i‘svise. and[B; 1(x) = {

aif xeSg(B),

: for all xe L.
[ otherwise. ¢

Lemma 3. Let B be a subset of L anrdp € [0, 1] such thap < a. Then[Bg] is a
fuzzy dot bounded sublattice of L.

Proof. Let +€e {A,v} and x,ye L.

If x+y ¢ Sg(B), then »¢ Sg(B) or y¢ Sg(B); thus[Bg](x) =B or [Bg](y) = B; thus,
[BF] (x+y) =B = max{u-B,8%} > [BF1(x) [BF](Y)-

If x+y € Sg(B), then[BF1(x+y) = a > max{o®,o-B,8% > [BF1(X):[BF 1(¥)-

Thus,[Bg |(x+y) 2[Bg1(x):[Bg1(y) forall +e{A, v}and x.ye L.

[Bg1(€) =a > max{a®a-p,p} > [Bg1(x):[Bg1(y) for all e€{0,1} and x,y € L. So,
min{ [B§ ('), [BE10xy).[BF1O)[BF (L)} = [BF1(x)[BEIW) for all xy e L; ie,
[Bg] is a fuzzy dot bounded sublattice of L.

If B is a bounded sublattice of L, thé’ﬁ is a fuzzy dot bounded sublattice of L;
but the converse is not necessary true. In factsider the bounded lattice L of the
example 3.1{qa, b, c, 1}8;2 is a fuzzy dot bounded sublattice of L but {a,b}éslnot a
bounded sublattice of L, becausé {a,b,c,1}.

Theorem 3.2. Let B be a subset of L angle [0,1]. Then [B['}] is the fuzzy dot
bounded sublattice of L generatedBjy i.e., FsgB;) = [B3].

Proof. Sincep < 1, [B,}] is a fuzzy dot bounded sublattice of L by the leamBn. It
suffices now to show tha{tB,%] is the smallest fuzzy dot bounded sublattice of L
containing Bz. So, sinceBz(x) < 1 =[B;] (x) for all x e Sg(B) andBj(x) = B

= [B3](x) for all x € Sg(B), it follows that B3(x) < [Bj] (x) for all xe L; i.e., [B;]
containsBé. Letv be a fuzzy dot bounded sublattice of L contairﬂ@gFor any x¢
Sg(B), we havéBg](x) = B =Bj(x) < v(x). For any

x € Sg(B), there is an n-ary lattice term t and x, € B such that xZ{(x, .. x,); thus,

there is a positive integer k such thafx)> (V(xyv(x2))* thus, v(x) >

v(x) > [B](x) for all xe L; i.e.,v containgB3]. Hence[B;] is the smallest fuzzy dot
bounded sublattice of L containi®y; i.e., [B] is the fuzzy dot bounded sublattice
of L generated bg;.
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Corollary 3.2. Let B be a subset of L arftle [0, 1]. ThenBé is a fuzzy dot bounded
sublattice of L if and only B is a bounded subtatof L.
Proof. B is a fuzzy dot bounded sublattice of L if and oiflfFsg(B;) = By; i.e.,

[B3] = By i.e., Sg(B) = B; i.e., B is a bounded sublatti¢é..
Notation 3.3. y5 denotes the characteristic function of a subseft 1B

Corollary 3.3. Let B be a nonempty subset of L. Theg is a fuzzy dot bounded
sublattice of L if and only if B is a bounded subtze of L.
Proof. Straightforward, becaugg,= Bj.

Definition 3.4. For any fuzzy subsetof L anda € [0, 1], the subset
{X € L: n(x) > a} of L, denoted by Ug;a), is called a level subset pf

A fuzzy subset is a fuzzy bounded sublatticenidl anly if all its nonempty level
subsets are bounded sublattices. But there iszy fdat bounded sublattice with a
nonempty level subset which is not a bounded stid#atin fact, consider the fuzzy
dot bounded sublatticgé of the example 3.1; ¥(0,4) = {0,a,b,1} is not a bounded
sublattice of L, because a&lJ(£;0,4) and ab = c¢ U(§;0,4).

Theorem 3.3. Let u be a fuzzy subset of L. |f is a fuzzy dot bounded sublattice of
L, then U{;1) is either empty or a bounded sublattice of L.

Proof. Assume thafu is a fuzzy dot bounded sublattice of L angudf is a nonempty
subset of LIf x and y belong to U(;1), then

min{p(xAy),u(xvy)} = min{u(xAy),u(xvy),u(0).n(1)} = u(x)p(y) = 11 = 1; thus,
min{u(xAy),u(xvy)} = 1; i.e., u(xAy) = 1 andu(xvy) = 1; i.e., Xy e U(u;1) and

xVvy € U(w;1). Since there is aU(y;1), we haveu(a) = 1; thus,u(0) = u(1) = 1 by
the corollary 3.1; i.e., ®U(u;1) and 1e U(w;1).

Hence, Uf;1) is a bounded sublattice of L.

Definition 3.5. Let f: L — P be a function from a set L to a set P arfok a fuzzy
subset of P. The preimage under fvptienoted by ~1[v], is the fuzzy subset of L
defined by f ~1[v](x) = v(f(x)) for all xe L.

Theorem 3.4. Let f: L — P be a homomorphism of bounded lattices anble a
fuzzy subset of P. I is a fuzzy dot bounded sublattice of P, thferi[v] is a fuzzy
dot bounded sublattice of L.
Proof. Assume that is a fuzzy dot bounded sublattice of P. For amyeX,,
min{f  [VI(xAy).f THvI(xvy) £HVIO), £ HVI(D)} =

= min{(f (xAy)),v(f (xvy))v(f (0)) v(f (1))}

= min{(f )N (y)).v(f )V (¥)),v(0).v(1)}

> min{v(f (X)) v(f (Y)):v(f ())v(f (¥)) v (f () v(f (Y)).v(f () v(f (¥))}
(f NV (Y)
F VIO f THIVIY).

Hence f~1[v] is a fuzzy dot bounded sublattice of L.
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Definition 3.6. Let f: L — P be a function from a set L to a set P arfuk a fuzzy
subset of L. The image undgrof u, denoted by [y], is the fuzzy subset of P defined

. — Supaef_l(y):u(a) if f_l(y) * 0,
by: flH) { 0 otherwise. forally e P.

Theorem 3.5. Letf: L — P be an onto homomorphism of bounded lattices,abe
a fuzzy subset of L. |if is a fuzzy dot bounded sublattice of L, thfgn] is a fuzzy
dot bounded sublattice of P.
Proof. Assume thafiis a fuzzy dot bounded sublattice of L.
Letxy e P, A=f~1(x) and B = ~1(y).
Let +€ {A,v} and C =f~1(x+y). Consider the set
A+B = {sL: s=a+bfor some & A and be B}.
If s e A+B, then s = a+b for someeaA and be B; so that,
f(s) = f(a+b)(a)+f(b) = x+y;
that is, s f~1(x+y) = C. Hence, A+EC. It follows that
fInl(x+y) = sup.cu(s)
> SURa+U(S)
> SUReapeaii(a + b)
> SURabee 1(a) - 1(b)
= sk p(a))-(Supks u(b))

FRU)FIHIY)-
For any e {0,1}, we have
flul(e)= u(e), because e f~'(e)
> SUReabes 1(a) * u(b)
= (gup(a))-(sups (b))
SEu] )£ [ (Y)-

Hence, minf[p](xAy), fIu](xVy), fIu(0), fIul(1)} = FIR](X)-fTr(y) for all
X,y € P; i.e.,f[u] is a fuzzy dot bounded sublattice of P.

Definition 3.7. Let ¢ be a fuzzy subset of L. The strosgelation on L is the fuzzy
subsetu, of LxL defined by: u,(x,y) = o(x)-c(y) for all x,ye L.

Theorem 3.6. If ¢ is a fuzzy dot bounded sublattice of L, thens a fuzzy dot
bounded sublattice of LxL.
Proof. Assume that is a fuzzy dot bounded sublattice of L.
For any +e {A, vV} and xg,%2,Y1,Y2 € L, we have
Ho((X1,Y1) +(X2,Y2)) = Ho(X1+X2,Y1tY2)
=6(X1+X2)-o(Y1+Y2)
> (6(X1)'0(X2))(o(y1) o (y2))
= 6(x1)-0(y1))-(c(x2)-0(y2))
=Ho(X1,Y1) Ho(X2,Y2)-
For any e= {0,1} and x,X,,y1,Y» € L, we have
y Ho(e,e) =o(e)a(e)= (o(X1)-o(y1))(0(X2)'5(Y2)) = Mo(X1,Y1)* Ho(X2:Y2)-
ence,

min{ po((X,Y1) A (X2,Y2)) Ho((X1,Y1) V (X2,Y2)):16(0,0) 16(1, 1)} = po(Xa,Y1) Ho(X2:Y2) for
all x4,%,y1,Y2 € L; i.e., 1, is a fuzzy dot bounded sublattice of LxL.

Definition 3.8. Leto be a fuzzy subset of L. A fuzzy relatigron L is called a
o-product relation on L ifu(x,y) > o(x)-o(y) for all x,ye L.
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Definition 3.9. Leto be a fuzzy subset of L. A fuzzy relatipron L is called a left
fuzzy relation ors if u(x,y) =o(x) for all x,y e L.

Similarly, we can define a right fuzzy relation @nNote that a left (resp. right) fuzzy
relation onc is a fuzzys-product relation oid.

Theorem 3.7. Let u be a left fuzzy relation on a fuzzy subseif L. If pis a fuzzy
dot bounded sublattice of LxL, theris a fuzzy dot bounded sublattice of L.
Proof. Assume thafu is a fuzzy dot bounded sublattice of LxL.
For any x,%X,y1,y> €L, we have
min{c(X1/\X2),6(X1VX2),6(0),0(1)} =
= minfu(X1AXz, Y1AY2), W(X1VX2 ,¥1VY2), 1(0,0)u(1,1)}
= min{u((Xe, YDA (X2,Y2)), ((X1,Y1)V(X2,Y2),1(0,0) u(1,1)}
> min{ p(X1,Y1)" w(X2,y2), W(X1,Y1): w(X2,Y2), (X, Y1): 1u(X2,Y2), i(X1,Y1): 1(X2,Y2)}
=p(X1,Y1)" W(X2,Y2)
=6(X1)0(Xy).
Hence, minf(Xi1AX2),0(X1VX2),6(0),6(1)} > o(X1)-o(x) for all x;,x; e L ;i.e.,cis a
fuzzy dot bounded sublattice of L.

Theorem 3.8. Let u be a fuzzy relation on L satisfying the inequality
u(x,y) < min{u(x,0)u(x,1)1(0,1)u(1,0)} for all x,ye L. Given ze L, let s, be a fuzzy
subset of L defined by,(x) = u(x,z) for all xe L. If uis a fuzzy dot bounded
sublattice of LxL, them, is a fuzzy dot bounded sublattice of L.
Proof. Assume thafu is a fuzzy dot bounded sublattice of LxL .
For any x,¥e L, we have
o2(XNY) = p(xAY,z) = p(xAy,zA1) = u((x,2)A\(y,1))
> p(X, 2y u(y>1) = u(x,2) u(y,z) =oX)- oY) ,

o2(xvy) = u(xvy,z) =u(xvy,2v0) =u((x,2)v(y,0))
21X, 2y u(y,0) = u(x,2) u(y,2) =02(x)- o) ,

52(0) =u(0,2) =u(x10,271) = p((x,2)7(0,1))
> u(x,2yu(0,1)= p(x,2y u(y,z) =ox) oo(y) ,

o(1) =u(1,2) =p(xv1,2/0) = p((x,2)v(1,0))
> u(x,z)u(1,0)= p(x,2) u(y,z) =o4X)-c.y) .
Hence, min,(xAy),02(xVy),040),6,(1)} > 6,(x)-c,(y) for all x,ye L ; i.e.,o.is a
fuzzy dot bounded sublattice of L.

Theorem 3.9. Let u be a fuzzy subset of LxL and ket be a fuzzy subset of L defined
by o, (X)=infy u(X,y)-u(y,x) for all ye L. If pnis a fuzzy dot bounded sublattice of LxL
satisfying the equality min{(x,0),u(0,x),u(x,1),u(1,x)}=1 for all xe L, thenc, is a
fuzzy dot bounded sublattice of L.
Proof. For any x,y,# L, we have
uxny, Z)=3u(xAy,zA1)=u((x,2)A (v, 1))
(X, 2) 1y, 1)= p(x,2) 1= u(x,2)
and
wzxny) = wzALxny)=u((zx)N1,Y))
> Wz, X)yu(1,y)=p(z,x) 1= p(z,x);
it follows that p(xAy, zyu(z,xAy) > u(x,z)-u(z,x)
> (u(x,2)u(z,x)) (w(y.2y u(z.y)) -
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So that, forany x,¢ L, c,(XAy) = inf pu(XAY,z) w(z,xAy)

> infz ((X,2) W(Z,X)) (WY, 2) 1(z,Y))

> infae (i (X, 2) (X)) (infze (Y, 2y 1(z.y))

= (infap(X,2) Wz, X)) (inf e u(y,2) w(z,y))

=6u(X)-ou(y)-
For any x,y,z L, we have

n(xvy,z) =p(xvy,zv0) = u((x,2)v(y,0))
> w(x,z) u(y,0) =u(x,z) 1= u(x,z)
and
n(z,xvy)= p(zv0,xvy) = p((z,x)v(0.y))

> w(z,x)yu(0,y) =p(z,x) 1= w(z,x);
it follows that p(xvy, z)uw(z,xvy) > u(x,z)ywz,x)

> (u(x,2) Wz X)) (W(y,2) (z.y)) -
So that, forany x,¢¥ L, o,(xVy) = inf, u(xvy,z)u(z,xvy)

> infia (u( 2y (2 X))y, 2n(z.y))

> (infza (X, 2) n(z, X)) (infzeu(y, 2y 1(z,y))

:Gu(x)'cu(y)-
For any x,ye L, 0,(0) = inf, n(0,2)(z,0) = int 1-1=1> ,(X)-0,(y)

and
0,(1) = infqpn(1,2ypu(z,1) = infe 1-1 = 1> 6,(X)-0u(Y).

Hence, minf,(xAy),0,.(XxVy),0,(0),06,(1)} > 6.(X)-c.(y) forall x,yeL;i.e.,o, isa
fuzzy dot bounded sublattice of L.

Definition 3.10. (see, [4]) Afuzzy may from a set L to a set P is an ordinary nfap
from L to the set F(P) of all fuzzy subsets of f#séging the following conditions:
i.  forany xe L, there existsye P such thatf{(x))(yx) = 1,

ii.  forany xeL, f(X)(y1) =f(X)(y2) implies yi = y».

One observes that a fuzzy m@jfrom L to P gives rise to a unique ordinary npap
from LxP to [0, 1] given byi(x,y) = f(x)(y) for all xe L and ye P. One also notes
that a fuzzy map from L to P gives a uniqué&dm L to P defined ag;(x) = .

Now we can generalize the notion of homomorphi$imooinded lattices to the
notion of fuzzy homomorphism of bounded lattices.

Definition 3.11. A fuzzy mapf from a bounded lattice L to a bounded lattice P is
called a fuzzy homomorphism if the following conalits are satisfied:
. w(anb,y) = sup-uw(pe(a,uys(b,v)) for all a,be L and ye P,
i.  w(avb,y) = sup-un(pi(a,uyps(b,v)) for all a,be L and ye P,
. pe(0,0) =pe(1,1) = 1.

One note that if is an ordinary map, then the above definition ceduo an
ordinary homomorphism. One also observes thafuzay map is a fuzzy
homomorphism, then the ordinary mépis an ordinary homomorphism.

Theorem 3.10. Let f be a fuzzy homomorphism from a bounded lattice & t
bounded lattice P. Thdor any a,be L and x,ye P, we have
min{u(aAb,xAy),pe(avb,xvy),ui(0,0), ne(1,1)} = p(@,x)ype(b,y).
Proof. For any a,lx L and x,ye P, we have
min{ur(@\b,xAy),u(@avb,xvy),u(0,0) pe(1,1)}=
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= min{s(arb,x\y),u(avb,xvy),1,1}
= mir].{f(a/\b,X/\y),l,lf(aVb,X\/y)}
= min{sup=uv(pr(a,u)p(b,v)), SURy=u(pe(@, uype(b,v))}
> min{pq(a,x)e(b,y) ue(a,xype(b,y)}, because xy=xny and xy=xvy
Fe(a,x)rpe(b,y);
thus, minfi(arb,xAy),u(avb,xvy),us(0,0) ur(1,1)} > w(a,xyu(b,y).

Definition 3.12. Let u andv be two fuzzy subsets of L. The fuzzy subsetsand
uVv of L are respectively defined by:
M)(X) = sup=awp(@)v(b) and (1Vv)(X) = sup=anu(a)v(b) for all xe L.

Remark 3.2. The binary operations andY preserve the fuzzy set order.

Proposition 3.2. The binary operations andY are associative.
Proof. Let u, v andd be three fuzzy subsets of L. For anylz we have
(@MV)A8)(2) = sup=an(nAv)(a)yd(b) = SUR-an(SUR=pqu(P)AV())-3(b)

= SWRb SUR=po(1(P) V(@) 5(D) = SUP-(as((P)V(q))-3(b)
= SUR@u(P) (V(Q)-3(b)) = SUP=p.a(P) (SURs=qi V(0)-3(b))
= sup.a u(P) (vA8)(a) = @A (vA9))(2).

Thus, (1MV)AS = uA(vAS).

Hence is associative.

Similarly we may show that is associative.

Proposition 3.3. The binary operations andY are commutative.

Proof. Let u andv be two fuzzy subsets of L. For any &, we have
(1V)(2) = sup-an(a)v(b) = sup=p.av(b)u(@) = ¢Au)(z). Thusprv =vAipu.
Hence is commutative.

Similarly we may show that is commutative.

Definition 3.13. Let p andv be two fuzzy subsets of L. The fuzzy subsétsandp'v
of L are respectively defined by:
0 _ {supapeLh(a) - v(b) ifx =0,
W { 0ifx # 0.
and
1 _ (supapeLi(a) - v(b) ifx =1,
W) { 0ifx + 1. '

Proposition 3.4. Let u, v andd be three fuzzy subsets of L. Then
uev)OS = uO(VOS) and (tlv)16 = ul(v16).
Proof. For any x# 0, we have ((°v)%)(x) = 0 = (1°(v%8) )(x); more, we have
((*V)%8)(0)= supL(u%) (ayd(b) = sup(u®) (0)3(b)
= spifsup «Lp(c)-v(d)) -3(b)
= SMBUR, L (1(C)v(d)) -5(b)
= s (n(c)v(d)) -6(b)
= SUBUR, gL 1(C) (v(d) -5(b))
sup(c)sup, av(d) -5(b)
SUR(C) (+*3)(0)
= Supu(©) (+5)(@)
21 (v'9))(0).
Hence, ((°v)%)(x) = 2(v%))(x) for all xe L; i.e., (%)% = n°(v°s) .
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Similarly we may show thai{v)'s = u'(v'3).

Proposition 3.5. Let p andv be two fuzzy subsets of L. Thafv =v°u andp’v = v'p.
Proof. (uv)(0) = supeLp(ayv(b) = supzv(byu(a) = (v’w)(0) and
(%) (x) = 0 = ¢°u)(x) for all x# 0. Hence, {*v)(x) = (*w)(x) for all xe L; i.e.,
o, —.0
LV =V
Similarly we may show that'v = v'p.

Theorem 3.11. Let u be a fuzzy subset of L. Then the following areiegjent.
a. pis afuzzy dot bounded sublattice of L.
b. pAu<p, pYp<p, p’u<pandu’p<p.
Proof. (a—b) Assume thap is a fuzzy dot bounded sublattice of L.
For any xe L, we haveu(a)u(b) < u(x) for all a,be L such that x = ab; i.e.,
SUBansit(@) (b) < u(x); i.e., @Ap)(X) < u(x). Thus,prp <p.
Similarly we may showmVu < p.
m(@yu(b) = () for all a,be L; i.e., suppp(a)p(b) < n(0); ie., (°w)(0) < p(0).
More @Cw)(x) = 0< p(x) for all x# 0. Thus, 1°w)(X) < p(x) for all xel;i.e.,
uu <.
Similarly we may show'p < p.
HencepAu <, pYp < p, pou < pandp'p < p.
(b—a) Assume thaturp < p, pYp <, p’u < pandu'p < p.
For any x,ye L, (pAp)(xAy) < u(xAy), (Y (xvy) < p(xvy), (1’w)(0) < u(0) and
(WD) < u(1); i.e., supy=app(@)yp(b) < u(xAy), SsURwy=an(@yu(b) < u(xvy),
sup.eLp(@)p(b) < w(0) and supnp(a)p(b) < p(1); thus,u(x)-u(y) < p(xAy),
r(x)-p(y) < p(xvy), p(x)-p(y) < p(0) andu(x)-u(y) < n(1); i.e.,
min{p(xAy),u(xvy),u(0),.(1)} = p(x)-(y)-
Henceu is a fuzzy dot bounded sublattice of L.

Definition 3.14. Let xe Landa € [0, 1]. The fuzzy subset, »f L, defined by

X, (¥) = {g Z:i . , is called a fuzzy point of L .

Definition 3.15. A fuzzy point x, of L is said to be contained in a fuzzy suhset
L, denoted by xep, if a < p(x).

Proposition 3.6. Let X, and y, be two fuzzy points of L. Then
a. XpMYq= (X\Y)pq and %Vyq= (XVY)pq

b. %Yq= Ggand %'Yq= Log
Proof. a. For any z# xAy, we have

(XpMYe)(2) = SUR=awXp(@)Yo(b) = SUR-2t0-0 = SUR-a,0 = O; more,

(XpAYa) (XAY) = SURny=anXp(@) Ya(B) = %(X)-Yo(Y) = Pd. Thus, ¥AYq= (XAY)pq.
S|m|IarIy we may show Xy,= (XVY)pq

b. (%" ¥)(0) = SUR L Xp(@)Ya(b) = X%(X)ye(y) = pa; more, (¥’Yq)(2) =0 for all z# 0 .

Thus, %’yq= Opq.
Similarly we may show,;%yq L

Corollary 3.4. Let x,, y; and zbe three fuzzy points of L. Then
A XpMXg= Xp¥Xq= Xpq @nd %AXp = XpVXp = X2

b.  (XpAYg)AZ = XA Yohzr) = (X/\y/\z)p .t and (YY) VZ = XV (Yq¥2Z:) = (XVYVZ)pqr
C. (%pMXg)YXp= (XYXg) M Xp =g 2
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Proof. a. XpAXq= (XAX)p.¢= Xpq= (XVX)p.q= XpYXq @Nd %Xy = Xop =252 = Xop= XpVXp.
b. (XpAY9)AZr = (XAY)p 2z = (XAY)AZ).g).r= (XAYAZ))p (0.0 = Xp’\(y/\z)qr— XM Yqhz).
Similarly we may show Xyq) Yz, = X,V (YqY2Z) = (XVYVZ),qr.
C. (Xp™Xg)VXp = Xp.a"Xp= Xpqyp = Xg.p2 = Xp(pa) = Xp¥Xpq = XpV (Xp*Xq)-

Proposition 3.7. Let u andv be two fuzzy subsets of L. Then
a. pAv= sup{>g3/\yq Xpep and yev} and qu sup{ yq Xpep and yev}
b. po= sup{>§J Yo Xpept @and Yev } and p v = Sup{X, Yq: Xpep and yiev}.
Proof. a. Let ze L.
(14V)(2) = SUP=ait(a) V(D) = SUP=a e @) i (D)
< sup{sup=awXp(a)yq(b): xep and yev}, because guep and Rpev;
= sup{ptyq)(2): Xep and yev)
= (sup{x"Yq: Xpen and yev})(2).
For any xe p and ye v, for any z=ab, we have Xa) < p(a) and y(b) < v(b);
thus, sup.wXp(a)Yq(b) < sup-api(a)v(b) for all x,€ p and y;e v;
I.e., suppXp(a)yq(b) < (nAv)(2) for all x,€ p and y;e v;
i.e., sup{sup.pp(a)Ye(b): Xpen and yev} < (Av)(2);
i.e., sUp{RYe)(2): Xen and yev} < (WW)(2).
Hence, (Av)(z) = (sup{%*yq: Xpep and yev})(z) for all ze L; i.e.,
uAvV = sup{xAYq: Xpen and yievy.
Similarly we may showYv = sup{Xx,Yyq: Xsepn and yev}.
b. For any z L such that z£ 0, we have
(sup{¥’yq: Xper and yev 1)(2) = sup{(x,’¥q)(2): Xpen and yiev}
= sup{O ¥p and yev}

. = (t v)(2).
(v)(0) = supeLu(@)v(b) = sup L Buaf@)bywy(b)
< sup{sup i Xp(a)yq(b): xep and yev}, because guep and Rpev;
= sup{(Ys)(0): Xpen and yev}
= (supfRyq: Xpep and yev})(0).
For any xe p and yev, for any a,ke L, we have ya)< nu(a) and y(b) < v(b);
thus, sup Xy(a)yq(b) < sunl e (@) v(b) for all x,€ p and ye v;
l.e., SURLXx(a)Yyq(b) < (1*)(2) for all X%epand yev;
€., Sup{sup.X,(a)Ye(D): Xpen and v} < (1))
i.e., sup{fRyo) (2): Xpen and yev} < (uV)(2).
Hence, (° v)(z) = (sup{% Yq: Xpep and yevl)(z) forall ze L; i.e.,
1V = sup{x’yq: Xpep and 36€V}
Slmllarly we may show'v = sup{%'yq: Xpep and yev}.

Theorem 3.12. Let p be a fuzzy subset of L. The following are equiuale

a. pis afuzzy dot bounded sublattice of L.

b, XoAYeel , %VYqel, X, Yqen and x'yqen for all x,ep and yep.
Proof. (a.—b.) Assume thaf is a fuzzy dot bounded sublattice of L. For apyux
and yep, we havau(x) > p andu(y) > q; thus,u(x)-u(x) > p-q; thus,
min{u(xAy),u(xvy),u(0)u(1)}> pq; i.e.,u(xAy) > p-g, p(xvy) > p-g, u(0) > p-q and
M(l) > Pg; Le., (XAY)paehy (XVY)pqett, Ghaep and Baep; i.€., %AYqel, XoVYqel,
Xp Yoep and %lqu
(b.—a.) Assume that pyqep , X,VYeel, X, Ygen and >g,1yqep for all X, yqep.
Letx.yeL. Since Xw,Yuyeh, We have s Y.t Xuo¥ Yu(y)EH X0 Yuest and

Xu9 Ya€ri 1845 COY)u0ut€rts (XVY)uoue€hts Oucouert andoeens; i-€.,
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uxAy) = p(x)-u(y), m(xvy) = u(x)-puly), 1(0) = p(x)-u(y), n(1) = u(x)-uly); i.e.,
min{u(xAy),1(xvy),u(0),u(1)} = p(x)-u(y)-
Henceu is a fuzzy dot bounded sublattice of L.

Notation 3.4. For any x,ye L\{0,1} such thatx # y anda.,p € [0, 1], X,y denotes

( a?if te{0,1},
aift=x,
the fuzzy subset of L defined by, (1) = Bift=y,

a'ﬁ I,f tE{x/\y,xVy}\{O:x;y;l};
k 0 otherwise.
for all te L.

Example 3.2. Let L be the bounded lattice of the example 3.k filzzy subset
0,09ifte {0,1},

0,3ift=a,

0,5ift =,

0,15ift=c.

g3, Do s Of L is defined byag 5, by 5(t) =

For any any x,¥ LY0,1} such thatx # y anda.,f € [0, 1], x4, ¥p is not necessary a
fuzzy dot bounded sublattice of L. In fact, theAysubseta, 3, b, 5 of the example
3.2 is not a fuzzy dot bounded sublattice, because

o3, bo,5 (0)=0,09% 0,251 3, by 5(b) - ag,3, bo,5(D).

Theorem 3.13. Let x,y € L0, 1} such thatx # y anda,f € [0, 1] such thap < a.
Thenxg, yp is the smallest fuzzy dot bounded sublattice obhtaining both xand
yp; i.€., the fuzzy dot bounded sublattice of L geisd by {X,ys}.

Proof. Since %(x) = a =xg, yp(x) and x(a) = 0< x,,yg(a) for all ae L\{x}, it
follows that x(a) < x,, yg () for all ae L; i.e., x5, yp contains x Similarly we may
prove thatx,, y contains y. Thereforex,,y; contains both xand y. Next we
show thatr,, ¥ is a fuzzy dot bounded sublattice of L.

For any a,le L such that & {0,x,y,xAy,xvy,1} or b & {0,x,y,xAy,xvy,1}, we have
min{xq, Yz (8\b), Xg, Y (avb), X, 5 (0), X, Y5 (1)} = 0 =xe, yp (@) X4, Y (D).
min{x, ¥3(010), X, 73 (0v0), 5, ¥3(0), Xz, (1)} = r:zin{az,az,az,az}

2 2
>o~a

= Xe, VB (20)~x§72ﬁ (0).
min{x, Y5 (0/X), Xg, Y3 (0VX), X, ¥3(0), Xa, Yp(1)} = r;:zln{a ,0,0°,0°}

> oo
= %o, V3 (0) %, ().
min{ 22, ¥ (ONY), %, Y5 (OVY), % 75 (0), X Fs (L)}= min{®B,’,0}
= minf, 3}
> 0B
=X, Yp(0) e, Vp(Y)-
min{xg, Y (0A(XAY)), Xz, Y (OV(XAY)), %o, ¥5(0), X, Vp (1)} =
= minf x5, 73 (x\y),0% 0%}
= minf,xg, Y (x\Y)}
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> a2~x;,7ﬁ (xAy)
=X, Y (0) X, Vg (XAY).
min{xz, ¥ (0A(XVY)), Xo, Yp(0V(XVY)), X&, ¥g(0), Xa, Y (1)}=
= minf x, yp(xVy),o’ o’}
= minf,xg, V5 (xvy)}
> az-xﬂﬁ (xvy)
= Xg, Y (0) X, Yp (XVY).
min{xz, ¥3(0A1), %o, 73 (0v1), %5, ¥3(0), Xz, ¥p(1)} = ;in{az,az 2 a2

05,07}

2 2
oo

= X, yp(0) ;@%(1)-
min{xg, Y (XAX), Xq, Vg (XVX), Xg, ¥ (0), Xz, Yp(1)}= min{a,a,0”,0;

&o
= T V5 (%) X T (x).
min{xz, Y3 (XAY), Xo, V3 (XVY), %z, ¥ (0), %z, ¥ (1)}> min{o-B,a-B,0% 0}
&
=Xq, Yp(X) Xe, Vp(¥)-
mMin{xg, Y (XA(XAY)) Xq, Y (XV(XAY)), Xz, V3 (0), Xa, ¥p(1)}=
= mivf{,?lg(x/\y),a,az,az}
>min{a - xm(x/\y),a,az,az}
& X, Yp(XAY)
= X, Y (X)X, Yp (XAY).
min{xg, g (XA(XVY)) Xq, Y (XV(XVY)), Xz, Y3 (0), Xa, ¥p(1)}=
= mie Xo, Vg (xvy),a?,0}
>min{a, a - X, Vg (xvy),o?,o%}
& Xg, Yp(XVY)
= Xq, Vg (X)Xg, Yp(XVY).
min{xg, g (XAL), X4, Y (XV1), Xq, ¥5(0), X¢, Yp(1)}= Zzin{a.az.az.az}

> o
=Xq, Yp(X) Xe, Yp(1).
min{xz, g (YAY), Xa, Vg (YVY), X4, ¥p(0), Xa, Yp(1)}= mzin{B,B,az,az}
>
=Xa, Y (Y) Xa, Vp(Y)-
min{xz, g (YAXAY)), Xa, Vg (YV(XAY)), X, ¥g(0), Xg, Y (1)}=
= ming;, yp (xAy),B,0, 0}
> min{B - x4, Y5 (XAY),B.o% 0%}
B - Xa, Yp(XAY)
=Xq, YY) Xa, Y (X7Y).
min{xz, g (YA(XVY)), Xa, Yp(YV(XVY)), X4, ¥p(0), Xo, Y (1)}=
= mif{ Xz, yp (XVy).of o}
> min{B, B - %, Vp(XVy),0%,0%}
B Xq, yp(XVy)
=Xq, Y (Y) Xa, Yp(XVY).
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it i (v L), s i V1), Y (0), oV (1))= minf oo o)
> Ba
=Xq, YY) Xa, Yp(1).
min{xg, Vg (XAY)A(XAY)), X, Vg (XAY)V(XAY)), %o, Vp(0), Xz, ¥p(1)} =
=mitlf, 7 (XAY), Xg, Vg (XAY),0%,0%}
> Min{xz, g (XAY)" %o, Y (XAY), X, Vg (XAY) 07,0}
X, Vg (XAY): X, Vg (XAY).
min{xg, Y (XAY)A(XVY)), X, Vg (XAY)V(XVY)), Xa, ¥p(0), X5, Yp (1)}=
= miel, 75 (XAY), X, Y (XVvy), 0% 0%}
> min{xg, Y5 (XAY)" Xa, Vg (XVY), X Vg (XVY) 0’0"
Xz, Vg (XAY) X, Y (XVY).
min{xg, Y (XAY)AL), %o, Vp ((XAY) V1), Xo, Y3 (0), Xa, ¥p(1)}=
= migg, ¥ (xAy), 0,07, 0%}
> Xa, VB (X/\y).oc2
X, Yp(XAY)- Xg, Vp(L).
min{xg, Y (XVY)A(XVY)), Xa, Vg (XVY)V(XVY)), Xa, ¥5(0), X5, Yp (1)}=
= mie, 75 (XVY), X, Y (Xvy), 0 0
> min{xtg, Y5 (XVY)- Xa, Vg (XVY), Xe Vg (XVY) 07,07}
X, Vg (XVY): Xa, Vg (XVY).
min{xg, Y (XVY)A1), Xo, Vg ((XVY)V1), Xo, Y3 (0), Xa, ¥p(1)}=
= mm(XVy),az,az,az}
> Xa, VB (xVy).oc2
%, Yp(XVY)- Xg, Vp(1).

2’(12’(12}

min{xg, 75 (101), % 7 (1v1), 2 75 (0), o (1)} = min{ e’
&

> a?a?
= Xa Yp (1) X, yp(1).
Therefore x,,yp is a fuzzy dot bounded sublattice of L. Finally sv@w thatx,, yz
is the smallest fuzzy dot bounded sublattice obhtaining both xand y.
So, letv be a fuzzy dot bounded sublattice of L contairboth x, and ¥.
For any a L\{0,x,y, xAy,xvy,1}, we havev(a)> 0 =xg, yz(a).
For any e={0,1}, we havev(e)> v(x)*> (X.(X))*= o’ =xg, y(€).
V(X) = Xu(X) = o =X, g (X) andv(y) > yp(y) =B = xa, Yp(Yy)-
Let +e {A,v}and x,ye L.
Ifx+y €{0,x,,1}, thenv(x+y) = v(X)v(y) = Xu(X)Yp(y) = @ =Xz, Vg (X+Y).
If x +y€e{0,1}, thenv(x +y) = v(x)* = x,(x)* = a® = Xz, yp(x + ¥).
If x +y =x,thenv(x +y) = v(x) = x,(x) = a = Xg, Jp(X) = x4, Yp(x +y).
Ifx+y=y thew(x+y) = v(y) 2 yp(y) = B = %, 7)) = X, 7px+y).
Thereforey(a) > x,, y(a) for all ae L; i.e., v contains,, yg.
Hence x,, yp is the smallest fuzzy dot bounded sublattice obhtaining both xand

Y-

Remark 3.3. Let xe L\{0,1} and o, € [0, 1] such thag < a.
a) X Xp = Fsgky)-
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a?if te{0,1},
b) Fsg(x)(t) ={ aift=x forallteL.
0 otherwise.

a?ift=1, a?ift=0,
c) Fsg(Q)(t) :{ aift=0, and Fsg@t) =y aift=1, foralltel.
0 otherwise. 0 otherwise.

4. Conclusion

In the present paper, the notion of fuzzy dotrislmd sublattices is introduced. Using
t-norms T and s-norm S, these notions can furtbegemeralized to T-fuzzy sets,
S-fuzzy sets and intuitionistic (T,S)-fuzzy sets.
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