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Abstract. In this paper, the notion of generalizéyX()-derivation determined bly-
derivation d is introduced on complicated subtratiic-subtraction) algebra X and
investigated some related properties in detail& d4subtraction algebra is a very
important topic of subtraction algebrallfis an increasing function such thgk)

< I'(y) for all xeX, then some equivalent condition are studied am hhsis of
generalizedI{,Y)-derivation determined bly-derivation d on X.
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1. Introduction

The study ofBCK/BCl-algebra was initiated by Imai andeki [5, 6] in 1966 as a
generalization of the concept of set-theoreticeddhce and propositional calculus. Jana
et al. [7-12] and, Bej and Pal [3] and Senapatile{24-43] has done lot of works on
BCK/BCl-algebra andB/BG/G-algebras which is related to these algebras.

Schein [23] considered systems of the fod ¢, \), where® is a set of functions
closed under the composition"of functions (and hencead(o) is a functions of semi-
group), and set theoretic subtraction “\" (and fee(@,\) is a subtraction algebra in the
sense of [1]). He proved that every subtractionigeup is isomorphic to a difference
semigroup of invertible functions. Zelinka discubsg problem proposed by Schein
concerning the structure of multiplication in a sabtion semigroup. He solved the
problem for subtraction algebras of a special tgadled atomic subtraction algebras. Jun
et al. [13] introduced the notion of ideals, prifdeals and irreducible idealbl-ideals
and order systems, ideals and right fixed mapsubiraction algebras and investigated
their characterizations. Again, Jun et al. intraztlithe notion of complicated subtraction
algebras and investigated some of its propertiese@ and Oztiirk [4] introduced the
notion of additional concepts on subtraction algshrso called subalgebra, bounded
subtraction algebra, union of subtraction algelaad investigated some of its related
properties. Lee and Kim [19] gave a investigatibmaltipliers in subtraction algebras.

Derivations is a very important research area @nttieory of algebraic structure in
mathematics. It has been applied to the classi@bi& theory and the theory of
invariants. An extensive and analytic theory hasnbeleveloped for derivations in
different algebraic structures and also plays irgrtr role in functional analysis,
algebraic geometry, algebras and linear differéptimations. The notion of derivation is
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also applied in many mathematical areas such asrimgg, rings, Banach algebras and
lattices [21]. Thereafter, so many generalized vd¢ion have been done in different
algebraic structures such as, Ali and Chaudhry iffjloduced generalizedo.( B)-
derivation on semiprime rings, Jung and Park [14dlied generalizedu( §)-derivations
and commutativity on prime rings. Oztiirk and Ce\2a] introduced the notion of
derivation on subtraction algebras. Lee et al. 8] Kim [15] introduced notion df
derivation on subtraction algebras. Motivated bg ttbove works and best of our
knowledge there is no work available on generaliZggd)-derivationD determined by
I'-derivationd on c-subtraction algebras. For this reason we develdpedries for I,
Y)-derivationD determined by -derivationd on c-subtraction algebras.

In this paper, the notion of generaliz&d {)-derivations determined byladerivation
of c-subtraction algebras is introduced and charae@rimme of its related properties by
this notion.

2. Subtraction algebra

In this section, we recall some basic concepts lwhie necessary to present the paper.
By a subtraction algebra we mean an algeKra)(with a single binary operation “—" that
satisfies the following identities, for amyy, z X,

(S)x—-x =x

(2)x-K-y)=y-(y—X

() x-y) —z=(x-2) -y.

The last identity permits us to omit parenthesiedpressions of the fornx ¢ y) —z The
subtraction determines an order relationXoa < b impliesa— b =0, where Oa—ais an
element that does not depend on the choica ©f. The ordered seX( <) is a semi-
Boolean algebra in the sense of [1], that is, & meet semi-lattice with zero (0) in which
every interval [(g] is a Boolean algebra with respect to the indumeler.

Herea A b=a - (a-b), the complement of an elemdnt[0,a] isa—b.

In a subtraction algebra, for ary,z cX, the following are true [15,16]

(P1) (y) —y =%y

(P2) x-0 =xand 0 x=0

(p3) (x—y) —x=0

(P x—K-y) <y

(pS) (x—y) —(y—x) =x -y

(P6) X — (X — (X —Y)) =X~y

(P7) X=y) — (2-y) <x-zZ

(p8) x <y if and only ifx =y —w for somew eX

(P9) x<yimpliesx—z<y-zandzy<z-xforall zeX

(pLO)xy < zimpliesx —y =X A (z-Y)

(p11) XA Y) = XA <XA (y—2)

(p12) k-y) —z= (x-2) - y —2).

A non-empty subse$ of a subtraction algebpdis called asubalgebraof X if x —y €S
for all xy eX. A mappingf from a subtraction algebrd to a subtraction algebré is
called ahomomorphisnof X if f(x —y)=f(x) —f(y) for all x,y eX. A homomorphisni from
a subtraction algebr4 to itself is called amndomorphisnof X. If x <y impliesf(x) <
f(y), thenf is called arisotonemapping.
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Definition 2.1. [9] A nonempty subset S of a subtraction algebracélled an ideal of X
if it satisfies
(@) 0e¢S
(b) for all xe X, ye S and x =y S implies xS.
For an ideab of a subtraction algebfé we have thax <y andy Simply thatx ¢S for
anyx,y eX [16].
Lemma2.2. [18] Let X be a subtraction algebra. Then
(@) xAy=y Ax for any x,X
(b) x — y<x for any x,y¥X.
Definition 2.3. [12] Let X be a subtraction algebra. For any aXy let G(a,b)={x|x—a<

b}. Then X is said to be complicated subtractiogelra (c-subtraction algebra) if for
any a,b< X, the set G(a,b) has the greatest element.

Note that 0g,b € G(a,b). The greatest element G{a,b) is denoted bg+h.

Proposition 2.4. [12] If X is a c-subtraction algebra, then for all )z yX, the following
hold

(a) x<x+y and y< x+y

(b) x+0=0=0+x

(€) x+y=y+x

(d) x<y implies x+x= y+z

(e) x<y implies x+y=y

(f) x+y is the least upper bound of x and y.

Definition 2.5. [21] Let X be a c-subtraction algebra and d is a salpron X. Then d is
called a derivation of X if it satisfies the identd(x Ay)=(d(X) Ay)+(x Ad(y)) for all
X,yeX.

Definition 2.6. Let X be c-subtraction algebra add X—X be a function. A function
d:X—X is called a two-sided-derivation on X if for all xgX satisfying the following
identity

d(x Ay)=(dx A ITy))+(I (X)A dy).

Theorem 2.7. [18] Let X be a c-subtraction algebra and d be a tvaedi-derivation on
X. Then for all x,§X, the following are hold

(a) dx<TI1(x)

(b) dxA dy<d(xAy) <dx + dy

(€) d(x+y)<I(x)+I1y)

(d) If X has a least element 0, thE{®)=0 implies d0=0.

3 .Generalized (I,Y)-derivation of c-subtraction algebras

The following definitions introduce the notion ofemgralized I{, Y)-derivation
determined by &-derivationd on c-subtraction algebra.
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Definition 3.1. [27] Let X be a c-subtraction algebra. A self-map B:X is called a
generalized derivation on X if there exist a detiva determined by self-map d:XX if it
satisfy the following identity D{y)=(DxAy)+(xAdy), where for all x gX.

Example 3.2. [18] Let X={0,a,b,c} be a c-subtraction algebra wittetfollowing Caley
table:

OO |OT
ellelle]llelle]

O[T |oO|!
O|T|O|O0|o

O|T|O|0|D

Define a mapping D: X% X by

0; if x=0
Dx=1 a; if x=a

c;if x=b;c.

0;if x=0;c
dx= { a; if x=a

b; if x=b.
Then, it is verified thatl is a derivation oX. ButD is not a generalized derivation #n
determined byl. SinceD(bra) =D(0) =0 #D(b) Aa+bAd(a) = (crha) + (bra) =a +
O=a
Now, we defined the generalizad (')-derivation on a subtraction algebba the
following definition.

Define a mapping d: % X by

Definition 3.3. Let X be a subtraction algebras. A functibnX— X is called increasing
if X <y implyZ(x) <71(y) for all x,)eX.
Definition 3.4. Let X be a c-subtraction algebra. LEt X—X andY: X—X be two

mapping and d: XX be a two-sided™-derivation on X. A function D: % X is called a

generalized X, Y)-derivation on X if for all x,¥X satisfying the following identity
D(xAY)=(Dx A I1y) ) + (Y(X) A dy ).

If T=1 and Y=1, which imply the identity mapping oK, then generalized (1,1)-

derivationD became a generalized derivationI' Y andD=d, thenD will be a two-

sided I'-derivation. In this paper, we consider generalifE®’)- derivation whose

associated derivation is a two-sidedlerivation.

Proposition 3.5. Let X be a c-subtraction algebra and D be a geliwzd (", Y)-
derivation determined by &derivation d on X such thdi(x) < Y(x). Then for all x,¢X,
the following conditions are holds:

(1) dx<Dx<11(x)

(2) DxA Dy < D(xAY) <Dx + Dy

(3) If I is an ideal of X witli (1) L1 X, then D(I)! |

(4) If X has a least element 0, thg{®)=0 implies that DO=0

(5) If X has a greatest element 1 aia an increasing function, Dx=(DU(x))+dx.
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Proof: (1) For allx eX, then

Dx A Dx=dx A D(XAX) =dx A ((Dx A T(X)+(Y'(X) A dx)). Sincel'(X) < Y(X), sodx A Dx =
(T(X) + dX)A dx = dx which impliesdx = dx- (dx— Dx) < Dx by (P4). AgainDx +I'(x) =
(D(XAX) +T(X) = (DXAT(X) + Y(X) AdX) +T'(X) = (Dx AT(X) +dX) + ['(X) = (Dx A T'(X))
+ (dx + I'(X)) =T'(X). HenceDx + I'(X) = I'(X) which impliesDx < T'(x). Thereforedx <
Dx <T'(X).

(2) Let X be ac-subtraction algebra. Sinay < I'(y), then we hav®x— I'(y) < Dx— dy
and Dx— (Dx— Dy) < Dx — (Dx — dy) < Dx — (Dx-T'(y)), henceDx A Dy < Dx A T'(y).
Similarly, letDx < Y'(x), thendy — Y'(xX) < dy— Dx. Thereforedy — (dy — Dx) < dy— (dy—
Y (X)), i.e.dy A Dx < dy AY'(xX) which impliesDy A Dx < d yAY(X). HenceDx A Dy < Dx
A T(y) +dy A Y(X) = D(xAy). Also, sinceDx A I'(y) < Dx anddy AY'(x) < dy by (P,), and
henceD(xAy) = Dx A T'(y) + dy AY'(X) < Dx+dyAY'(X) < Dx+dy< Dx + Dy.

(3) Let X be ac-subtraction algebra aridix be a generalized’(Y)-derivation onX. Let

I'(X) el for x el. SinceDx<I'(X), thenDx —T'(X) = Ocl. Then by definition of ideal ok, Dx
el for all xel. Thus,D(1') LI1.

(4) If O is the least element &f andI"(0) = 0. Since is a two-sided -derivation onX,
thend0 = 0 and soD0O=D(0 A 0) = OO AT(0)) + (Y(0O) AdO)=DOA0+Y(0)A0=0+
0=0. ThusPO =0.

(5)For everyx eX, we havedx <T'(x) <T(1) < Y(1), thenDx = D(1Ax) = (D1A T'(X)) +
(Y1) Adx) = DINT(X) +dx O

Proposition 3.6. Let X be a c-subtraction algebra and D be a geliwzd (", Y)-
derivation determined by &derivation d on X. Then the following conditiormc

(1) If x<y then D(x+y) = Dy for all x,yX

(2) D(G(a,b)) LUG(a,b)

(3) G(Da,Db)1 G(a,b).

Proof: (1) We havex+y=y, so we geD(x+y)=Dy.

(2) For allx eG(a,b), we havex—a < h. From Proposition 3.5(1), we haldx <T'(x), and
soDx-T(a)<x—a<b by (p9). TherefordDx eG(a,b).

(3) For allx €G( Da, Db)), we havex— Da < Db <I'(b). Thenx- b<Da<T(a), sox-a<
b. HencexeG(a, b). o

Corollary 3.7. Let X be a c-subtraction algebra and D be a geneed (I, Y)-
derivation determined by /&derivation d on X. Then the following propertiedch

(1) D(atb)<a+b
(b) Da+Db < 7(a)+71(b) <a+b.
Proof: (1) It is trivial from Proposition 3.6(2).

(2) Since the greatest elementGiDa, Db) is Da + Db and the greatest @(a, b) isa +

b, then we geba + Db <TI'(a) +I'(b) < a+b, by using the Proposition 3.6(2).

Proposition 3.8. Let X be a c-subtraction algebra and D be a geliwzd (", Y)-
derivation on X with greatest element 1. Let D bgeaeralized [, Y)-derivation and d
be arl-derivation on X such thaf is an increasing function satisfying the condition
I'(X)< Y(x). Then following conditions are hold:
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(1) If I'(x) < D1, then Dx =T(x).
(2) If I'(x) < D1, then DI< Dx.
(3) If y<x and Dx=I1(x), then Dy=I(y).
Proof: Let X be ac-subtraction algebra ard be a generalized’( Y')-derivation onX
with greatest element 1. We hdbg=D(1 A X) = DIA T'(X) +Y (1) Adx= D1A I'(X) + dx
(1) fT'(x) < D1, then'(x) —Dx = 0, so we havE(x) — ([(X) —D1)=T(x) A D1. Hence, by
Proposition 3.5(1) and (5px =T'(X).
(2) If If I'(x) >D1, thenD1-T'(x) = 0 and hencd)1— D1-T'(x))=D1 A T'(X) < Dx.
(3) If y<x, theny=x A y. We getDy = D(x Ay) = (DX A T'(y)) + (Y (X) A dy) =T'(y) +dy=
L(y).

Proposition 3.9. Let X be a c-subtraction algebra and D be & ({)-derivation
determined by @-derivation d on X. Lef be a increasing function such thaix)< Y(x)
for all x eX and y< x. Then satisfying the following condition:

(1) Dx=(D(x+y)A I(x))+dx .

Proof: Let X be ac-subtraction algebra arid be a [, Y)-derivation determined by &
derivationd on X. Then for allx,y eX and by using the Proposition 2.4(e), we have
Dx = D((x+y) Ax) = (D(xty) AT(X) + (Y(x+y) AdX) = D(x+y) AT(X) +dx.

Definition 3.10. Let X be a c-subtraction algebra and D be a gerieeal (", Y)-
derivation determined by &derivation d on X. If X y implies Dx< Dy, then D is called
an isotone generalized’(Y)-derivation.

Proposition 3.11. Let X be a c-subtraction algebra and D be a gerieedl (', Y)-
derivation determined by /&derivation d on X. Then for all xgX, the followings hold

(1) If D(xAy)=Dx A Dy, then D be an isotone generalizétl()-derivation

(2) If D(x+y) = Dx + Dy, then D is also an isotomgeneralized [, Y)-derivation.

Proof: Let X be ac-subtraction algebra ardlbe a generalized'(, Y)-derivation onX.
(1) Letx<y. Then by (p4)Dx=D(x A y) =Dx A Dy < Dy.

(2) Letx <y. Then sincex+ty =y from Proposition 2.4 (eDy = D(x+y) = Dx + Dy.
Hence, we geDx < Dy.

Definition 3.12. [4] Let X be a subtraction algebra. Then X is calledrmed subtraction
algebra if there is an element 1 of X satisfyirg ¢bhndition x< 1 for all xeX.

Proposition 3.13. Let X be a bounded c-subtraction algebra with ggeaelement 1 and
D be a generalized T Y)-derivation determined by &derivation d on X. Then Dx¥¥x)

if and only if D1571).

Proof: Let Dx= I'(x), then it is obvious thab1=I'(1). Conversely, leD1=T(1). Then
from Proposition 3.8(3) amk 1 gives,Dx=D(1rx) = (D1 A T(X)) + (Y (1) A dX) =
(DIAT(X) +dx=T(L)AT(X) +dx =T'(X) +d x=T'(X).
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Theorem 3.14. Let X be a c-subtraction algebra with greatest eetnl. Let D be a
generalized X, Y)-derivation determined by &-derivation d on X. Ifl:X— X be a
endomorphism such th&afx)< Y(x) for all xeX. Then followings are equivalent:

(1) D is isotone generalized,y)-derivation

(2) Dx =I(x)AD1

(3) D(xA\y) = Dx A Dy

(4) Dx + Dy < D(x+y).

Proof: LetD be a generalized'(Y')-derivation orc-subtraction algebrA.

(1) implies (2). Sinc® is generalized isotone derivation. Theref@g < D1, thenDx <
I'(x). Also Proposition 3.5 (5) giveBx = (D1A T'(X)) + dx which indicatd"(x)A D1 < Dx.
Thus,Dx=T'(x) AD1.

(2) implies(3). Assume that (2) holds, ther A Dy=(I'(x) AD1) A (T'(y) AD1)=( T'(X) A
I'(y)) AD1=D(x Ay).

(3) implies (1). Assume that (3) holds. bek y, thenx A y=x, and hencéx= D(x A
y)=Dx A Dy which impliesDx < Dy.

(1) implies (4). Assume that (1) holds. We h&we< D(x+y) andDy < D(x+y), so we get
Dx+Dy < D(x+y).

(4) implies (1). Assume that (4) holds. ek y, thenDx + Dy < D(x+y) = Dy which
imply thatDx < Dy. o

Remark 3.15. Let X be c-subtraction algebra with least elementarid D be a
generalized [, Y)-derivation determined by a-derivation d on X. Lef: X— X be
isomorphism on X and> X— X be a function. Theid is a one to one and onto

generalized (", Y)-derivation determined by A-derivation 0: X- X such that 0(x)=0
for all x eX.

Theorem 3.16. Let X be a c-subtraction algebra and D be a geneeal (, Y)-
derivation determined by-derivation d on X. Then DxZ(x) hold if and only if
D(x+y)=(/(x)+Dy)A(Dx+ I1y)).

4, Conclusion

In this paper, we have considered the notion oferdized [,Y)-derivation on
complicated ¢-subtraction) subtraction algebra determined by-@derivationd on c-
subtraction algebra and investigated some usefapgsties of this notion orc-
subtraction algebra. In our opinion, these resaitt be similarly extended to the other
algebraic structure such &-algebras,BG-algebras, BF-algebras, MV-algebras, d-
algebrasQ-algebrasBL-algebras, Lie algebras and so forth. The studyeokralizedI,
Y)-derivations on different algebraic structures rhaye a lot of applications in different
branches of theoretical physics, engineering, méiion theory, cryptanalysis and
computer science etc. It is our hope that this weokild serve as a foundation for further
study in the theory of derivations of subtractidgearas.
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