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Abstract. Fuzzy and intuitionistic fuzzy set theories spawide range of application
ranging from industrial process control to medichhgnosis and group decisions
processes. For this reason, the generalizatiomeohbtions intuitionistic fuzzy medial
subalgebras and intuitionistic fuzzy medial ideal8Cl-algebras by using t-norm T and
s-norm S are given. Moreover some interesting tesuk investigated. Moreover, some
algorithms for medial ideals and fuzzy medial idd#ve been constructed.
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1. Introduction

The theory of BCK/BCI algebras introduced by Imaddséki [4,5] and has been studied
deeply by several researchers. The concept of faabget and various operations on it
were first introduced by Zadeh in [37]. Xi [36] iotduced the concepts of fuzzy
subalgebras and ideals in BCl-algebras and disdussme properties of them. The idea
of intuitionistic fuzzy set was first published Byanassov [1] as a generalization of the
notion of fuzzy set. A similar treatment in the B&fiebras and related algebraic
structures were carried out by many researche#s9,2,6-35]. Meng and Jun [16] studied
medial BCl-algebras. Mostafa et.al [18] introdudbd notion of medial ideals in BCI-
algebras. They stated the fuzzification of mediabis and investigated its properties. On
the other hand, triangular norm is a powerful tioolhe theory research and application
development of fuzzy sets [3,14,15,22-25]. Leelefl2] discussed fuzzy translations,
(normalized, maximal) fuzzy extensions and fuzzytiplications of fuzzy subalgebras
in BCK/BCl-algebras and introduced the relation®agmfuzzy translations, (normalized,
maximal) fuzzy extensions and fuzzy multiplicationshn [20,21], concepts of
(intuitionistic) fuzzy translation to (intuitionis) fuzzy H-ideals in BCK/BCl-algebras
are introduced. Moreover, the notion of fuzzy estens and fuzzy multiplications of
fuzzy H-ideals with several related properties iameestigated. Also, the relationships
between fuzzy translations, fuzzy extensions amdyfumultiplications of fuzzy H-ideals
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are investigated. In the light of the developmenggle so far, in this paper the concepts
of intuitionistic (T,S)- fuzzy magnified translatiomedial ideals in BCl-algebras is
introduced and some interesting results are oldaine

2. Preliminaries
We review some definitions and properties that blluseful in our results.

Definition 2.1. [4,5]. An algebraic syste(X [[,0) of type (2, 0) is called a BCl-algebra if
it satisfying the following conditions:

(BCI-1) ((x*y) *(x*2)) *(z*y) =0,

(BCI-2) (x* (x*y)) *y =0,

(BCI-3) x*x =0,

(BCI-4) x*y=0 andy*x=0 imply x =,
for all x,yandz[] X. In a BCl-algebra X, we can define a partial omtgr'<” by
x<vyifandonlyif xCy=0.

In what follows, X will denote a BCl-algebra unlegberwise specified.

Definition 2.2. [16,19] A BCl-algebra( X [,0) of type (2, 0) is called a medial BCI-
algebra if it satisfying the following conditiofx[ y) C(zCu) =(xCz)C(yLCu), for
all x,y,zanduJ X .

Lemma 2.3.[16] An algebra (X[, 0) of type (2, 0) is a medial BCl-algebra if anly
if it satisfies the following conditions:

() xC(yLz)=zLC(yLx)

(i) xCO=x

(i) xCx=0

Lemma 2.4. [16] In a medial BCl-algebra X, the following holdsC (xCy) =y, for
allx,yI X.

Lemma 2.5. Let X be a medial BCl-algebra, théT (y[ x) = x[Ly, forallx, y[I X .

Definition 2.6. A non empty subset S of a medial BCl-algebra ¥aisl to be medial sub-
algebra of X, ix Ly S, forall X,y S.

Definition 2.7. [10,17]. A non-empty subset | of a BCl-algebras)éaid to be
(1 ) a BCl-ideal of X if it satisfies:

(vyoat,

(12) xCyOlandyOl impliesxU1 forall x,yJ X.
(2) medial ideal of X if it satisfies

(M1)0OM,

(M2) zC(yCx)OMand yLzOM imply xOM for all x,yandzJ X .
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Proposition 2.8. [18] Any medial ideal of a BCl-algebra must be @lBdeal but the
converse is not true.

Proposition 2.9. Any BCI- ideal of a medial BCl-algebra is a medasgal.
Proof: Straightforward.

Example 2.10. Let X = {0,1,2,3,4,5} be a set with a binary opéva L defined by the
following table:

G WN|RO| *
ghWNRO|IO
AIDNNOO|IR
bR O|IFRIO|IN
AbhO|O|O|O|W
R ORI
OO~ AP

We can prove tha¢X [,0) is a BCl-algebra and A=1{0, 1, 2, 3} is a medidal of X.

Definition 2.11. [13] A triangular norm (t-norm) is a function T,1L]x[0,1] - [0,1] that
satisfies following conditions:
(T1) boundary condition :T(x, 1) = x,
(T2) commutativity condition: T(X, y) = T,(),
(T3) associativity condition :T(x, T(y, Z)T(T(x, y), 2),
(T4) monotonicity:T(X, V¥ T(X, z) ,whenever ¥ z for all x, y, zZO[O, 1].
A simple example of such defined t-norm is a fumetl (@, B) = min{a, p}.
In the general case &,(3) < min{a, B} and T (@, 0) =0 for alla, B €0, 1].

Definition 2.12. [11 ] Let X be a BCl-algebra. A fuzzy subgetn X is called a fuzzy
subalgebra of X with respect to a t-norm T (briefty T-fuzzy subalgbra of X) if

H(X) = T{u(xXLy), u(y)}, forall x,yd X.

Definition 2.13. [13] A triangular conorm (t-conorm S) is a mappigy [0,1] X
[0,1] - [0,1] ,that satisfies following conditions:
(S1) S(x, 0) = x,
(S2) S(x,y) = S(y, X),
(S3) S(x, S(y 2)) = S(S(x, y), 2),
(S4) S(x, yE S(x, z) , whenever ¥ z for all x, y, zO[O, 1].
A simple example of such definition s-norm S isiadtion S(x, y) = max{x, y}.
Every S- conorm S has a useful propemyax{a, }< S (@, p) for alla, p €10, 1].

3. T, S-Fuzzy medial ideals
Definition 3.1. [11 ] LetX be a BCl-algebra.
(1) A fuzzy setu in Xis called T- fuzzy BCI- ideal of X if it satfies:

(T12) 1(0) = p(X),
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(T12) p(X) 2 T{u(xCy),u(y)}, forall x,yandz[JX.

(2) Afuzzy setd in X is called S- fuzzy BCI- ideal of X if it safies:
(S11) A(0) < A(x),
(SI12) A(X) < S(A(XL YY), A(y)}, forall x,yandz[J X .

Definition 3.2. Let X be a BCl-algebra.
(1) A fuzzy seti in X is called T- fuzzy medial -ideal of X if ibtisfies:
(FM1) £(0) = u(X),
(FM2) p(x) 2 T{ u(zC(yLx)), u(yL2)}, forall x,yandz X .
(2) A fuzzy setd in X is called S- fuzzy medial -ideal of X if iagsfies:
(FS1)A(0) = A(x),
(FS2)A(X) < JA(zL(yLx)),A(yL 2}, forall x,yandz X.

Example 3.3. Let X = {0, 1, 2, 3, 4, 5} be a set with a binargesation[ as Example
2.10. LetT,, :[01] x[01] - [O1] be a function defined by Tra,(8) = max fa +p - 1,
0} for all o, B € [0, 1] is a t-norm (cf. [10]). By routine calculans, we known that a
fuzzy setu in X defined byu(1) = 0.3 andy(0) = w(2) =u(3) =w(4) =u((5) =0.9 is a Tm-
fuzzy BCl-ideal of X, which is a Tm-fuzzy medialedl becausgu(x) = T{u(zL(y
[x), u(yCL 2)} and S, :[01]*%[01] - [01] be a function defined byS_ (a, B) =
min {1—(a+,6’),]}. Then By routine calculations, we known that azfuget Ain X
defined byA (5) = 0.8 andA (0) =A (1) =A(2) =A(3) =A(4) = 0.3 is a Sfuzzy
medial-ideal becauséd(x) < S {A(x0y),A(y)}, forall x,yandzX.

Lemma 3.4. Any T-fuzzy medial- ideal of a BCl-algebra is Tzfiy BCI- ideal ofX.
Proof: Straightforward.

Lemma 3.5. Any S-fuzzy medial- ideal of a BCl-algebra is Sz4y BCI- ideal ofX.
Proof: Straightforward.

Example 3.6. Let X = {0,,23} be a set with a binary operatiodefine by the following
table:

C|0(1/2]3
0|0|1|2]|3
1(1(0(|3|2
21213|0|1
3132|110

We can prove thatX [,0) is a BCl-algebra. Defing/(x) and A(X) as follows:
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02 if x={01}

09 if x={01 _
Ho97 { 06 otherV\Eise} and A(x)= 106 1 x=2
' 07 ifx=3

Let T, :[01] x[01] — [01] be a function defined by.I(a, ) = max {o + B - 1, 0} and
S, :[01]x[01] — [01] be a function defined 1§, (a,B) = min{l-(a + £)J}. For
all, a,f0[01] .It is easy to check that is T, - fuzzy medial ideal andl is S -
fuzzy medial -ideal of X.

4. Intuitionistic (T,S)- fuzzy medial ideals

An Intuitionistic fuzzy set (briefly IFS) A in a mempty set X is an object having the
form A={( X, t£,(X),A,(X)) | X1 X}, where the functiops,: X — [01] and A,: X

- [01] denote the degree of membership and degree ofmeonbership, respectively
and0< 1, (X) +A,(X) <1, for allxO X . An intuitionistic fuzzy sef = {( X, (£, (X),
A,(X)) | xO X}, in X can be identified to an order pgir,,A,)in1* x1*. We shall
use the symboA = (p,,A,) for IFSA={( X, ,(X),A,(X)) | xT X} .

Definition 4.1. [11] An IFS A=(u,,A,) in a BCl-algebra X is called intuitionistic
(T,S)- fuzzy subalgebra of X if it satisfies théidaving :

(IFMS1) p1, (xOy) 2 T{ (%), 4 ()}
(IFMS2) A, (x0Oy) < S{A,(X),A,(y)} for all x,y O X .

Example 4.2. Let X = {012,345} as in example 2.10, arfd= (1/,,A,) be an | F S in
X defined by, (@) = £, (2) = 4, (3) = s (4) = 1, () = 03< 0.7 = p, (O)and A, (1) =
A,2)=21,08=1,4)=1,05)=05>02=1,(0). Let T :[01] x[01] - [01] be a
function defined byT_(a,8) =maXa + 8-10}, and S:[01]x[01] - [01] be a
function defined by(a, 8) = min{l— (a+ ,8),]} .By routine calculations , we can prove
thatA=(u,,A,) is a intuitionistic (T,S)- fuzzy subalgebraXf

Lemma 4.3. Every intuitionistic (T,S)- fuzzy subalgebr=(/,,1,) of X satisfies the
inequalities 4, (0) = (£, (X) , and A, (0) < A, (X)for all xO X.
Proof: Straightforward.

Definition 4.4. [4] An IFS A= (u,,A,) in X s called intuitionistic (T,S)- fuzzy BCI-
ideal of X if it satisfies the following inequakts:

(IF11) 1, (0) = pp(X)and A, (0) < A, (X)

(IF12) 12, (X) 2 T{ 2, (xOy), 5 ()},
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(IF13) A, (X) < S{A,(x0y),A,(y)}, forallx, y O X.

Definition 4.5. An IFS A=(u,,A,) in X is called intuitionistic (T,S)- fuzzy medial
ideal of X if it satisfies the following inequalities.

(IFMy) 22, (0) 2 i, () and A, (0) < A, (X)
(IFMz) 22, (X) 2 T{ 1, (zD(y Dx), 1 (y O2)},
(IFMg) A, (X) < §{A,(z0(y Ox),A,(yO2)}, for allx,y,z0 X.

We now illustrate the above definitionsusyng some examples.

Example 4.6. Let X ={0,23} be a set with a binary operatiodefine by the following
table:

C10|1112(3
00123
1/11|/0|3]|2
212301
' 313210
Define
X 0 1 2 3
Ha 0.9 0.6 0.2 0.2
Mg 0.1 0.4 0.5 0.8

Let T :[01]x[01] - [01] be a function defined b¥ (a, 8) = ma{a + - 10}, and
S: [01] x[01] - [0]] be a function defined byS (a,f) = min{l—(a+,6’),]}. By

routine calculations, we can prove th#=(u,,A,)is intuitionistic (T,S)- fuzzy
medial ideal (sub-algebra) of X.

Lemma4.7. LetA=(u,,A,)be intuitionistic (T,S)- fuzzy medial ideal ¥f If x<y in X,

thengt, (X) 2 (), Au(X) < AL(y), forall x,yO X .
Proof: Let X,y X be such that <y, thenxLy =0. From (IFM,), lemma2.5), we have

Ua(X) 2T{ £, 0Ty 1x)), 11, (Y O)} =T{ 1, ((xTIy), 1, (¥)}

= T{p 0), ua(Y)} = ta(Y) -
Similarly, form (IFMg), we haveAd,(X) < §A,(00(y Ux)), A,(y0)}, hence,

A(X) £ S, (x0y), A, (M)} = F AL (0), A4 (Y)} = A4(Y) -
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Lemma 4.8. Let A=(u,,A,) be intuitionistic (T,S)- fuzzy medial ideal & if the
inequality xCy <z hold in X, then 1,(X) 2T{u\(Y), Us(2)}, AA(X) < SAL(Y),
A,(2)}, forall x,y,zO X.

Proof: Letx,y,z X be such thatCy < z. Thus, putZ = 0 in IFM2), (using Lemma
2.5 and Lemma 4.7), we get,

since 11 (X*y)<Ha(2)

Ha(X) 2 T{ 11, OT(y 00%), £, (y [0)} = T{ 2, (X Oy), 25 (V)} 2 max{us,(2), a(V}
Similarly we can prove thad , (X) < §{1,(2)),A,(Y)} .

Theorem 4.9. Every intuitionistic (T,S)- fuzzy medial ideal ¥fis intuitionistic (T,S)- fuzzy
subalgebra of X.

Proof: Let A=(u,,A,) be intuitionistic (T,S)- fuzzy medial ideal #f Sincex[y < x, for
all X,y X, then u,(x0Oy) = p,(x), A,(xUy) <A,(X) .Put z = 0 in (IFM2), (IFM3), we
haveu, (x1y) 2 f1,(X) 2 T{ 1, Oy D)), 1, (Y L0)} =T{ 2, (x DY), 1o (¥)}
2T{pp (%), 1a(Y)} Now An(XLY) £ A, (%) = FAL,(OL(Y X)), 4,(Y[O)} =
SA,(x0y), A, (V)} < FA(X),A,(Y} . Then A=(u,,A,) is intuitionistic (T,S)- fuzzy

subalgebra oX.
The converse of theorem 4.10 may not be trueekample, the intuitionistic (T,S)-

fuzzy subalgebraA=(/,,A4,) in example 4.2 is not intuitionistic (T,S)- fuzzyedial ideal
of X sincett, (1) = 02< 05=T{x, (404 ), u,(4[A)} .

Lemma 4.10. Let A= (u,,A,) be intuitionistic (T,S)-fuzzy medial ideal (subdbga) of

X, such that, (X) 2 T{ £, (¥), LA (2)}, Ax(X) < SA,(Y),41,(2)} . and the inequality
xLy<zare satisfied for alk,y,zO X . Then A=(u,,A,) is intuitionistic (T,S)-

fuzzy medial ideal (subalgebra) of X.

Proof: Let A=(u,,A,)be intuitionistic (T,S)- fuzzy ideal (subalgebmaf) X. Recall

that 17, (0) = 1, (X) and A, (0) < A,(X), for all xOO X. Since,xL(zC(yCx))=(yLC
X)L(zCx)<yLz, it follows from the hypothesis that/,(X)=T{u,(z(yDx)),

p,(y02)} and A, () < S{A,(z0(yOX), A, (yO2)} . Hence A=(u,,A,) is
intuitionistic (T,S)- fuzzy medial ideal of X.

Theorem 4.11. If A=(u,,A,)is an (T,S)- intuitionistic fuzzy medial ideal of, Xhen
for anyx,a,,a,,....a,0X,(...(x* a) *a,) *..a, =0, implies
IR ERVINCONTACR N7RCARSINCY Y
An(X) = HAu (@), An (@), An (&)}

Proof: Using induction on n and Definition , Lemmas 4.44d 4.7, the proof is
straightforward.
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Lemma 4.12. An A= (u,,A,)is an intuitionistic (T,S)- fuzzy medial ideal of iKand
only if the fuzzy setg,, /TA =1-A, are T- fuzzy medial ideals of X.
Proof: Let A=(u,,A,)is an intuitionistic (T,S)- fuzzy medial ideal of Xlearly, i,,
is a T-fuzzy medial ideal of X. For evepy y[1 X , we havealgA 0 =1-1,00=1-
AA0=4,00  and A0 =1-A()21- S{A,(z0(y DX, A,(y 02} =
T{ 1-A,(z0(yOx)1-A,(yO2)} = T{/TA(Z O(y Dx),/TA(y 0z)} .Hence /TA is a T-
fuzzy medial ideal of X. _

Conversely, assume that,andA, =1-A,are T-fuzzy medial ideals of X. For
every X,y X, we get, (0) = u,(x), 1-1,(0) 2A~A(x) =1-A,(x), that is, 1, (0)
< A0 (05 #0902 T{ 1 (20(y TX), 4, (y T2)}, and 1= A, () = A, (X) = T{Ax (2(y
0X), A, (Y 02)} = T{1- A, (z0(y Ox) 1= A,(y D02)} =
1- S{A,(z C (yCx),A,(yC2)} that is, A,(X) < §{A,(z0(yx),4,(yUz)} .Hence
A=(u,,A,)is an intuitionistic (T,S)- fuzzy medial ideal Xf

Theorem 4.13. Let A= (u,,A,)be an IFS in X. ThertA=(u,,A,)is an intuitionistic

(T, S)-fuzzy medial ideal of X if and only @A = (u,, 1,) andZA = ()IA,/TA) are
(T,S)-fuzzy medial ideal of X.

Proof: If A=(u,,A,)Iis an intuitionistic (T,S)- fuzzy medial ideal of, ¥hen Har An
=1- A, are T- fuzzy medial ideals of X from Lemma 3.18nbeQA = (,, H,) and
A= (AA,/TA) are intuitionistic (T,S)-fuzzy medial ideals of X

Conversely, if QA = (U,, U,) andZA = (AA,/TA) are intuitionistic (T,S)-
fuzzy medial ideals of X, then the fuzzy sgtg, /TA =1-A, are T- fuzzy medial ideals
of X, henceA=(u,,A,) is an intuitionistic (T,S)- fuzzy medial ideals Xf

Definition 4.14. Let A=(u,,A,) be an intuitionistic fuzzy set of X, we define the
following: For anyt J[01] and nonempty fuzzy sefg, A in X, the setL(u,,t) =
{xOX | u(x)=t}is called t-level cut ofi, , and the set(A,,s):={x0 X |A(X)

< s is called s-level cut ol .

Theorem 4.15. An IFS A= (u,,A,) is intuitionistic (T,S)- fuzzy medial ideal of if

and only if for alls,t J[01], the setL(u,,t) andU(A,,s)are either empty or medial
ideals ofX.
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Proof: Let A= (u,,A,) be intuitionistic (T,S)- fuzzy medial ideal of Xha L(x/,,t)
z@pzU(A,,9). Sincey,(0) =t andA,(0)<s, let X,y,z0 X be such thaz[(yLC
X) OL(u,,t) and yOzOL(u,,t), thenu,(zO(yOx)) =t and ,(yOz) 2t it
follows that 1/, (X) 2 T{ 4, (xO(y 02)), 1, (yU2)} 2t , we getxUL(u,,t). Hence
L(4,,t) is a medial ideal of X. Now lex,y,zJ X be such thaz[(yLx) OU(A,,s)
andyzOU(A,,s), then A,(zO(yOx))<s andA,(yUz) <s which imply that

A(X) £ A, (zXy X)), A,(yU2)} <s. ThusxUU(A,,s) and thereford) (4,,9) is
a medial ideal of X.
Conversely, assume that for eachd[0]1], the sets(u,,t) andU (A,,s) are

either empty or medial ideal of X. For afi! X | lety,(X) =tandA,(X) =s. Then
xU L(u,,t) MU (AL, ) and sdo(u,,t) 2 @£U(A,,S). SinceL(u,,t)andJ(4,,9)
are medial ideals of X, therefdé&] L(x/,,t)(NU(A,,S). Hence,u,(0) =t = 1, (X)
and A, (0) <s=A,(x) for allxO X . If there existx',y',z' [0 X be such that/, (X')

I ! ! I ! - 1 I ! !
<T{ (2 T(y X)), u(y' 0Z)} . Then by taking, =§{ﬂA(x)+T{ﬂA(z O(y'O

X), 1a(y OZ)}} . we getys, (X) <ty <T{,(Z (Y OX)), (¥ 0Z)} and hence
X'OL(pt,), ZO(Y EX)DOL(ua,t,) andy' CZ'0 L(u,,t,), ie. L(1,,t,) is not
a medial ideal of X, which make a contradictiomdfly assume that there exiatb,c

OX such thadl, (8) > S{A,(cO(bTA), A, (b0c)} . Then by taking, = %{AA(a) ¥

SA,(cObOa),A,(bc)}} . we get S{A,(cObla)),A,(blc)} <s, <A,(a) .
Therefore,(cC(bCa)) 0 U(A,,S,) andoCcOU(A,,s,), butalU(4,,s,), which
make a contradiction. This completes the proof.

5. Theimage (preimage) of intuitionistic (T,S)- fuzzy medial ideals

Let (X ,[,0) and (Y,[',0') be BCl-algebras. A mappinf: X - Y is said to be a
homomorphism iff (xCy) = f(x) ' f(y) for all X,y X . Note thatiff : X - Y is
a homomorphism of BCl-algebras, the(0) =0'. Letf : X - Y be a homomorphism
of BCl-algebras. For any IF&\=(4,,A,) in Y, define an IFSA" =(u,,A}) in X

by s (X):= 1, (f (X)), and A} (X) := A, (f (X)) for all x(O X .
Theorem 5.1. Let f : X - Y be a homomorphism of BCl-algebras and Aet (1,

A,) be an IFS in Y. IfA is intuitionistic (T,S)-fuzzy medial, theA" = (u,,A}) is
intuitionistic (T,S)- fuzzy medial ideal of X.
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Proof: For all x,y,zO0X , we have ) (X):=u,(f(X)< 1, (0) =, (f(0) =
i) L and AL(0 = A,(F() 22,0 =A,(F(0) =AL0) . Now g (x):=
HaA(F (X)) 2 T{ua(F (D O(F (y) OF (), a (F(Y) OF ()} =T{ua(F (D D £ (yLx
0. ia(F (¥ 02} = T{, (F 200y 03), 2, (F (Y02} =T{ (2O(YLX), pA(y
C2)}. Similarly, A (x) < S(AL(zO(y0x)),A%(y02)} . Hence A" =(u),AL) is an
intuitionistic (T,S)-fuzzy medial ideal in X.

Theorem 5.2. Let f : X — Y be an epimorphism of BCl-algebras andAet (£/,,1,)
be an IFS in Y. IFA" = (u/,A}) is intuitionistic (T,S)- fuzzy medial ideal of Xhen
A=(,,A,) isintuitionistic (T,S)- fuzzy medial ideal in Y.
Proof: For anya Y , there existsx X such thatf (x) = a.Then

(@) = 2, (F () = A () < 1 0) = 4, (£ (0)) = 14, 0),

A0(@) = A(F (%)) = A5(¥) 2 AL0) = A,(f (0) = A, 0).
Let a,b,cY , there existsx,y,z[ X such thatf(x) =a, f(y)=b,f(z)=c. It
follows that 1,(a) = 41, (f(¥) = 2} (%) = T{} (2D(y 0x)), 2} (yO2)} = T{u,
= (f (20(y DX), 14, (F (Y02} = T{, (F (2 OF (y D)), 1, (F () OF (2)} =T{w,
(f (2 O(F (y) OF (), a (£ (y) O (2))} = T{ 1 (c (b L)), 2 (b LI} -
Similarly, A,(a) < §{1,(cO(ba)),A,(bc)} . This completes the proof.

6. Cartesian product of intuitionistic (T,S)- fuzzy medial ideals
Let ¢ and A be two fuzzy sets in the s&t the productd x y: X x X — [0]] is

defined by(A x p)(x,y) =T{A(x),u(y)}, for all x,yO X . Let A=(X,u,,A,) and
B=(X,Us,Az) be two IFS of X, the Cartesian producAxB = (X xX,

Hp % Uy, Ay X Ag) is defined by (£, > tg)(X,Y) = T{iz(X), 15 (Y)} and(A, xAg)

(X%, Y) = S A,(X), A5 (V)} , where 1, x pg : X x X — [01] and p, x p1g : Xx X -

[01] forall x,y[ X.

Remark 6.1. Let X and Y be BCl-algebras, we define* oX xY by,for every
X% y),u,v)OXXY , (x,y)L(u,v) =(xCu,yLv) . Clearly(XxY {,(00)) is BCI-
algebra.

Proposition 6.2. LetA= (X, A5, 14,), B=(X,Ag, Ug) be intuitionistic (T,S)- fuzzy medial
ideals ofX, then Ax B is intuitionistic (T,S)- fuzzy medial ideal ok x X ..

Proof: For all x,yOX , (4% 4)(00) =T{4, (0 400} = T{s(X), s ()} =
(Upyxug)(xy) and (A, xA;)(00) = §A,(0),45(0)} < FA,(X), A5 (V)} = (A, %
A5)(X.Y). Now, let(x,,%,),(¥,. ¥2).(z,,2,) DX x X, then
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T{(#a > 1) (212 2,) T((Y1, Y2 ) D04 000D, (40 % g ) (Y12 Y2) (21, 2,))}

=T{(pp * 15)(20, 2,) Oy, X1, Y, DX5)), (1 % e )(Y: Uz, Y, UZ,)}
=T{(p1p % e )(z, Oy, O%,), Z, Ty, Ux,)), (1 > )Y, Uz, Y, Uz,)}
=T{T{ 1o (2, O(y, %)), 45 (2, OCY, DX, D} T{pa (v, U2y), 15 (y, U2,)}}
=T{T{ A (z Oy, %)), pa (Y 020)} T g (2, DY, 0X,)), 5 (Y, 07,)}

S T{pA (), Mg (%) = ([ X g )(X, X,) -
Similarly we can prove tha§{(A, xA;)((Z,,2,) O((Y,, ¥,) O(X, X, DA xAg)

(Y1, ¥2) B(Z, 2,))} 2 (Ay X Ag) (%, %,) -

Example6.3. Let X = {0, 1, 2, 3} be a set with a binary operatibras example 4.6
(00), (01), (02), (03), (1.0), @), (1.2), 1.3),
(20), (2D, (22), (23), (30), (31, (32), (33)
for every (x,y), (u,v) O X x X, (X, y) C(u,v) = (xCu, yLv). By routine calculations
(Xx X {,(00)) is BCl-algebra.
Let T, :[01] x[01] - [01] be a functions defined by,Ta, B) = max {o +p -

1, 0} andS, :[01] x[01] - [01] byS, (a,B)=min{l-(a + B)Lforal o € [0,
1]. Let AXxB = (XXX, U, X Uy, A, X Ag) intuitionistic fuzzy medial ideals of define

09if x or y[i0 06 if xory=3
o 9= o e

ThenX x X :{ } , we define* onX xX by

An(X, :
02if xor yo{23 AN=102 i xor y0{23}
By routine calculations, we can prove that B = (X X X, f, X tg, Ay X Ag) , is
intuitionistic (T,S)- fuzzy medial ideals ok x X .

Definition 6.4. Let A=(X,A,,,)and B =(X,A;, ) be IFS of a BCl-algebrX.
for s,tO[01] the set U(u, x tg,S) ={(Xy)OXXX |(Uy*x )X y) 25 is
called upper s-level ofu, x tg)(X, y) and the selL (A, xAg,t) ={(x,y) O XxX|
(A xA)(X, y) <t} is called lower t-level of A, X A, )(X, Y) .

Theorem 6.5. The intuitionistic fuzzy setdA= (X,A,,,) and B=(X,A;, 1) are
intuitionistic (T,S)- fuzzy medial ideals of if the non-empty set upperlevel cut
U(u, x Ug,S) and the non-empty lowetlevel cutL(A, xAg,t) are medial ideals of
X x X forall s,t 0[0]].
Proof: Let A= (X,A,,u,)and B =(X,A;, 1) be intuitionistic (T,S)- fuzzy medial
ideals of X, therefore for angx, y) [ X x X, we have (u, % ;) (00)
=T{up ), t150)} 2T{up(X), e (V)} = (La X s )(X,Y) -

Let (X,X,),(Y;,Y,),(Z,,2,) X x X ands1[01], be such tha{(z,,z,) U
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(Y1, Y2) 001, %)) O U (4 % g, ) and (s, Y,) (2, 2,) O U (44, % g, S) - Now
(Ua > 1) (% %) 2 T{(4p* 1) (21 ) T(Y1r Y2) D%, %)), (> ) (Y1 Y2) D
(2,2, = T{{(ua*x1:)(2,2) O(y, UX, Y, %)), (ua % 1)V Uz, Y, Uz,)}
= T{(a % 15)(z Oy, %), 2, LY, 0%,)), (a % 1) (V1 Uz, Y, UZ,)} 2T{s,s} =s,
Therefore(X,, X, ) DU (¢4, * t45)(X, ¥),S) is a medial ideal oK x X . Similarly we can
prove thatL((A, X A;)(X, y),t) is a medial ideal ofX x X .This completes the proof.

7. Intuitionistic (T,S)- fuzzy magnified translation medial ideals
Let A=(u,,A,) be intuitionistic (T,S)- fuzzy subset of a seta [ [01—sup{u(X),

xOX}], SO(01]. An object having the formA; = ((14)3,(A4)%) is called magnified
translation of A if (1,)5(X) = Bus(X) +a and (A,);(X) =BL(X)+a be such that
,a 0[01-sudu(x),0x0 X} , B0 (01-2a] .In particular if =1, then A" =
((un)1 ,(A,)7) is called intuitionistic (T,S)- fuzzy translatiorf é. If a =0, then
A3 = ((42)5,(A4)3) is called intuitionistic (T,S)- fuzzy multiplicath of A.

Example 7.1. Consider the BCl-algebrX = {0123} in example 4.7. Define a fuzzy
Subsets 4,,4, of X by

X 0 1 2 3
™ 0.8 0.5 0.4 0.1
Ag 0.2 0.2 0.6 0.9

Sincea € [ 0, 1 - supfu(x), xe X}], B € (0, 1-2a] , thena e[ O, 1 - 0.8]= [0, 0.2]. If we
take a =0.1 , therefore S (01-2a] = (00.2]. Hence, we can take =01, B=

0.2 and therefore we get the following table :

X 0 1 ] 2 | 3
U 08 | 05| 04| 0.1
As 02| 02| 06| 09

(,UA)SZ;(X) 0.2¢ | 0.2C | 0.1€ | 0.1Z
(1) 2L(X) 0.1¢ | 0.14 | 0.2z | 0.2¢

A702

Let T :[01]%[01] — [01] be a function defined by (a, £) = ma>{a+,8—10}, and
S :[01]%[01] - [01] be a function defined b§(a, ) =min{l-(a + B)1} By

routine calculations, it is easy to show t#gly, = ((&4,)53,(A,)53) , is an intuitionistic

(T,S) -fuzzy magnified translation of medial ideal X.
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Theorem 7.2. The intuitionistic fuzzy magnified translatioh; = ((1£,)%,(A4)3) of

A= (u,A,)is intuitionistic (T,S)- fuzzy medial ideal of X iaind only if Ais
intuitionistic (T,S)- fuzzy medial ideal of X.
Proof: Let A= (u,,A,)be intuitionistic (T,S)- fuzzy medial ideal of X.h&n Ais a

non-empty intuitionistic fuzzy subset of X, and bed\g is also non-empty. Now for
XU X we have(14,)5 (0) = B, (0) +a 2 Buy(X) +a = (14,)5(X),
(A3 0) = B 0) +a < BA(X) +a = (A,)5(X).
and (U, 5(X) = Bu () +az BT{ u,(zL(Yy OX), ua(yO2)}) +a =
T{ Bu,(z0(y 0X) + a, Bu,(y U2) + a} =T{( 14,) 5 (zL(y Ux)), (1) 5(y U2)}
and (4,)5() = BA(X) +a < B(S[A(zD(yOX), A (yO2)}) +a =
S BA(zL(y Ox) +a, BAA(y02) + a} = F(A,) 5(z2D(y X)), (A,) 5 (y D2)} .
Hence AZ is intuitionistic (T,S) - fuzzy magnified transitan medial ideal of X.
Conversely, letA; = ((1,)5:(44)5) be intuitionistic (T,S) - fuzzy magnified
translation medial ideal of X. Ther{t,)5(0)=(1,)z(x) . ie Bu,O)+a =
Bu,()+a , therefore 11,(0)2 4, (x) and (1,)5(0) = BA,(0)+a < BA,(x)+
a=(A,)5(X),i.efA,0) +a < BA,(X) +a, thereforel, (0) < A,(X) .
Now for all x,y,z[ X, we have
BUA(X) +a = (1) 5 (%) 2 T{(£,)5(20(y 0X)), (1) (Y U2)}
=T{Bu,(z0(yOx) +a, Bu,(y02) +a}
=BM{ 1 (z0(y Ox), 1, (yO2)}) +a
thereforeu, (X) =2 T{ ,(z0(y Ux), i, (yU2)} and

BA(X) +a = (A,)5(X) < S{(12)3(zE(y 0X)), (A,)5(y U2)}
=S A\ (z0(y OX) +a, BA,(y 02) + @}
=B(S A (zD(yx), A, (YU} +a
ie. A,(X)< F A (z(yDx),A,(yOz)} . Hence A=(u,,A,) is intuitionistic (T,S)-

fuzzy medial ideal of X.

Lemma7.3. If A7 =((#,)%,(A4)3) is intuitionistic (T,S) - fuzzy magnified

translation medial ideal and< y in X, then (£4,)3(X) = (1,)5(Y),

(An)5(X) < (A2)5(Y) . Thatis(4,) 3 is order reserving ar(d ) is order preserving.

Proof: Let X,y [ X be such that < y, by lemma 4.8, we havg,(x) = ,(y), and
() 5(X) = BUA(X) +a 2 Bun(y) +a =(1,)5(Y)
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Similarly, (A,)%(X)=BA(X) +a < BA(Y) +a=(1)5(Y).

Lemma 7.4. If A7 =((1,)5,(A4)3) is intuitionistic (T,S)- fuzzy magnified transiat
medial ideal and the inequaliyCy <z hold in X, then (£,)5(X) 2T{(,)3(Y),
(Ua)z (D} (A) 500 < S[(A)5(Y), (A1) (D)} -
Proof: LetX,y,z[ X be such that Ly < z. Thus, by Lemma 4.9, we have

(U (X) = Bua(X) +a = BT{ 1, (Y), UA(2)D) +a@

=T Bun(Y) + a, Bu,(2) + a} =T{(44,)5(¥), (14,) 5(2)} -
Similarly, we can prove thafA,)%(x) < S{(A,)5(Y),(44)5(2)} -

Definition 7.5. Let f : X - Y be a homomorphism of BCl-algebras, for any (T,S)-
intuitionistic fuzzy magnified translatiod\; = ((£,)3,(4,)5) of A in Y. We define

(T,S)- intuitionistic fuzzy magnified translatiofA;)" = ((1)5.(A,)5) in X by
(1) 5(¥) = ()5 (F (X)) and (A3)5(X) = (A)5( (X)) , for all XOX.

Theorem 7.6. Let f : X — Y be a homomorphism of BCl-algebras.Af = ((1,)%
(A4)%) is (T,S)- intuitionistic fuzzy magnified translati medial ideal, thegAj)" =
((12)5,(A2)5) is (T.S)- intuitionistic fuzzy magnified translati medial ideal oK.
Proof: For allx, y, zZOX , we have

()5 (0 = ()5 (F (X)) = (10)50) = (1) 5(F 0) = ()5 0) ,

and (A4)3(x) = (A)3(f (%) 2(4,)50) = (A,)3(f (0) = (A5 (0).
Now

()5 00 = (1) 5 (F () 2T{(p)5(F (2 T (y) OF (9)), (1) 5(F (¥) OF ()}
T 1) 5(F(2) O(F (y X)), (1) 5 (F (y D2))}
T )5 (F(20(y D)), (1,) 5 (f (y 02)}

TH ) 3200y Ox), (10) 5 (y 02)}
and

(A5 =(A)Z(F (%) < S[(A)5(F (2 O(f (y) OF (¥9)), (A5 ( (y) Of (2))}
S AW (f (2 O(f (yDx)), (A)5(F (yU2))}
SH A 5(f(zD(y X)), (A5 (f (yU2)}
SH AW 3(z0(y D)), (A)5(y 02)} .
Then(A‘,j’)f is (T,S)- intuitionistic fuzzy magnified translati medial ideal oK.
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Theorem 7.7. Let f : X - Y be an epimorphism of BCl-algebras aAd = ((£/,) %,
(Aa)%) a(T,S)- intuitionistic fuzzy magnified translatiin Y. If (A7)" = ((41)%.
()IL)Z) is (T,S)- intuitionistic fuzzy magnified transkat medial ideal of X, therA;
= ((4n)5,(Aa)3) is (T,S)- intuitionistic fuzzy magnified transtan medial ideal in Y.
Proof: For anya Y , there existsx 0 X such thatf (X) = a.Then (1,)%(2) = (1,)%
(FO)= ()50 < (W)5O)=(1)5(F ) =(1)5(0) . and(1,)5(a) = (A,)5
(f(x) = ()II\)Z(X) > (/IL)Z (0)=(A4)5(f (0)) =(1,)%(0) . Now, leta,b,c Y, and
f(x)=a, f(y)=Db, f(z) =c, for somex,y,z X It follows that
(Ha)5(@) = () 5(F (X)) = (Ha)5(X)

2 T{(#4)5(z0(y Ox), (1n) 3 (y O2)}

TE(£4,) 5 (F (2O(y 0X))). (1) 5 (f (y 02))}

T 14,)5(F (2 O(F (y 0x))), (1) 5 (£ (y D2))}

TE(1,)(F (2 O(F (y) OF (X)), (12) 5 (F () OF (D)}

TH(4,)5(c(bUa)), (1) 3(bLic)} ;and
(Aa)3(@) = (A)5(F () = (A3)5(X)

< S[(A3)5(Z(y D), (A3)3(y D2)}

SE(An) 5 (F(zD(y D)), (A2)5(f (y D2)}

SH(AN)(f(2) TCF (y D)), (A0)5(F (y U2)}

SE(AA) 5 (F(2) O(F () OF (X)), (A)5(F () Of (2))}

SE(An)p(cU(bLa)), (A,) 5 (b L)}

This completes the proof.

8. Conclusion
In the present paper, we have introduced the cdono€pT,S)-intuitionistic fuzzy
magnified translation medial ideal in BCI —algebaad investigated some of their useful
properties. We believe that these results are weeful in developing algebraic structures
also these definitions and main results can belailpiextended to some other algebraic
structure such as PS -algebras, Q-algebras, SUbrakgelS- algebrag -algebras, PU-
algebras and semirings. It is our hope that thiskwmuld other foundations for further
study of the theory of BCl-algebras. In our futwgtidy of fuzzy structure of BCI-
algebras, may be the following topics should besimered:

1) To establish the interval valued intuitionistic $)-fuzzy medial subalgebras

(ideals).
2) Bipolar of intuitionistic (T,S)-fuzzy medial sulggbras (ideals).
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3) To consider the structure ¢F) -interval-valued intuitionistic (T,S)-fuzzy medial
subalgebras (ideals) of BCl-algebras.

4) Soft sets with applications of intuitionistic (T;&Bzzy medial subalgebras (ideals)
of BCl-algebras.

Algorithm for BC | -algebras

Input (X :set, [ :binary operation)
Output (“X is a BCI -algebra or not”)
Begin

If X =¢ then goto (1.);

End If

If 00X then go to (1.);

End If

Stop: =false;

=1

While i <|X| and not (Stop) do

If x; Ox, #0 then

Stop: = true;

End If

j=1

While j <|X| and not (Stop) do
If (% O(x Oy;)) Oy, # 0,then
Stop: = true;

End If

End If

k=1

While k <|X| and not (Stop) do

It ((x Oy;) 0% Uz)) Lz Oy;) # 0, then
Stop: = true;
End If
End While
End While
End While
If Stop then
Output (“X is not a BCl-algebra”)
Else
Output (“X is a BCI -algebra”)
End If.

Algorithm for fuzzy subsets
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Input (X :BCl-algebra,i: X - [0]1]);
Output (“Ais a fuzzy subset oK or not”)
Begin

Stop: =false;

i=1;

While i S|X| and not (Stop) do

If (u(x)<0)or (u(x)>1)then
Stop: = true;
End If
End While
If Stop then
Output (“u is a fuzzy subset of )
Else
Output (“@is not a fuzzy subset of )
End If
End.

Algorithm for medial -ideals

Input (X :BCl-algebra,l :subset ofX );
Output (“l is an medial -ideals oK or not”);

Begin

If | =¢ thengoto (1.);

End If

If OOJI thengoto (1.);

End If

Stop: =false;

=1

While i <|X| and not (Stop) do
j=1

While j <|X| and not (Stop) do
k=1

While k <|X| and not (Stop) do
If z C(y,Cx)0landy; Oz 01 then

If x, 01 then
Stop: = true;
End If
End If
End While
End While
End While
If Stop then
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Output (“l is is an medial -ideals oK ")
Else
(1.) Output (“1 is not is an medial -ideals &f ")

End If

End .
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