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Abstract. In this paper, intuitionistic fuzzy matrices arensimlered. Szpilrajn's theorem
on orderings is generalized to intuitionistic fuzasderings by Zedam et al. We give
another generalization in intuitionistic fuzzy maatform and theorem is represented in
terms of intuitionistic fuzzy matrix operations.
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1. Introduction

In real life scenario, we frequently deal with fhéormation which is sometimes vague,
sometimes inexact or imprecise and occasionallyfficeent. Zadeh's classical concept
of fuzzy sets [1] is strong enough to deal withtstype of problems. In fuzzy set theory,
the membership of an element to a fuzzy set imglesivalue between zero and one.
However in reality, it may not be always true tttz degree of nhon-membership of an
element in a fuzzy set is equal to 1 minus the nezeltip degree because there may be
some hesitation degree. To overcome these difgs lAtanassov [2,3] developed the
theory of intuitionistic fuzzy sets (IFSs) as a geatization of fuzzy sets. Lot of research
work has been done by several researchers oreldeofi IFSs.

Matrices play a vital role in various areasSzience and Engineering. The classical
matrix theory cannot solve the problems involvirggious types of uncertainties. These
types of problems are solved by using Fuzzy MaffiM) [4]. Kim and Roush [5]
developed the concept of Generalized Fuzzy MatiiG#3Vis). The Szpilrajn theorem is
a very well-known result. Zadeh [6] studied simtharrelations and fuzzy orderings.
Hashimoto [7] studied Szpilrajn theorem for fuzzgtnix. Hashimoto [9] presented the
concept of transitive FMs and considered the cajarere of powers of transitive FMs.
Hashimoto [10] studied the canonical form of a siiwe FM. Xin [14,15] studied
controllable FMs. Kotodziejczy [11] gave the conteps-transitive FMs and considered
the convergence of powers of s-transitive FMs. [Ta8,13] discussed the convergence
of powers of transitive lattice matrices. Jiang][¢tudied the transitive incline matrices.
Some elementary properties and characterizatiortsdfositive GFMs are established and
transitivity of powers of a GFM was discussed [1Z@dam, et al., [8] studied Szpilrajn
theorem on intuitionistic fuzzy orderings. Pal [1Bjtroduced intuitionistic fuzzy
determinant. Pal, et al., [19] studied intuitiorisiuzzy matrices (IFMs). Khan and Pal
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[20] studied on intuitionistic fuzzy tautologicalatnices and also studied interval-valued
IFMs [21]. Bhowmik and Pal [22,23] introduced somesults on IFMs and intuitionistic
circulant FMs and GIFMs. Khan and Pal [24] introddcthe concept of generalized
inverse for IFMs. Recently, Pal [40,41] introduasalv type fuzzy matrices. Hong and
Nae [25] studied some properties of canonical fofmtransitive IFM. Some algebraic
properties of GIFMs are presented over distributigtice [26]. Some results are
investigated regarding the group inverse of IFMg.[Several authors [28-39] worked on
IFMs and obtained various interesting results whare very useful in handling
uncertainty problems in our daily life. Szpilrajnebrem is an interesting problem on
which many authors have worked. We generalize &gpiltheorem on intuitionistic
fuzzy matrix.

2. Preliminaries
In this section, some preliminaries are given.
Definition 2.1. [2] An intuitionistic fuzzy set (IFS)A in X (universal set) is defined as

an object of the following formA={(X (X, V(X )/ xOO X}, where the functions:
Uy X - [0,1] and v,:X —[0,1] define the membership function and non-

membership function of the elementx1X respectively and for every
xOX:0spu,(X)+v,(x)< 1.

Atanassov, introduced operatior(, Xy O(y, Y’y =(max{x, y} ,min{x,y}) and
(%X 0Cy, Yy =(min{x,y} ,max{X,y'}) . Moreover, the operatiofix,X) <y, Y
defined by

, , xx), if(xx)>(yy
<X,X>r<y,y>:{<<0’1>l) ifzx’xg g iy,y’g (1)
Definition 2.2. [19] Let X ={X, X,...X.} be a set of alternatives and
Y ={V, V»...Y,} be the attribute set of each elementXf. An Intuitionistic Fuzzy
Matrix (IFM) is defined by A= ({(X,Y;), 4a (X, Y; ) VA (XY, )) for i=1,2.m and
j=1,2,..n. where i, : XXY - [0,1] and v,: XXY - [0,1] satisfy the condition
0< t(%,Y;)+Va(%,Y;)< 1. For simplicity we denote an intuitionistic fyzeatrix
(IFM) as a matrix of pairsA= ((aﬁ,a”.)) of a non negative real numbers satisfying

a; +a. <1foralli, j.We denote the set of all IFM of orderxn by 7.
ij

Fornxn IFMs R=((r;,r;)) and S=((s;,;)) with their elements having values in

the unit interval [ 0, 1], the following notatioase well known:

ReS=((r,.1

I
ij

) ;(Sﬁ Sy ) (Component wise)
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Rx S =(((r, Osy, 51 05,)) O, Osy,1, Os, ) 0. O, sy on 0s2)),
RO=1=(J 1,01)) ((9;,9;) is the Kronecker delta),
Rk+1 — Rk X R,
R+ =ROR*0O...0R"
—(<r,, ri») (Transpose of R)
AR = R\— R',
OR=ROR',
R<Siff ry<s;,rj 25 foralli,j0(L,2,3,.n
R<S = eithem, <sg;, andr”.' >g, foralli,jO(L,2,3,.n
R < R™iff ((rf,r/y<(r™,r;™ foralli, j01,2,3,.n
The IFM R is called max-min transitive R* < R, convergent ifR* = R for some

positive integer k, symmetric if R=R', idempotent if R* =R, nilpotent if
R"=((0,1)), reflexive if R=1_, then R where |, the nxn identity IFM and

irreflexive if all the diagonal entries ak€,1) . The Zero matrix O is the matrix in which
all the entries ar€0,1).

3. Results
Theorem 3.1. Let R=((r;,1;)((0,2 <(r; r;) (1,0 ) be nxn intuitionistic fuzzy

transitive matrix, and letp# ¢ be integers such th@t Q) > (r, .r;,) 2(ry, o) . We
define annxn IFM, T = ((t;,t;

M (LLUE o) if (i, ) = (),

) (&t if (i, )% (o),
where(b, b’y [01[0,1]%[0,1]. Then annxn IFM S is defined by
S= ((sj,s’j> =T" fulfills the following conditions.

(1) $’<S

(2) R<S

(38) AR AS

(4) OR=10S,

(5) (Spq» S = (D) and (s, S) = (T T

Proof. (1) Since(T*)*<T", we haveS*< S.

(2) RST<T'=S

(3) Suppose thar, i) < (¥, 1}) > (5.8} (s 8.
Let {(c,C’) = Ty I]>f<r“, “> Then

») whose elementét. ,t') are given by

ij 1 ]
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(r; 1) =(C,€) >(0,D, (r;,ri) <(c,c), and(s;,s;) =(c,c).
Therefore, there exist integeksl,, .|, 0{1,2,...n} such that
(L, ],>D<t,| , ,1 L0 ,t y=(cc),wheremsn-1.

Without loss of generality suppose that the integef,,I,,...|, i are distinct from each

jir

other. Letl,=j and Il ,=i. If |,=p andl,,,=q for some a, then since
(r ”> (c,c'’y, we have (Fps qp> (c,c'y, so thatr,,, pq)>(C c). Then
(r i ”> >(c,c'), which contradicts the fact th(ag ') <{(c,C’). Furthermore, ifl, Z p
'y =(c,c"), which contradicts the fact that

i i

or l,,,#q for everya, then (r;,r;

(r;,ri) <(c,c) . Hence we have,

(o) <= 1) < <88 < (85,850

that isAR<AS.

(4) SinceIR< IS byR< S, it is sufficient to show thatS< [IR.

Let (c,c) =(s;,s;) 0(s;,S;) > (0,2 . Then there exist integers

ik, Ky, ...k, h,, . hO{ 1,2,.n} il.<n- suchthat

<tik1’ti'k1> D<tk1k2’tl’jz> D'-'D<tkmj ’tl:mj> D<tjhl 1t;hl> D<th1h2 1;1th> U "D<th'1 Ir'1'i> =(C C'>.
Without loss of generality supposes that the inegék ,k,,...,k, are distinct from each
other and thath,h,,..h i are distinct from each other. Lek,=h,, =i and
Knes = =1

(a) Assume thatk,,k,.;) =(p,q) for somea and (hs,h,,,)=(p,q) for everys.
Then since for everw, 5

YOOy, ) O ) 0K e )2 (e 6D,

o qp>>(c c), so that(r,,, pq>><c ch,. Then(r; IJ>D<r“, JI>><c c).
(b) Assume that(k,,K,.,) =(p,q) for somea and (hy,h,.,)# (p,q) for everys.
Then we haver,, qp> >(c,c"), so that

(FogsTog) 2(C,C,. Then(r,, 1) O(ry,rj) 2(c,C).
(5) Since T <SS, we have(s,,,s,,)=(b,b). If (s
integersk,, k,, ...k, 0{1,2,..n} ;= 1such that
(U U ) Ot i, ot 00K g b o) 2 (b D).
Without loss of generality assume that integgx,,K,,..k. . are distinct from each
other. Thereforer ,r,,) >(b,b), which contradicts the fact thay,,r,,)> <(b,b’).

< Npahp. ! hﬁ+1hﬁ+2
we have(r

oq1Spg) > (0,0), then there exist

pq’
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0q Spa? =(b,b"). Now since(r,, M) UCTp s Tgp) =Ty Top) DY (4) we
have(SPCI’ S’Pq> D<qu’sélp> = <rqp 'rC;P> '

Hence(s,,, S;) = Iy M)

Hence we havés

Corollary 3.2. If R is transitive, then there exists a matfxsuch that
(1) $°<S
(2) RS
(3) AR<AS
4) UR=0S,
(5) ((0,)< 1 0SOS".
Proof. (1)-(4) it is evident from Theorem 3.1.
(5) if (rgiToq) =T =€0,2 (p# ), we can construct a matri& such that
(Spq»Spq) =(b,0) >(0,2 and(s,,s,,)» =(0,D applying the Theorem 3.1. Repeating
this process, we get
((0,D)<10SOS'.
Example 3.3.Let
(0.2,0.% (0.4,0p ( 0.3,0
R=|(0.1,0.8 (0.1,0.8 ( 0.2,0)
(0.0,1.0 (0.0,1p (¢ 0.0,1)

Then
(0.2,0.% (0.4,05 ( 0.3,0) (0.2,0.% (0.4,05 ( 0.3,0:

R*=[(0.1,0.8 (0.1,08 ( 0.2,007x |(0.1,0.8 (0.1,08 ( 0.2,0)
(0.0,1.0 (0.0,2.9 ( 0.0,1 (0.0,1.0 (0.0,1290 ( 0.0,1)
(0.2,0.3 (0.2,0.y ( 0.2,0)

=((0.,0.8 (0.1,08 ( 0.1,0.
(0.0,1.0 (0.0,190 ( 0.0,1
(0.0,1.0 (0.4,05 ¢ 0.3,0
AR:R;RT: (0.0,1.0 (0.0,19 ( 0.2,07<R
(0.0,1.0 (0.0,1p ¢ 0.0,1
(0.2,0.3 (0.1,0.8 ( 0.0,1;
AR=ROR' ={(0.1,0.8 (0.1,08 ( 0.0,10<R
(0.0,1.0 (0.0,1p ¢ 0.0,1»
Settingp=2, q=3, and (b,b’) =(0.4,0.5 we construct a matrixT =(t;,t;) as

follows
Thus

IN
Py,

11



Riyaz Ahmad Padder and P. Murugadas

(02,07 (0.4,05 ( 0.3,0)
T:{<o.1,o.s (0.1,08 ¢ o.4,o>3

(0.0,1.0 (0.0,1p ( 0.0,1

(0.2,0.3 (0.4,05 ( 03,08 ((0.2,0.3 (0.4,05 ( 0.3,0)
T2=((0.1,0.8 (0.1,08 ( 0.4,0>3x(<o.1,o.3 (0.1,08 ¢ 0.4,0>3
(0.01.0 (0.0,1p ( 00,00 ((0.01.0 (0.0,Lp ( 0.0,1)
(0.2,0.3 (02,05 ( 0.4,0)
=1 (0.1,0.8 (0.1,08 ( 0.1,0.
(0.01.0 (0.0,1p ( 0.0,

{(0.2,0.7} (0.4,0p ¢ 0.3,0)3 [(O.Z,O.?} (0.2,0.y ¢ 0.4,0>§
X

—
w
I

(0.1,0.8 (0.L,0B8 ( 0.4,0§x |(0.1,0.8 (0.1,08 ( 0.1,0
(0.01.0 (0.0,1p ¢ 00,00 (¢0.0,1.0 (0.0,1p ¢ 0.0,
(0.2,0.3 (0.2,0¥ ( 0.2,0)
:(<0.1,o.8 (0.1,08 ¢ 0.1,0.3
(0.0,1.0 (0.0,19 ( 0.0,1)
(0.2,0.3 (0.4,05 ( 0.4,0
S:T+:TDT2DT3={<O.1,O.8 (0.1,08 ¢ o.4,o>§.
(0.0,1.0 (0.0,1p ( 0.0,1)
(0.2,0.3 (0.4,05 ( 0.4,05 ((0.2,0.3 (0.4,05 ( 0.4,0
SZ:{<O.1,O.8 (0.1,08 ¢ o.4,o>3x [<o.1,0.8 (0.1,08 ( o.4,o>3
(0.01.0 (0.0,1p ¢ 00,10 (¢0.0,1.0 (0.0,1p ( 0.0,1)
(0.2,0.3 (02,05 ( 0.4,0)
:(<o.1,o.8 (0.1,08 ¢ 0.1,03
(0.0,1.0 (0.0,1p ( 0.0,1)
(0.2,0.3 (0.4,05 ( 0.4,0
AS:{<0.0,1.Q (0.0,19 ¢ o.4,o>3
(0.01.0 (0.0,1p ( 0.0,1)
(0.2,0.3 (0.1,08 ( 0.0,1)
DS:[(O.l,O.s (0.1,08 ( 0.1,0%
(0.0,1.0 (0.0,1p ¢ 0.0,

Therefore,
$?<S, R<S, AR<AS, andOR=0S
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4. Conclusion

By generalization of Hashimoto's representationréselts so obtained are assumed to be
valuable in discussing the intuitionistic fuzzy ferences. The results provide a structure
in detail to Szpilrajn theorem on intuitionisticziy matrix which is an extension of
intuitionistic fuzzy orderings. The advantage opnesenting Szpilrajn theorem on
intuitionistic fuzzy matrix form is clear and congba

PN PE

o

No

10.

11.

12.

13.

14.
15.

16.

17.

18.
19.

20.

21.

REFERENCES

L.A.Zadeh, Fuzzy set$nformation and Control, 8 (1965) 338-353.

K.Atanassov, Intuitionistic fuzzy sets, VII ITKRZession, Sofia, June, 1983.
K.Atanassov, Intuitionistic fuzzy setSuzzy Sets and Systems, 20 (1986) 87-96.
M.G.Thomason, Convergence of powers of a fuzzy imaft Math. Anal. Appl.,
57(1977) 476-480.

K.H.Kim and F.W.Roush, Generalized fuzzy matriceazzy Sets and Systems, 4
(1980) 293-315.

L.A.Zadeh, Similarity relations and fuzzy orderintigorm. Sci. 3(1971) 177-200.
H.Hashimoto, Szpilranjn's theorem on fuzzy ordesjrfuzzy Sets and Systems, 10
(1983) 101-108.

L.Zedam, A.Amroune and B.Davvaz, Szpilrajn theorémn intuitionistic fuzzy
orderings Annals of Fuzzy Mathematics and Informatics, 9(5) (2015) 703-718.
H.Hashimoto, Convergence of powers of a fuzzy {temesmatrix, Fuzzy Sets and
Systems, 9(2) (1983) 153-160.

H.Hashimoto, Canonical form of a transitive fuzzgtrix, Fuzzy Sets and Systems,
11(2) (1983) 157-162.

W.Kolodziejczyk, Canonical form of a strongly trithe fuzzy matrix, Fuzzy Sets
and Systems, 22(3) (1987) 297-302.

Y.J.Tan, On the powers of matrices over a distiieutattice,Linear Algebra and its
Applications, 336 (2001) 1-14.

Y.J.Tan, On the transitive matrices over distribaitiattices,Linear Algebra and its
Applications, 400 (2005) 169-191.

L.J.-Xin, Controllable fuzzy matriceBuzzy Sets and Systems, 45 (1992) 313-319.
L.J.-Xin, Convergence of powers of controllable Zyzmatrices,Fuzzy Sets and
Systems, 62 (1994) 83-88.

J.Jiang, L.Shu and X.Tian, On generalized traresitivatrices Journal of Applied
Mathematics, 2011, ID 164371 (2011) 16 pages.

Y.J.Tan, On transitivity of generalized fuzzy mets, Fuzzy Sets and Systems, 210
(2013) 69 — 88.

M.Pal, Intuitionistic fuzzy determinar¥,U.J.Physical Sciences, 7 (2001) 87-93.
M.Pal, S.K.Khan and A.K.Shyamal, Intuitionistic fayz matrices, Notes on
Intuitionistic Fuzzy Sets, 8 (2) (2002) 51-62.

S.K.Khan and M.Pal, Intuitionistic fuzzy tautologicmatrices,V.U. Journal of
Physical Sciences, 8 (2002-2003) 92-100.

S.K.Khan and M.Pal, Interval valued intuitionistitizzy matrices, Notes on
Intuitionistic Fuzzy Sets, 11 (2005) 16-27

13



22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Riyaz Ahmad Padder and P. Murugadas

M.Bhowmik and M.Pal, Some results on intuitionistfitzzy matrices and
intuitionistic circulant fuzzy matrices)nternational Journal of Mathematical
Sciences, 7(1-2) (2008) 177-192.

M.Bhowmik and M.Pal, Generalized intuitionistic iyzmatricesFar-East Journal
of Mathematical Sciences, 29(3) (2008) 533-554.

S.K.Khan and A.Pal, The generalized inverse ofifiohistic fuzzy matricesjournal
of Physical Sciences, 11 (2007) 62-67.

H.Y.Lee and N.G.Jeong, Canonical form of a tramsitntuitionistic fuzzy matrices,
Honam Mathematical Journal, 27 (4) (2005) 543-550.

A.K.Adak, M.Bhowmik and M.Pal Some properties ofngealized intuitionistic
fuzzy nilpotent matrices over distributive latti¢eizzy Inf. Eng., 4 (2012) 371-387.
R.Pradhan and M.Pal, Some results on generalizegfde of intuitionistic fuzzy
matricesfFuzzy Inf. Eng., 6 (2014) 133-145.

A.R.Meenakshi and T.Gandhimathi, Intuitionistic Zyz relational equations,
Advancesin Fuzzy Mathematics, 5 (3) (2010) 239-244.

S.Mondal and M.Pal, Similarity relations, inverlityy and eigenvalues of
intuitionistic fuzzy matrixJFuzzy Information and Engineering, 4 (2013) 431-443
S.Mondal and M. Pal, Intuitionistic fuzzy inclineatnix and determinanfnnals of
Fuzzy Mathematics and Informatics, 8(1) (2014) 19-32.

P.Murugadas and K.Lalitha, Sub-inverse and g-swesf an intuitionistic fuzzy
matrix using bi-implication operatotnt. Journal of Computer Application, 89 (1)
(2014) 1-5.

R.Pradhan and M.Pal, Convergence of maxarithmeg@amminarithmetic mean
powers of intuitionistic fuzzy matricesntern. J. Fuzzy Mathematical Archive, 2
(2013) 58-69.

R.Pradhan and M.Pal, Intuitionistic fuzzy linearnsformationsAnnals of Pure and
Applied Mathematics, 1(1) (2012) 57-68.

R.Pradhan and M.Pal, The generalized inverse ohassov's intuitionistic fuzzy
matrices,International Journal of Computational Intelligence Systems, 7(6) (2014)
1083-1095.

S.Sriram and P.Murugadas, On semi-ring of intuitibe fuzzy matricesApplied
Mathematical Science, 4 (23) (2010) 1099-1105.

S.Sriram and P.Murugadas, Sub-inverses of intudimn fuzzy matrices,Acta
Ciencia Indica Mathematics, Vol. XXXVII, M No. 1 (2011) 41-56.

A.K.Shyamal and M.Pal, Distance between intuitibaifuzzy matrices,V.U.J.
Physical Sciences, 8 (2002) 81-91.

R.A.Padder and P.Murugadas, Max-max operation auitionistic fuzzy matrix,
Annals of Fuzzy Mathematics and Informatics, Article in press.

P.Murugadas and R.A.Padder, Reduction of an ioniittic fuzzy rectangular
matrix, Annamalai University Science Journal, 49 (2015) 15-18.

M.Pal, Interval-valued fuzzy matrices with intervalued fuzzy rows and columns,
Fuzzy Information and Engineering, 7(3) (2015) 335-368.

41.M.Pal, Fuzzy matrices with fuzzy rows and columlusy nal of Intelligent and Fuzzy

Systems, 30 (1) (2016) 561-573.

14



