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1. Introduction

Since the conceptf fuzzy sets was introduced by Zadeh [16], thexe raany study
results in this area. Some of them are dedicategteralize the definition of fuzzy set.
Atanassov [4] introduce the concept of intuitioigifuzzy sets, Park [12] defined and
studied a notion of intuitionistic fuzzy metric s@s, as a natural generalization of fuzzy
metric spaces due to Kromosil, Michalek [9], Geor§eeramani [7]. Amari and
Moutawakli [1] and Liu et al. [10] respectively, fae the property (E. A.) and common
property (E. A.) and utilize the same to prove camnfixed point theorems in metric
spaces. Branciari [5] gave a fixed point result dosingle mapping satisfying Banach's
contraction principle for an integral type ineqtali The authors [3, 5, 6, 14] proved
fixed point theorems using generalized contractigeditions of integral type. In this
paper the concept of implicit relation has beenduse establishing various common
fixed point results of integral type in intuitiokits fuzzy metric spaces. This concept
plays a vital rule in the proof of the main results

2. Basic definitions and preliminaries
Definition 2.1.[13] A binary operation *:[0,1]x[0,1[0,1] is called &-norm* satisfies
the following conditions:

i. * is continuous,

ii. * is commutative and associative,

iii. a*1=aforall & [0, 1],
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iv. a*b<c*dwhenever &candb<dforall a, b, c, & [0,1].
Examples dfnorm-a* b = ab and a * b=min{a, b}.

Definition 2.2. [13] A binary operatior):[0,1]x[0,1]-[0,1] is said to be continuous
conorm if it satisfied the following conditions:

i. ¢ is associative and commutative,

ii. a0 0=aforall & [0,1],

iii. ¢ is continuous,

iv. ad b<codwhenever & c and kx d for each a, b, ¢, d[0,1]

Examples of-conorm- a® b = min(a+b, 1anda¢ b = max(a, b)

Remark 2.1. [2] The concept of triangular normsrorm) and triangular conormsty
conorm) are knows as axiomatic skeletons that we use faradterizing fuzzy
intersections and union respectively.

Definition 2.3. [2] A 5- tuple (X, M, N, *,0) is called intuitionistic fuzzy metric space if
X is an arbitrary non empty set, * is a continudusorm, ¢ continuoust-conorm and
M, N are fuzzy sets on X2 x [@] satisfying the following conditions:

Foreachx,y, z2Xandt, s>0
(IFM-1) M(x,y,t) + N(X, y, )< 1,
(IFM-2) M(x,y,t) =0, forall x, yin X,
(IFM-3) M(x,y,t)=1forall x,yin X and t> 0 if and only if x=y,
(IFM-4) M(x,y,t) = M(y,x,t), forall x, yin Xandt >0,
(IFM-5) M(x,y,t) * M(y,z,5) < M(x,z,t +5),
(IFM-6) M(x,y,.):[0,00] - [0,1] is left continuous,
(IFM-7) limg_, M(x,y,t) =1,
(IFM-8) N(x,y,0) = 1,forallx,yinX,
(IFM-9) N(x,y,t) = 0,forallx,yinX andt> 0 if and only if x =y,
(IFM-10) N(x,y,t) = N(y,x,t),forallx,yinX and t > 0,
(IFM-11)  N(x,y,t) O N(y,z,5s) = N(x,z,t + s5),

(IFM-12)  N(x,y,.):[0,0] - [0,1] is right continuous,

(IFM-13)  lim;,, N(x,y,t) = 0,forall x,y inX and t > 0.

Then (M, N) is called an intuitiotiésfuzzy metric on X. The function M(x, v,
t) and N(X, y, t) denote the degree of nearnessdagcee of non nearness between x and
y with respect to t, respectively.

Example 2.1. [12] Let (X, d) be a metric space. Define a * b = ad al® b = min{1,
a+b }, for all a, be [0, 1] and let M and N be fuzzy sets on X2 x ¢@) defined as
follows:

t
t+d(x,y)

and N(x, y, 1) :% for all x, ye X and all t > 0

M(x,y, t) =
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then (M, N) is called an intuitionistic fuzzy metspace on X. We call this intuitionistic
fuzzy metric induced by a metric d the standardifiatnistic fuzzy metric.

Remark 2.3. Note that the above examples holds even with thertn a * b = min{a, b}
and t- conorm & b= max{a, b}and hence (M, N) is an intuitionisfitzzy metric with
respect to any continuous t — norm and contintieusonorm.

Lemma 2.1.[15] Let (X, M, N, *, 0) intuitionistic fuzzy metric space, If there esidte
(0, 1) such that for all x, 8 X, M(X, y, kt )>M(x, y,t) and, N(x,y, kt EN(X, vy, t)
forallt>0, thenx =Y.

Definition 2.9. [11] A pair (A, S of self-mappings of an intuitionistic fuzzy metspace
(X, M, N, * 0) is said to satisfy the propertl.Q ) if there exists a sequen€e,} in X
such thatim,,_,, Ax,, = lim,,_,,, Sx,, = z for somez € X.

Definition 2.9. [11] Two pairs A, S and 8, T) of self-mappings of an intuitionistic
fuzzy metric space (X, M, N, %) are said to satisfy the common propei) if there
exist two sequences{x,}and {y,}in X such thdim,_Ax, =lim,_,Sx, =
lim,,_,, By, =lim,_,, Ty, = zfor someze X.

Definition 2.10. [11] A pair {f, g) of self-mappings of an intuitionistic fuzzy metgpace
(X, M, N, * 0) is said to be weakly compatible mappirfgthe mappings commute at all
of their coincidence points, i.dx = gx for somexX impliesfgx = gfx.

2. Implicit relation
Let M denotes the set of all real valued continuoustfane and : [0,1]° — R which
are non decreasing and satisfying the followingditions:

(A) f0¢(u'1'u'1'u) p((t)dt = 0 impliesu > 1
(B) f0¢(u’1’1’u'u) p(t)dt = 0 impliesu > 1
(©) f0¢(u’u'1’1'u) p(t)dt = 0 impliesu > 1
(D) fow(v,o,v,o,v) p(t)dt < 0 implies v<0
(E) fow(v,o,o,v,v) p(t)dt <0 impliesv<0
(F) foq;(v,v,o,o,v) p(t)dt < 0implies v<0
Example 2.2. Define¢ , y: [0,1]° - R as
¢ (tq,ty, t3,ty, ts) = 11t — 12t, + 6t3 — 8ty + 3¢5

andys (tq, ty, ts, ty, ts, tg) = 10t; — 9t, + 8tz — 11ty + 2ts .
Clearly¢ ,{ satisfies all condition (A), (B), (C), (D), (E) artF). Thereforeb, y € Ms.

3. Main results
We now establish the following results.
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Theorem 3.1. Let A, B, Sand T be self-mappings of an intuitionistic fuzzy mesjzace
(X,M,N,*,0) satisfying the following conditions that:
() the pair (A, S) (or (B, T) ) satisfies the peaty (E.A);
(i) for any x, ye X, ¢, € M and for all t > 0, there exist&€{0,1) such that
d(M(Ax,By,at),M(Sx,Ty,t),M(Sx,Ax,t),M(Ty,By,t),M(Ax,Ty,t)xM(Sx,By,t))
f e)dt =0

0
W(N(Ax,By,at),N(Sx,Ty,t),N(Sx,Ax,t),N(Ty,By,t),N(Ax,Ty,t)0N(Sx,By,t))
f @(t)dt <0
0

where@:R* —» R* is a Lebesgue integrable mapping which is summatae negative
such that

&
f @(t)dt >0 foreach ¢ >0
0

(i) AX) <T(X) (or B(X) € SX) ).
Then the pairs (A, S) and (B, T) share the comnmroperty (E.A).
Proof: Suppose that the paih,(S) satisfies property|A), then there exists a sequence
{ x,} in X such thatim,,_,, A x,, = lim,,_,, S x,, = z for some 2 X. SinceA(X) cT(X),
therefore, for each,,, there exisy,, in X such that A,, = Ty,. This gives,
lim,_ o Ax, =lim,_ e Sx, =lim,_e Ty, = z.
Now, we claim thalim,,_,., By, = z.
Applying inequality (ii), we obtain
G (M (Axy, Byn,at),M(Sxp,Tyn,t),M(Sxpn, A%, t),M (T YV, BYn,t),M(AXn, Ty, t)*M(Sx5,BYp,t))
f e(t)dt =0
0

and
W(N(A%xy,BYn,at),N(Sxn, TYn,t),N (Sxp, A%, t),N (TV1,BYn,t),N (Axp, TV, t) ON(Sx 1, BYn,t))

f p(t)dt <0
0

Taking limit asn —» o

¢<M(z,71i_)n;1° Byn,at),M(z,z,t),M(z,z,t),M(z,%i_}rgo Byn,t),M(z,z,t)*M(z,T}i_)ngo Byn,t)>
f e(t)dt =0
0

and

w(N(z,T}Lrgao Byn,at),N(z,z,t),N(z,z,t),N(z,%i_}rgo Byn,t),N(z,z,t)ON(z,r}Lngo Byn,t))
f p®)dt<0
0

Since¢ andy is non-decreasing in the first argument, we have
#((z Jim By t) 1.1.M (2, i B t) M2 lim Byt )
f e(t)dt =0

0

and

O 50) 00N (1 530 (2 53
f e(t)dt <0

0
Using (B) and (E), we get
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M (z, lim By, t) >1land N (z, lim By, t) <0
n—oo n—-oo
Hence
M (z, lim By, t) =land N (z, lim By, t) =0.
n—co n-—-oo
Thereforelim By,, = z.

n—co

Hence the pairs (A, S) and (B, T) share the comproperty.
Similarly, if the pair (B, T) satisfies properti.8) andB(X) c §X), then pairs4, S and
(B, T) share the common propery.4).

Theorem 3.2. Let A, B, Sand T be self-mappings of an intuitionistic fuzzy mefsjgace
(X,M,N,*,0) satisfying the following conditions that:
() for any x, ye X, ¢ ,¥ € M and for all t > 0, there exist€{0,1) such that
d(M(Ax,By,at),M(Sx,Ty,t),M(Sx,Ax,t),M(Ty,By,t),M(Ax,Ty,t)*xM(Sx,By,t))
f p)dt =0
0

and

Y(N(Ax,By,at),N(Sx,Ty,t),N(Sx,Ax,t),N(Ty,By,t),N(Ax,Ty,t)ON(Sx,By,t))
f p()dt <0
0

wherep: Rt - R is a Lebesgue integrable mapping which is summalole negative
such that

&
f @(t)dt >0 foreach € >0
0

(ii) the pairs (A, S) and (B, T) share the prop€E.A);

(i) S(X) and T(X) are closed subsets of X.

Then each of the pairs (A, S) and (B, T) have atpof coincidence. Moreover, A, B, S
and T have a unique common fixed point providedhlibe pairs (A, S) and (B, T) are
weakly compatible.

Proof: Since the pairs (A, S) and (B, T) share the propéE.A), there exist two
sequencesxy,} and {y, } in X such thatlim,_,. A x, = lim,_4 S x, = lim,_ Ty, =

z for some £ X. S(X) is closed subset of X, there exists a poiatX such thatz = Su.

We, now claim tha#u = z By (i), we have
S (M(Au,Byy,at),M(Su,Tyn,t),M(Su,Au,t),M(TYn,BYn,t),M(AUTYn,t)*M(SU,Byny,t))
f p()dt =0
0

and
Y(N(Au,Byy,at),N(Su,Ty,,t),N(Su,Au,t),N(TYn,Byn,t),N (Au,Ty,, t )ON(Su,Byy,t))
f p®)dt <0
0

Taking limit asn — oo,
d(M(Au,z,at),M(z,z,t),M(z,Au,t),M(z,z,t),M(Au,z,t)xM(z,z,t))
f p(t)dt=0

0

and
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Y(N(Au,z,at),N(z,z,t),N(z,Au,t),N(z,z,t),N(Au,z,t)ON(z,z,t))
f p)dt <0
0

As ¢ andyrare non-decreasing in the first argument, we have
d(M(Au,z,t),1,M(z,Au,t),1,M(Au,z,t))
f e(t)dt=0

0

and

W(N(Au,z,t),0,N(z,Aut),0,N(Au,z,t))
f p)dt <0

0
Using implicit relations4&) and D), we have

M(Au,z,t) = 1andN(Au, z,t) <0.

HenceM(Au, z t) =1 andN(Au, z, t) = 0.

Therefore Au = z= Qu which shows thati is a coincidence point of the pak, (9.
SinceT(X) is also a closed subset Xf thereforelim,,_,., Ty,, = z in T(X) and hence
there existy € X such thaifv=z=Au = Su. Now, we show thaBv =z

By using inequality (i), we have

d(M(Au,Bv,at),M(Su,Tv,t),M(Su,Au,t),M(Tv,Bv,t),M(Au,Tv,t)*M(Su,Bv,t))
f p(t)dt =0
0
and
Y(N(Au,Bv,at),N(Su,Tv,t),N(Su,Au,t),N(Tv,Bv,t),N(Au,Tv,t)ON(Su,Bv,t))
f p)dt <0
0
it follows
d(M(z,Bv,at)M(z,z,t),M(z,zt),M(z,Bv,t),M(zzt)*M(z,Bv,t))
f p)dt =0
0
and
Y(N(z,Bv,at),N(z,z,t),N(z,zt),N(z,Bv,t),N(zzt)IN(zBv,t))
f p()dt <0
0

As ¢ andy are non-decreasing in the first argument, we have
$(M(z,Bv,t),1,1,M(z,Bv,t),M(z,Bv,t))
f p(t)dt =0

0

and

Y(N(z,Bv,t),0,0,N(z,Bv,t),N(z,Bv,t))
f p®)dt <0
0

Using implicit relationsB) and E), we get

M(z,Bv,t) = landN(z, Bv, t) <O.

HenceM(z By, t) =1 andN(z Bv, t) = 0.

Therefore Bv = z= Tv, which shows that is a coincidence point of the paB, (T).
Moreover, since the paird(S and B, T) are weakly compatible arsli = Su, Bv =Ty,
thereforeAz= Au=SAu=S,Bz=BTv=TBv=Tz

Next, we claim thafz = z for showing the existence of a fixed point?fBy using
inequality (i), we have
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d(M(Az,Bv,at),M(Sz,Tv,t),M(Sz,Az,t),M(Tv,Bv,t),M(Az,Tv,t)*M(Sz,Bv,t))
f p)dt =0
0

and
Y(N(Az,Bv,at),N(Sz,Tv,t),N(Sz,Az,t),N(Tv,Bv,t),N(Az,Tv,t)ON(Sz,Bv,t))
f p()dt <0
0

it follows that
P (M(Az,z,at),M(Az,z,t),M(Az,Az,t),M(z,z,t),M(Az,zt)*M(Az,z,t))
)

p(t)dt =0

and

Y(N(Az,z,at),N(Az,z,t) N(Az,Az,t),N(z,zt) N(Az,zt)OIN(Azzt))
f e®)dt<0
0

Since¢ andy are non-decreasing in the first argument, we have
P (M(Az,z,t),M(Az,z,t),1,1,M(Az,z,t))
f p®)dt =0

0

and

Y(N(Az,zt),N(Az,zt),0,0,N(Az,z,t))
f e(t)dt <0
0

On using implicit relations®) and §), we get

M(Az,z,t) =1 andN(Az,z,t) <0.

Hence M(Az, z t) =1 andN(Az, z, t) = 0. ThereforeAz=z=%

Similarly, we can prove th&z = Tz= z Hence Az= Bz = S = Tz = z, which implies that
zis a common fixed point &%, B, SandT.

Unigueness: Letv be another common fixed pointsAfB, SandT. Then by using (i),
d(M(Az,Bw,at),M(Sz,Tw,t),M(Sz,Azt),M(Tw,Bw,t),M(Az,Tw,t)*M(Sz,Bw,t))
f p(t)dt =0

0

and

Y(N(Az,Bw,at),N(Sz,Tw,t),N(Sz,Az,t),N(Tw,Bw,t),N(Az,Tw,t)ON(Sz,Bw,t))
f e(t)dt <0
0

it follows that
dM(zw,at),M(zw,t)M(z,z,t),Mww,t)M(zw,t)*M(zw,t))
f p(t)dt =0

0

and

Y(N(zw,at),N(z,w,t),N(z,zt),N(ww,t),N(zw,t)ON(zw,t))
f p®)dt <0
0

Since¢ andy are non-decreasing in the first argument, we have
d(M(zw,t),M(zw,t),1,1,M(z,w,t))
f e(t)dt =0

0

and
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Y(N(zw,at),N(z,w,t),0,0,N(z,w,t))
f p(t)dt <0
0

Using implicit relations ) and £), we have

M(z w, t) =1 andN(z, w, t) < 0.

Hence M(z, w, t) =1 andN(z, w, t) = 0.

Therefore, z = w, i.e., mappings A, B, S and T hawmique common fixed point.
TakingB =A and T = S in the Theorem 3.2. yieldkofwing corollary:

Corollary 3.1. Let A and S be self-mappings of an intuitionistiefy metric space
(X, M, N,*, 0) satisfying the following conditions that
® the pair (A, S) share the property (E.A);
(i) for any x, ye X, ¢, € Mg and for all t > 0O, there exist€{0,1) such that
(III) fod)(M(Ax,Ay,at),M(Sx,Sy,t),M(Sx,Ax,t),M(Sy,Ay,t),M(Ax,Sy,t)*M(Sx,Ay,t)) (p(t)dt >0

and
Y(N(Ax,Ay,at),N(Sx,Sy,t),N(Sx,5x,t),N(Sy,Ay,t),N(Ax,Sy,t) ON(Sx,Ay,t))
f p)dt <0
0

wherep: R* - R is a Lebesgue integrable mapping which is summalole negative
such that

&
f @(t)dt >0 foreach € >0
0

(iv) S(X) is a closed subset of X.
Then A and S each have a point of coincidence. Mane if the pair (A, S) is weakly
compatible, then A and S have a unique common fipaat.

Corollary 3.2. Let A, B, Sand T be self-mappings of an intuitionistic fuzzy mefsjgace

(X,M,N,*,0) satisfying the following conditions that:

() for any x, ye X, ¢ ,¥ € M5 and for all t > 0, there exist€{0,1) such that

¢(M(Ax, By, at), M(Sx,Ty,t),M(Sx, Ax,t), M(Ty, By, t), M(Ax, Ty, t) * M(Sx, By, t))
>0

and

Y(N(Ax, By, at), N(Sx, Ty, t), N(Sx, Ax, t), N(Ty, By, t), N(Ax, Ty, t) 0

N(Sx,By,t)) <0

(ii) the pairs (A, S) and (B, T) share the prop€E.A);

(i) S(X) and T(X) are closed subsets of X.

Then each of the pairs (A, S) and (B, T) have atpof coincidence. Moreover, A, B, S

and T have a uniqgue common fixed point providedhlibe pairs (A, S) and (B, T) are

weakly compatible.

Proof: If we put ¢(t) = 1 in theorem 3.2 the result follows from theorem 3.2
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