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1. Introduction  
The concept of fuzzy sets was first initiated by Zadeh([36]) in 1965. Since then these 
ideas have been applied to other algebraic structures such as group, semigroup, ring, 
vector spaces etc. Imai and Iseki [12] introduced BCK-algebras as a generalization of 
notion of the concept of set theoretic difference and propositional calculus and in the 
same year Iseki [13] introduced the notion of BCI-algebra which is a generalization of 
BCK-algebra. Senapati together with colleagues [7, 21-35] had done lot of works on 

BCIBCK/ -algebras and related algebraic systems. Jun [14] introduced the notion of 
doubt(anti) fuzzy ideals in BCIBCK/ -algebras. In 1999, Khalid and Ahmad [16] 
introduced fuzzy H -ideals in BCI -algebras. Further, in [2, 3, 4, 18] several authors 
discussed more results on BCIBCK/ -algebras. In 2003, Zhan and Tan [35] introduced 
doubt fuzzy H -ideals in BCK -algebras. The concept of intuitionistic fuzzy subset(IFS) 
was introduced by Atanassov [1] in 1983, which is a generalization of the notion of fuzzy 
sets [34]. In 2010, Satyanarayan et al. ([17]) introduced intuitionistic fuzzy H -ideals in 
BCK-algebras respectively and also several interesting properties of these concepts were 
studied. Doubt intuitionistic fuzzy H -ideals in BCIBCK/ -algebras were introduced in 
[6] by Bej and Pal. Senapati et al. [18, 19, 20] introduce the concepts of (intuitionistic) 
fuzzy translation to (intuitionistic) fuzzy subalgebras, ideals and H-ideals in BCK/BCI-
algebras. 
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     The intuitionistic fuzzy model operators � and ◊ introduced by Atanassov in 

1983. The extension on both the operators � and ◊  is the new operator αD  which 

represents both of them. Further the extension of all the operators is the operator βα ,F  

called ),( βα -model operator which were introduced by Atanassov. The effect of all the 
model operator on IFSs is again an IFSs. The model operators play an important rule in 
the study of IFSs. Here in this paper, we study the effect of model operators in 
particular ),( βα -model operator on doubt intuitionistic fuzzy H-ideals in 
BCK/BCI-algebras. 
 
2. Preliminaries 

Definition 2.1. ([14, 15]) An algebra ,0),( ∗X  of type (2, 0) is called a BCK -algebra if 
it satisfies the following axioms: 

(i) 0=)())()(( yzzxyx ∗∗∗∗∗  

(ii) 0=))(( yyxx ∗∗∗   

(iii) 0=xx∗   
(iv) 0=0 x∗   
(v) 0=yx ∗  and yxxy =0= ⇒∗  for all , , .x y z X∈  

We can define a partial ordering " ≤  " on X by yx ≤  iff 0.=yx ∗   
  

Definition 2.2. ([14, 15]) A BCK-algebra X is said to be commutative if it satisfies the 
identity xyyx ∧∧ =  where .,)(= Xyxxyyyx ∈∀∗∗∧  In a commutative BCK-
algebra, it is known that yx ∧  is the greatest lower bound of x and y. 
In a BCK-algebra X, the following hold: 

(i) xx =0∗  
(ii) yzxzyx ∗∗∗∗ )(=)(  
(iii) xyx ≤∗  

(iv) )()()( zyzxzyx ∗∗∗≤∗∗   

(v) yx ≤  implies zyzx ∗≤∗  and .xzyz ∗≤∗   
     A BCK-algebra X is said to be associative [6] if it satisfies the identity 

.,,)(=)( Xzyxzyxzyx ∈∀∗∗∗∗  A non empty subset S of a BCK-algebra X is 

called a subalgebra X  if ,x y X∗ ∈   for all x,y ∈ S . A non empty subset I of a BCK-

algebra X is called an ideal [15] of X if (i) I∈0  (ii) Iyx ∈∗  and IxIy ∈⇒∈  for 

all Xyx ∈, . A nonempty subset I of a BCK -algebra X is said to be a H-ideal [16, 35] 

of X if it satisfies (i) and (iii) Izyx ∈∗∗ )(  and IzxIy ∈∗⇒∈  for all , , .x y z X∈  
 
A fuzzy subset µ  of a BCK-algebra X is called a  

(A) fuzzy subalgebra of X if )},(),({)( yxminyx µµµ ≥∗  for all x, y ∈ X. 

 (B) doubt fuzzy subalgebra of X if )},(),({)( yxminyx µµµ ≤∗  for all x, y ∈ X.  
(C) fuzzy ideal [15] of X if it satisfies the following axioms: 
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(i) )((0) xµµ ≥  

(ii) )}(),({)( yyxminx µµµ ∗≥  for all ., Xyx ∈   
(D) doubt fuzzy ideal [15] of X if it satisfies the following axioms: 

(i) )((0) xµµ ≤  

(ii) )}(),({)( yyxmaxx µµµ ∗≤  for all ., Xyx ∈   
(E) fuzzy H-ideal [16, 35] of X if it satisfies the following axioms: 

(i) )((0) xµµ ≥  

(ii) )}()),(({)( yzyxminzx µµµ ∗∗≥∗  for all .,, Xzyx ∈   
(F) doubt fuzzy H-ideal  of X if it satisfies the following axioms: 

(i) )((0) xµµ ≤  

(ii) )}()),(({)( yzyxmaxzx µµµ ∗∗≤∗  for all .,, Xzyx ∈   
 

Definition 2.3. ([1]) An intuitionistic fuzzy set (IFS) A  of a non empty set X is an object 
of the form },>|)(),(,{<= XxxxxA AA ∈νµ  where [0,1]: →XAµ  and 

[0,1]: →XAν  with the condition Xxxx AA ∈∀≤+≤ 1,)()(0 νµ . The numbers 

)(xAµ  and )(xAν  denote respectively the degree of membership and the degree of non-

membership of the element x  in set A . For the sake of simplicity, we shall use the 
symbol ),(= AAA νµ  for the intuitionistic fuzzy set }>|)(),(,{<= XxxxxA AA ∈νµ . 

The function )()(1=)( xxx AAA νµπ −−  for all .Xx∈  is called the degree of 

uncertainty of Ax∈ . The class of IFSs on a universe X is denoted by )(XIFS .  
 

Definition 2.4. ([1]) If }>|)(),(,{<= XxxxxA AA ∈νµ  and )(),(,{<= xxxB BB νµ  

}>| Xx ∈  are any two IFSs of a set X , then BA ⊆  if and only if for all ,Xx ∈ Aµ  

)()( xx Bµ≤  and )()( xx BA νν ≥ , BA =  if and only if for all )(=)(, xxXx BA µµ∈  

and )(=)( xx BA νν ),)((,{<= xxBA BA µµ ∩∩  }>|))(( XxxBA ∈∪νν , where 

)}(),({min=))(( xxx BABA µµµµ ∩  and )( BA νν ∪  

)}(),({max=)( xxx BA νν , BA ∪ }>|))((),)((,{<= Xxxxx BABA ∈∩∪ ννµµ ,whe

re max=))(( xBA µµ ∪  ),({ xAµ  )}(xBµ  and )}(),({min=))(( xxx BABA νννν ∩ .  
  

Definition 2.5. ([1]) If }>|)(),(,{<= XxxxxA AA ∈νµ  and ),(,{<= xxB Bµ  )(xBν  

>| }Xx ∈  are any two IFSs of a set X , then their cartesian product is defined by 

},>|),)((),,)((),,({<= XyxyxyxyxBA BABA ∈××× ννµµ where )( BA µµ ×   

)}(),({min=),( yxyx BA µµ  & )}(),({max=),)(( yxyx BABA νννν × . 

  
Definition 2.6. ([14]) If }>|)(),(,{<= XxxxxA AA ∈νµ  and )(),(,{<= xxxB BB νµ  

}>| Xx ∈  are any two IFSs of a set X , then their doubt cartesian product is defined by 
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},>|),)((),,)((),,({<= XyxyxyxyxBA BABA ∈××× ννµµ where )( BA µµ ×
)}(),({max=),( yxyx BA µµ  & )}(),({min=),)(( yxyx BABA νννν × .  

  
Definition 2.7. ([1]) For any IFS }>|)(),(,{<= XxxxxA AA ∈νµ  of X  and 

[01],∈α  the operators : ( ) ( ),IFS X IFS X→� : ( ) ( ),IFS X IFS X→◊  

: ( ) ( )D IFS X IFS Xα →  are defined as 

(i) ( ) = {< , ( ),1 ( ) >| }A AA x x x x Xµ µ− ∈�  is called necessity operator 

(ii) ( ) = {< ,1 ( ), ( ) >| }A AA x x x x Xν ν− ∈◊  is called possibility operator 

(iii) }>|)()(1)(),()(,{<=)( XxxxxxxAD AAAA ∈−++ παναπµα  is called 

α -model operator. 
Clearly ( ) ( )A A A⊆ ⊆ ◊�  and the equality hold, when A is a fuzzy set also 

0( ) = ( )D A A�  and 1( ) = ( ).D A A◊  Therefore the α -Model operator )(ADα  is an 

extension of necessity operator ( )A�  and possibility operator ( )A◊ .  
 

Definition 2.8. ([1]) For any IFS }>|)(),(,{<= XxxxxA AA ∈νµ  of X  and for any 

[01], ∈βα  such that 1≤+ βα , the ),( βα -model operator →)(:, XIFSF βα  

)(XIFS
 
 is defined as }>|)()(),()(,{<=)(, XxxxxxxAF AAAA ∈++ βπναπµβα , 

where )()(1=)( xxx AAA νµπ −−  for all .Xx∈  Therefore we can write )(, AF βα  as 

))(),((=))(( )(,)(,, xxxAF AFAF βαβαβα νµ where )()(=)(
,

xxx AAF απµµ
βα

+  and 

)()(=))()(,
xxx AAAF βπνν

βα
+ . Clearly, 0,1 1,0( ) = ( ), ( ) = ( )F A A F A A◊�  and 

)(=)(,1 ADAF ααα −   

 
Definition 2.9. Let X and Y be two non empty sets and YXf →:  be a mapping. Let A 
and B be IFS’s of X and Y respectively . Then the image of A under the map f is denoted 
by f(A) and is defined by ))(),((=))(( )()( yyyAf AfAf νµ , where 



 ∈∧



 ∈∨ −−

otherwise

yfxx
y

otherwise

yfxx
y A

Af
A

Af
1

)}(:)({
=)(

0

)}(:)({
=)(

1

)(

1

)(

ννµµ  also pre 

image of B under f is denoted by )(1 Bf −  and is defined as 
1

1 1( ) ( )
( )( ) = ( ( ), ( ))

f B f B
f B x x xµ ν−

− − = ( ( ( )), ( ( )));B Bf x f x x Xµ ν ∀ ∈  

  
Remark 2.16.  ))(()( )( xfx AfA µµ ≤  and Xxxfx AfA ∈∀≥ ))(()( )(νν  however 

equality hold when the map f is bijective.  
  

An IFS ),(= AAA νµ  in X is called  
(A)an intuitionistic fuzzy subalgebra of X, if it satisfies the following axioms:  
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    (i) )},(),({min)( yxyx AAA µµµ ≥∗   

    (ii) .,)}(),({max)( Xyxyxyx AAA ∈∀≤∗ ννν    
(B) an intuitionistic fuzzy ideal of X, if it satisfies the following axioms:   

    (i) )((0) xAA µµ ≥   

    (ii) )((0) xAA νν ≤   

    (iii) )},(),({min)( yyxx AAA µµµ ∗≥   

    (iv) .,)}(),({max)( Xyxyyxx AAA ∈∀∗≤ ννν    
(C) an intuitionistic fuzzy H-ideal of X, if it satisfies the following axioms:   

    (i) )((0) xAA µµ ≥   

    (ii) )((0) xAA νν ≤   

    (iii) )},()),(({min)( yzyxzx AAA µµµ ∗∗≥∗   

    (iv) .,,)}()),(({max)( Xzyxyzyxzx AAA ∈∀∗∗≤∗ ννν     
(D) a doubt  intuitionistic fuzzy subalgebra of X, if it satisfies the following axioms:  

    (i) )},(),({max)( yxyx AAA µµµ ≤∗   

    (ii) .,)}(),({min)( Xyxyxyx AAA ∈∀≥∗ ννν   
(E) a doubt intuitionistic fuzzy ideal of X, if it satisfies the following axioms:   

    (i) )((0) xAA µµ ≤   

    (ii) )((0) xAA νν ≥   

    (iii) )},(),({max)( yyxx AAA µµµ ∗≤   

    (iv) .,)}(),({min)( Xyxyyxx AAA ∈∀∗≥ ννν   
(F) a doubt intuitionistic fuzzy H-ideal of X, if it satisfies the following axioms:   

    (i) )((0) xAA µµ ≤   

    (ii) )((0) xAA νν ≥   

    (iii) )},()),(({max)( yzyxzx AAA µµµ ∗∗≤∗   

    (iv) .,,)}()),(({min)( Xzyxyzyxzx AAA ∈∀∗∗≥∗ ννν   
  

3.  Model operator βα ,F  on doubt intuitionistic fuzzy H-ideals in BCK/BCI-algebras 

In this section, we study the effect of model operator on doubt intuitionistic fuzzy H-
ideals in BCIBCK/ -algebras. 

 
Theorem 3.1.  If A is a doubt intuitionistic fuzzy (DIF) H-ideal of X, then )(, AF βα  is 

also a DIF H-ideal of X. 
 

Proof:  Let ,Xx ∈  then )).(),((=)( )(,)(,, xxxF AFAF βαβαβα νµ  where 

)()(=)()(,
xxx AAAF απµµ

βα
+  and ).()(=)()(,

xxx AAAF βπνν
βα

+  Now 



S.R.Barbhuiya and Tapan Senapati 

42 
 

 

(i) (0)(0)=(0))(, AAAF απµµ
βα

+ (0))(0)(1(0)= AAA νµαµ −−+  

(0)(0))(1= AA ανµαα −−+ )()()(1 xx AA ανµαα −−+≤                    

))()((1)(= xxx AAA νµαµ −−+ )()(= xx AA απµ + )(= )(,
xAF βα

µ  

)((0) )(,)(,
xAFAF βαβα

µµ ≤∴  

(ii)  
(0)(0)=(0))(, AAAF βπνν

βα
+ (0))(0)(1(0)= AAA νµβν −−+       

(0)(0))(1= AA βµνββ −−+ )()()(1 xx AA βµνββ −−+≥  

))()((1)(= xxx AAA µνβν −−+ )()(= xx AA βπν + )(= )(,
xAF βα

µ  

)((0) )(,)(,
xAFAF βαβα

νν ≥∴  

(iii) 
)()(,

zxAF ∗
βα

µ )()(= zxzx AA ∗+∗ απµ ))()((1)(= zxzxzx AAA ∗−∗−+∗ νµαµ  

)()()(1= zxzx AA ∗−∗−+ ανµαα  

))()),((())()),((()(1 yzyxminyzyxmax AAAA νναµµαα ∗∗−∗∗−+≤  

))()),((()(1))}()),((({1= yzyxmaxyzyxmin AAAA µµαννα ∗∗−+∗∗−  

= (1 ( ( )),1 ( ))} (1 ) ( ( ( )), ( ))A A A Amax x y z y max x y z yα ν ν α µ µ− ∗ ∗ − + − ∗ ∗  

)}()(1))((1)),(()(1)))(((1{= yyzyxzyxmax AAAA µαναµανα −+−∗∗−+∗∗−  
))}()((1)())),(())(((1))(({= yyyzyxzyxzyxmax AAAAAA νµαµνµαµ −−+∗∗−∗∗−+∗∗

)}()),(({= )(,)(,
yzyxmax AFAF βαβα

µµ ∗∗
.

)}()),(({)( )(,)(,)(,
yzyxmaxzx AFAFAF βαβαβα

µµµ ∗∗≤∗∴
.
 

 Similarly we can prove
  

)}()),(({)( )(,)(,)(,
yzyxminzx AFAFAF βαβαβα

ννν ∗∗≥∗
.
 

Hence )(, AF βα  is a DIF H-ideal of X.  

 
Remark 3.2. The converse of above Theorem need not be true as shown in Example 
below.  

  
Example 3.3. Consider a BCK -algebra }{0,1,2,3,4=X  with the following cayley 
table: 

Table 1: Illustration of converse of Theorem 3.1.  
 *   0   1   2   3  4 
 0   0   0   0   0   0  
 1   1   0   1   1   1  
 2   2   2   0   2   2  
 3   3   3   3   0   3  
 4   4   4   4   4   0  
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The IF subset }>|)(),(,{<= XxxxxA AA ∈νµ  given by (0) = 0.34,Aµ   (1) = 0.3,Aµ  

(2) = 0.5,Aµ (3) = 0.5,Aµ (4) = 0.6Aµ  and (0) = 0.66,Aν  (1) = 0.6,Aν  
(2) = 0.5,Aν (3) = 0.5,Aν  (4) = 0.4Aν is not a DIF H -ideal of X . Since 

(1)(0) AA µµ ≤/ . Now take 10.2,=0.7,= ≤+ βαβα , then 

}>|)(),(,{<=)( )(,)(,, XxxxxAF AFAF ∈
βαβαβα νµ  is ( )0.7,0.2

(0) = 0.34,F Aµ
 

( )0.7,0.2
(1) = 0.37,F Aµ  ( )0.7,0.2

(2) = 0.5,F Aµ ( )0.7,0.2
(3) = 0.5,F Aµ ( )0.7,0.2

(4) = 0.6F Aµ  and  

( )0.7,0.2
(0) = 0.66,F Aν

  
( )0.7,0.2

(1) = 0.62,F Aν ( )0.7,0.2
(2) = 0.5,F Aν ( )0.7,0.2

(3) = 0.5,F Aν  

( )0.7,0.2
(4) = 0.4F Aν . It can easily verified that )(0.7,0.2 AF  is a DIF H -ideal of X.  

 
Corollary 3.4.  If A is a DIF H-ideal of X, then 

(i) ( )A�  is also a DIF H-ideal of X. 

(ii) )(A◊  is also a DIF H-ideal of X. 

(iii) )(ADα  is also a DIF H-ideal of X. 

  
Theorem 3.5.  If ),(= AAA νµ  be a doubt intuitionistic fuzzy H-ideal of an associative 

BCK/BCI-algebra X. Then if the inequility bax ≤∗  holds in X, then 
)()()( )(,)(,

baxi AFAF βαβα
µµ ≤∗  

)()()( )(,)(,
baxii AFAF βαβα

νν ≥∗  

Proof: Let Xbax ∈,,  be such that bax ≤∗  then 0=)( bax ∗∗  and since A is a doubt 
intuitionistic fuzzy H-ideal of X, so 
(i) )}()),((({)( )(,)(,)(,

babxmaxax AFAFAF βαβαβα
µµµ ∗∗≤∗

 
  ( ) ( ), ,

= { (( ) ), ( )} [Since X is  associative]F A F Amax x b a b
α β α β

µ µ∗ ∗  

                         )}(),)(({= )(,)(,
bbaxmax AFAF βαβα

µµ ∗∗  

             )}((0),{= )(,)(,
bmax AFAF βαβα

µµ  

                          (b)](0)[Since)(= (A),F(A),F)(, βαβαβα
µµµ ≤bAF

 
)()(Therefore )(,)(,

bax AFAF βαβα
µµ ≤∗

 
(ii) 

)}()),((({)( )(,)(,)(,
babxminax AFAFAF βαβαβα

ννν ∗∗≥∗                                        

           ( ) ( ), ,
= { (( ) ), ( )} [Since X is associative]F A F Amin x b a b

α β α β
ν ν∗ ∗  

           )}(),)(({= )(,)(,
bbaxmin AFAF βαβα

νν ∗∗  
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           )}((0),{= )(,)(,
bmin AFAF βαβα

νν  

          (b)](0)[Since)(= (A),F(A),F)(, βαβαβα
ννν ≥bAF

. 
)()(Therefore )(,)(,

bax AFAF βαβα
νν ≥∗

.
 

 
Theorem 3.6.  If ),(= AAA νµ  be a doubt intuitionistic fuzzy H-ideal of a BCK/BCI-
algebra X. Then  

)())(0(0)( )(,)(,
xxi AFAF βαβα

µµ ≤∗∗  

)())(0(0)( )(,)(,
xxii AFAF βαβα

νν ≥∗∗  for all .x X∈   

 Proof: (i) )}())),(0((0{))(0(0 )(,)(,)(,
xxxmaxx AFAFAF βαβαβα

µµµ ∗∗∗≤∗∗  

              )}(0)),((0{= )(,)(,
xxmax AFAF βαβα

µµ ∗∗  

              )}(),(0{= )(,)(,
xxmax AFAF βαβα

µµ ∗  

              )}((0),{= )(,)(,
xmax AFAF βαβα

µµ  

              ( ),
= ( ) forall x XF A x

α β
µ ∈

.
 

( ) ( ), ,
Therefore (0 (0 )) ( ) for all x X.F A F Ax x

α β α β
µ µ∗ ∗ ≤ ∈  

 (ii) Proof is similar to (i) 
 
Theorem 3.7. If A and B are two DIF H-ideals of BCK/BCI-algebra X, then 

(i) )(, BAF ∪βα  is also a DIF H-ideal of BCK/BCI-algebra X. 

(ii) )(, BAF ×βα  is also a DIF H-ideal of BCK/BCI-algebra X. 

 Proof: (i) We have }>|)(),(,{<=))(( )(,)(,, XxxxxxBAF BAFBAF ∈∪ ∩∪ βαβαβα νµ , 

where )}(),({max=))((=)()( xxxx BABABA µµµµµ ∪∪  and  

)}(),({min=))((=)()( xxxx BABABA ννννν ∩∩ , 

 Let ., Xyx ∈  Since both A, B are DIF H-ideals of BCK/BCI-algebra X, therefore  

( ) (0) ( )A Ai xµ µ≤  & (0) ( )B B xµ µ≤  

( ) (0) ( )A Aii xν ν≥  & (0) ( )B B xν ν≥  

( ) ( ) { ( ( ), ( )}A A Aiii x z max x y z yµ µ µ∗ ≤ ∗ ∗ & ( ) { ( ( ), ( )}B B Bx y max x y z yµ µ µ∗ ≤ ∗ ∗  

( ) ( ) { ( ( ))A Aiv x z min x y zν ν∗ ≥ ∗ ∗ ( )},A yν  & ( ) { ( ( )), ( )}B B Bx z min x y z yν ν ν∗ ≥ ∗ ∗  
Now,  

( ),
(0)F A Bα β

µ ∪ ( ) ( )= (0) (0)A B A Bµ απ∪ ∪+  (0)}(0){1(0)= )()()( BABABA ∩∪∪ −−+ νµαµ  

(0)(0))(1= )()( BABA ∩∪ −−+ ανµαα
(0))(0),((0))(0),()(1= BABA minmax νναµµαα −−+
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))(),(())(),(()(1 xxminxxmax BABA νναµµαα −−+≤
))(),(()(1)))(),(((1= xxmaxxxmin BABA µµαννα −+−

))}(),(())(),(({(1))(),((= xxminxxmaxxxmax AABABA ννµµαµµ −−+
)}()({1)(= )()()( xxx BABABA ∩∪∪ −−+ νµαµ )()(= )()( xx BABA ∪∪ +απµ  

)(= )(,
xBAF ∪βα

µ  

)((0)Therefore, )(,)(,
xBAFBAF ∪∪ ≤

βαβα
µµ

. 
Similarly we can prove )((0) )(,)(,

xBAFBAF ∪∪ ≥
βαβα

νν
. 

Again,
 

)()(,
zxBAF ∗∪βα

µ )()(= )()( zxzx BABA ∗+∗ ∪∪ απµ  

)}()({1)(= )()()( zxzxzx BABABA ∗−∗−+∗ ∩∪∪ νµαµ  

)()()(1= )()( zxzx BABA ∗−∗−+ ∩∪ ανµαα  

)}(),({)}(),({)(1= zxzxminzxzxmax AAAA ∗∗−∗∗−+ νναµµαα      

 )}}()),(({)},()),(({{)(1 yzyxmaxyzyxmaxmax BBAA µµµµα ∗∗∗∗−≤  

{ { ( ( )), ( )}, { ( ( )), ( )}}A A B Bmin min x y z y min x y z yα α ν ν ν ν+ − ∗ ∗ ∗ ∗  

+∗∗∗∗− )}}(),({))},(()),(({{)(1= yymaxzyxzyxmaxmax BABA µµµµα  

{ { ( ( )), ( ( ))}, { ( ), ( )}}A B A Bmin min x y z x y z min y yα α ν ν ν ν− ∗ ∗ ∗ ∗  

−+∗∗− ∪∪ αµµα )}()),(({)(1= )()( yzyxmax BABA

)}()),(({ )()( yzyxmin BABA ∩∩ ∗∗ ννα  

+∗∗− ∪∪ )}()),(({)(1= )()( yzyxmax BABA µµα
)}()),1(({1 )()( yzyxmax BABA ∩∩ −∗∗− ννα

)()(1))),(((1))((){(1 )()()( yzyxzyxmax BABABA ∪∩∪ −∗∗−+∗∗−≤ µαναµα  

                                                                                   ( )(1 ( ))}A B yα ν ∩+ −  

)())),(())(((1))(({ )()()()( yzyxzyxzyxmax BABABABA ∪∩∪∪ ∗∗−∗∗−+∗∗≤ µνµαµ                                                                

))}()())),(())(({ )()()()( yyzyxzyxmax BABABABA ∪∪∪∪ +∗∗+∗∗≤ απµαπµ  

)}()),(({ )(,)(,
yzyxmax BAFBAF ∪∪ ∗∗≤

βαβα
µµ

. 
)}()),(({)(Therefore )(,)(,)(,

yzyxmaxzx BAFBAFBAF ∪∪∪ ∗∗≤∗
βαβαβα

µµµ
.
 

 Similarly we can prove that 
 )}()),(({)( )(,)(,)(,

yzyxminzx BAFBAFBAF ∩∩∩ ∗∗≥∗
βαβαβα

ννν
.
 

(ii) Similar to proof of (i)  
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Theorem 3.8.  An intuitionistic fuzzy set ),(= AAA νµ  is a DIF H-ideal of a BCK/BCI-

algebra X if f the fuzzy sets )(, AF βα
µ  and )(, AF βα

µ  are doubt fuzzy H-ideals of X.  

Theorem 3.9. If }1,2,...,=:{ niAi  be n DIF H-ideals of X, then 

(i) }1,2,...,=:( 1=, niAF i
n
i∩βα  is also a DIF H-ideal of X. 

(ii) }1,2,...,=:( 1=, niAF i
n
i×βα  is also a DIF H-ideal of X. 

 
Theorem 3.10. If ),(= AAA νµ  be a DIF H-ideal of a BCK/BCI-algebra X . Then the 
sets 

(0)}=)(|{= )(,)(,,
AFAFF

xXxX
βαβαβα

µ µµ∈

(0)}=)(|{= )(,)(,,
AFAFF

xXxX
βαβαβα

ν νν∈  

are H-ideals of X.  
Proof: Let ),(= AAA νµ  be a doubt intuitionistic fuzzy H-ideal of a BCK/BCI-algebra 

X. Clearly 
βα

µ
,

0
F

X∈  and .
,βα

ν F
X Let Xzyx ∈,,  such that )(,

),( AFyzyx
βα

µ∈∗∗ , 

then   ( ) ( ) ( ), , ,
( ( )) = ( ) = (0).F A F A F Ax y z y

α β α β α β
µ µ µ∗ ∗

   
Now  

    
)}()),(({)( )(,)(,)(,

yzyxmaxzx AFAFAF βαβαβα
µµµ ∗∗≤∗  

 (0)}(0),{= )(,)(, AFAFmax
βαβα

µµ (0)= )(, AF βα
µ  

(0))( )(,)(, AFAF zx
βαβα

µµ ≤∗⇒
.
 

( ) ( ), ,
Also (0) ( )F A F A x z

α β α β
µ µ≤ ∗

 
by Theorem 3.8  and  Definition 2.22. 

(0)=)(Therefore )(,)(, AFAF zx
βαβα

µµ ∗   
βα

µ
,F

Xzx ∈∗⇒  

Similarly we can show that
βα

ν
,F

Xzx ∈∗
          

 

Hence 
βα

µ
,F

X  and 
βα

ν
,F

X  are H-ideals of X.  

Proposition 3.11.  If A and B be two IFS sets of X and Y respectively and YXf →:  be 
a mapping, then 

(i) ))((=))(( 1
,,

1 BfFBFf −−
βαβα  

(ii) ))(())(( ,, AfFAFf βαβα ⊆   

 
4.   Effect of model operators on doubt intuitionistic fuzzy H -ideals under  
       homomorphism 

  
Definition 4.1. Let X  and Y  be two DIF H-ideals, then a mapping YXf →:  is said 

to be homomorphism if Xyxyfxfyxf ∈∀∗∗ ,),()(=)( .  
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Theorem 4.2.  Let YXf →:  be a homomorphism of DIF H-ideals. If )(, AF βα  is a 

DIF H-ideal of Y, then ))(( ,
1 AFf βα

−  is also a DIF H-ideal of X.  

 Proof:  Since ))((=))(( 1
,,

1 AfFAFf −−
βαβα . 

It is enough to show that ))(( 1
, AfF −
βα  

is a DIF H-ideal of X. Let Xzyx ∈,, , then (0))(=(0) )(,))(1(,
fAFAfF βαβα

µµ −  

 ))(()(,
xfAF βα

µ≤ )(=
))(1(,

x
AfF −

βα
µ  

)((0)
))(1(,))(1(,

x
AfFAfF −− ≤⇒

βαβα
µµ  

and )(=)( )(,))(1(,
zxfzx AFAfF

∗∗− βαβα
µµ ))()((= )(,

zfxfAF ∗
βα

µ  

       ))}(()),())(()(({ )(,)(,
yfzfyfxfmax AFAF βαβα

µµ ∗∗≤  

       ))}(())),((({ )(,)(,
yfzyxfmax AFAF βαβα

µµ ∗∗≤  

       )}()),(({=
))(1(,))(1(,

yzyxmax
AfFAfF −− ∗∗

βαβα
µµ  

)}()),(({)(
))(1(,))(1(,))(1(,

yzyxmaxzx
AfFAfFAfF −−− ∗∗≤∗

βαβαβα
µµµ  

Similarly we can show )((0)
))(1(,))(1(,

x
AfFAfF −− ≥

βαβα
νν and 

)}()),(({)(
))(1(,))(1(,))(1(,

yzyxminzx
AfFAfFAfF −−− ∗∗≥∗

βαβαβα
ννν

.
 

Hence ))(( ,
1 AFf βα

−  is also a DIF H-ideal of X. 

 
Corollary 4.3. Let YXf →:  be a homomorphism of BCK-algebras.  

       (i) If ( )A�  is a DIF H-ideal of Y, then 1( ( ))f A−
�  is also a DIF H-ideal of X. 

       (ii) If ( )A◊  is a DIF H-ideal of Y, then 1( ( ))f A− ◊  is also a DIF H-ideal of X. 
  

Theorem 4.4.  Let YXf →:  be an onto homomorphism of DIF H-ideals. If )(, AF βα  

is a DIF H-ideal of X, then ))(( , AFf βα  is also a DIF H-ideal of Y.  

 Proof: Let .,, 321 Yyyy ∈  Since f is onto, therefore there exists Xxxx ∈321 ,,  such that 

332211 =)(,=)(,=)( yxfyxfyxf  
, 1 3( ( ))( )f F A y yα β ∗ ( ( )) 1 3 ( ( )) 1 3, ,

= ( ( ), ( ))f F A f F Ay y y y
α β α β

µ ν∗ ∗  

Now )(=)( 31)(,31))(,( xxyy AFAFf ∗∗
βαβα

µµ  where )(=)()(= 313131 xxfxfxfyy ∗∗∗   

(0)=(0) )(,))(,( AFAFf f
βαβα

µµ (0)(0)= AA απµ + (0)](0)[1(0)= AAA νµαµ −−+  

 (0)(0))(1= AA ανµαα −−+ )()()(1 xx AA ανµαα −−+≤  

 )]()([1)(= xxx AAA νµαµ −−+ )()(= xx AA απµ +  
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 )(= )(,
xAF βα

µ )(= ))(,( xfAFf βα
µ  

)((0) ))(,())(,( xff AFfAFf βαβα
µµ ≤∴

.
 

)( 31))(,( yyAFf ∗
βα

µ )(= 31)(,
xxAF ∗

βα
µ )(= 31)(,

xxAF ∗
βα

µ  

)()(= 3131 xxxx AA ∗+∗ απµ )]()([1)(= 313131 xxxxxx AAA ∗−∗−+∗ νµαµ  

)()()(1= 3131 xxxx AA ∗−∗−+ ανµαα  
)}()),(({)}()),(({)(1 23212321 xxxxminxxxxmax AAAA νναµµαα ∗∗−∗∗−+≤  

)}()),(({)(1)}}()),(({{1= 23212321 xxxxmaxxxxxmin AAAA µµαννα ∗∗−+∗∗−  
)}()),(({)(1)}()),1(({1= 23212321 xxxxmaxxxxxmax AAAA µµαννα ∗∗−+−∗∗−        

+−∗∗−+∗∗− )()(1))),(((1))((){(1= 2321321 xxxxxxxmax AAA µαναµα                  
))}((1 2xAνα −

)())),(())(((1))(({= 2321321321 xxxxxxxxxxmax AAAA µµναµ ∗∗−∗∗−+∗∗  

                                                           ))}()((1 22 xx AA µνα −−+  

)}()()),(())(({= 22321321 xxxxxxxxmax AAAA απµαπµ +∗∗+∗∗  

)}()),(({= 2)(,321)(,
xxxxmax AFAF βαβα

µµ ∗∗  

))}(())),((({= 2))(,(321))(,( xfxxxfmax AFfAFf βαβα
µµ ∗∗  

)}()),(({= 2))(,(321))(,( yyyymax AFfAFf βαβα
µµ ∗∗

 
)}()),(({)( 2))(,(321))(,(31))(,( yyyymaxyy AFfAFfAFf βαβαβα

µµµ ∗∗≤∗∴
. 

Similarly we can show that )((0) ))(,())(,( xff AFfAFf βαβα
νν ≥      and 

)}()),(({)( 2))(,(321))(,(31))(,( yyyyminyy AFfAFfAFf βαβαβα
ννν ∗∗≥∗

. 
Hence ))(( , AFf βα  is a DIF H-ideal of Y.  

 
Corollary 4.5.  Let YXf →:  be a homomorphism of BCK-algebras.  

(i) If ( )A�  is a DIF H-ideal of X, then ( ( ))f A�  is also a DIF H-ideal of Y. 

(ii) If ( )A◊  is a DIF H-ideal of X, then ( ( ))f A◊  is also a DIF H-ideal of Y. 
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