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1. Introduction

After the introduction of fuzzy set by Zadeh [9]eth have been a number of
generalizations of this fundamental concept. In5l%&adeh [10] introduced the concept
of interval valued fuzzy subset, where the valuéshe membership functions are
intervals of numbers instead of the numbers. Thezyfualgebraic structures play a
prominent role in mathematics with wide applicaidn many other branches such as
theoretical physics, computer sciences, controinemging, information sciences, coding
theory, topological spaces, logic, set theory, grabeory, groupoids, real analysis,
measure theory etc.

In 1971, Rosenfeld [5] introduced fuzzy subgroand introduced some of its
properties. Abou-Zaid [2] in 1991, initiated study ideals of fuzzy subnear-rings,
evaluated fuzzy left (right) ideals of near-ringand discovered some prominent
characteristics of fuzzy prime ideals of a neagsinJun and Kim [4] and Dawaz [3]
applied a few concepts of fuzzy ideals and i-v fuleals in near-rings.

The notion of bi-ideals in near-rings was biuufprth by Chelvam and Ganesan [8].
Abbassi and Rizvi [1] meditated and research ugenprime ideals in near-rings in
2008. In this discourse, we have thoroughly studieduzzy prime bi-ideals, i-v fuzzy
semiprime bi-ideals, i-v fuzzy reducible and i-z#y irreducible bi-ideals in near-rings.

2. Preliminaries

Definition 2.1. [4] A non-empty setN with two binary operations “ +” and “.” is
called a near-ring if

(1) (N,+) is a group,

(2) (N,.) is a semigroup,
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(3) x(y+z)=xy+xz, forall x,y,z[ON .
We use word 'near-ring' to mean 'left near-ringé Wénote xy instead of x.y. Note that
X0 =0 and x(-y) =—xy but in generaDx # O for somex [ N.

Definition 2.2. [4] Anideal | of a near-ringN is a subset oN such that

(4) (1,+) is a normal subgroup diN, +),

(B) NI OO 1,

6) ((x+i)y—xy)dI foranyidl andx,y[N.

Note thatl is a left ideal ofN if | satisfies (4) and (5), and is a right ideal ofN if
| satisfies (4) and (6).

Definition 2.3. [10] A two sided N -subgroup of a near-ring\ is a subsetH of N
such that

(i) (H,+) is a subgroup ofN, +),
(i) NH OH,
(i) HN O H.
If H satisfies (i) and (ii) then it is called a left -subgroup ofN . If H satisfies (i)
and (iii) then it is called a righiN - subgroup ofN .

Definition 2.4. [4] Let N be a near-ring. Given two subséisand B of N, the product
AB ={ab| a0 AbB} Also we define another operatidd on the class of subsets of

N given by AIB={a(a' +b —aa'| a,a' 0 A bOB}.

Definition 2.5. [10] An interval number@ on [0,1] is a closed subinterval of [0,1], that
is,a=[a",a’] suchthatD<a <a’<1, wherea” anda" are the lower and upper
end limits ofa respectively. The set of all closed subinterval®d ] is denoted by
D[0,1]. We also identify the interval [a, a] by thembera[1[0,1]. For any interval

numbersa =[a",a’],b =[b’, b1 0D00,1],i 01, we define

max'{g, b} 5 max{ & b}, max{a’, b,

min'{g, b}  min{ a; b}, min'{a", K7},

int'a =[Na".Na], s'a =[Ja"Ual

In this notation0=[0,0] and 1=[1,1]. For any interval number& =[a",a’] and
b =[b”,b*] on [0,1], define

() a<b ifandonlyifa” <b” anda’ <b’.

(2)a=b ifandonlyifa” =b” anda’ =b".

(3)a<b ifandonlyifa<b andazb

(4) ka =[ka",ka'], whenever0<k<1.
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Definition 2.6. [10] Let X be any set. A mappindA: X — D[0,1] is called an
interval-valued fuzzy subset (briefly, i-v fuzzytmet) of X where D[0,1] denotes the
family of all closed subintervals of [0,1] an&(x) =[A (X), A"(x)] for all xO X,

where A~ and A" are fuzzy subsets ok such thatA™(x) < A*(x) for all xJ X.

Note that K(x) is an interval (a closed subset of [0,1]) and a&atumber from the
interval [0,1] as in the case of fuzzy subset.

Definition 2.7. [10] A mappingmin' : D[0,1]x D[0,1] — DI[0,1] defined by

min'(a,b) =min{a”, b}, mid a} b} for all a,b 0D[0,1] is called an interval min-
norm.

Definition 2.8[10] A mapping max : D[0,1]xD[0,1] — D[0,1] defined by

max (a,b) =[maxXa’, b}, max al b}] for all @,bOD[0,1] is called an interval
max-norm.

Letmin' and max be the interval min-norm and max-norm on D[0, Bpextively.
Then the following are true.

1. min{a, g =a andmax{a, a =a forall aD[0,1].

2.mn{a b} =min{b & andmax{a b} =max{ b & for all a,b 0 D[0,1].

3. 1f a=b0OD[0,1], thenmin{a ¢} =2min{ h § andmax{a c 2max{ b § for
all 0D[0,1].

Definition 2.9. [10] Let A be an i-v fuzzy subset of a s¥t and[t,,t,] 0 D[0,1], then

the setU (A:[t,t,]) ={x0OX| AX [t,t]} is called the upper level set #
Note that

U(A:[t,t,]) ={xOX|[ AR, A(R] A t, t]}
={xOX| A (Y 2t} n{ xOX A(3 2t}
= (U(A 1)) n (U(A" ).

Definition 2.10.[1] If A and [ are i-v fuzzy subsets of a near-rihg Then
An g, AO0Hm,A+a,A and A Of are i-v fuzzy subsets dfl defined by,
(A n @)(x) =min'{A(x), Z(x)}
(A 0 E)(x) = max {A(x), Z(x)}
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T+ () = le;l/?z {min {A(y),Z1(2)}} if x is expressible as x y+z,

0 otherwise.

) = S;‘fy'? {min {A(y),zZ(2)}} if x is expressible as x yz,

0 otherwise.

TR0 = x:a?bl;l-g-ab {min' {A(a),z(c)}} if x is expressible as xa(b+c)-ab

0 otherwise.

Definition 2.11. [1] Let A be an i-v fuzzy subset di, then A is called an i-v fuzzy
left(right) N - subgroup ofN if for all x,y[IN.

(1) A(x=y) 2 min'{A(%), A(y)}

(2) A(xy) 2 A(y), (A (xy) 2 A (X))

If A is both left and right i-v fuzzyN -subgroup ofN, then it is called an i-v fuzz -
subgroup ofN.

Definition 2.12. [1] Let N be a near-ring and be i-v fuzzy subset oN . We sayA
an i-v fuzzy subnear-ring ol if

(1) A(x-y) 2 min'{A(x), A(y)}
(2) A(xy) =2min'{A(x), A(y)} forall x,yON.

Definition 2.13. [1] Let A be a non-empty i-v fuzzy subset B A is an i-v fuzzy ideal
of N ifforall x,y,il0N and

(1) A(x=y) 2 min'{A(x), A(y)}

(2 A()=A(y+x-y)

(3) A0y) 2 A(X)

4) (A(X(y+i)—xy)= A(i)) foranyx,y,i ON.

If A satisfies (1), (2) and (3), then it is called anfuzzy right ideal of N. If A
satisfies (1), (2) and (4), then it is called anfiizzy left ideal of N. If A is both i-v
fuzzy right as well as i-v fuzzy left ideal & , then A is called an i-v fuzzy ideal oN.

Example 2.14.
Let N ={a b ¢, d} be a set with two binary operations as follows,
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+ a b o d : a b c d
A a b c d a a a a a
B b a d C b a a a a
C c d b a C a a a a
D d C a b d a a b b

Then (N, +,.) is a (left) near-ring.

Define a fuzzy subsed : N - [0,1] by

A(a) =[1,1], A(b) =[0.7,0.8],A(d) = A(c) =[0.6,0.7]
Then A is an i-v fuzzy ideal ol .

Definition 2.15. [4] Let | be a non-empty i-v fuzzy subset Nf, then the characteristic
function of | is denoted byl, and is defined as:

T (0= 1 ifx0O],
' 0 otherwise

3. Someresults
Lemma 3.1. Let | be a subset M. Then| is a left (right) ideal ofN if and only if

/Tl is an i-v fuzzy left (right) ideal oN .
Proof: Let | be a left ideal ofN .
Let x, y[IN.

Suppose thafl, (x—y) < min'{4 (%), A (y)}
=>A()=14(y)=1

and A (x-y)=0

= x,ydl andx-y[lI.

This is a contradiction to the fact thhtis a left ideal.
Therefore, A, (x—y) = min'{A,(X), A (y)}.

If A #A (y+x-y)

If A,(X)=1 andA (y+x-y)=0

= x0l andy+x-y[OlI

(x(y+x)=xy)01.
This is a contradiction.
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Therefore,y +x-y |1
=>A(y+x-y)=1
A ()= A (y+x-y).
Suppose, (xy) <A, (XA, (X)=1=xO1, A (xy)=0 andxyOl.
This is a contradiction.
A () =1.
Therefore, A, (xy) = A, (X).

Definition 3.2. [1] An i-v fuzzy subgroupd of N is called an i-v fuzzy bi-ideal oN,
it (Xo A, od)n (oA, OA)< .

Definition 3.3. [1] An i-v fuzzy setA of a near-ringN is called an i-v fuzzy bi-ideal of
N, if

(1) A(x=y)=min'{A(R, A(y)} forall x,y,zON.

(2) A(xyz) 2min{A(x), A(2)} forall x,y,zON.

Lemma 3.4. For any non-empty subse¥ andY of near-ringN, we have

(1) Ay oA, = Ayy

(2 A n A=A,y

(3) A T4, = Ay

Proof:

(1) Let xON. Supposexd XY . Then x=ab for someald X andbY. Thus we
have,

(A 2 A)(¥) = SL_JE fmin'{A, (a), A, (b)}}
> min'{A,(a), A, (b)}
=min'{1, 1}
— :1_
Ay =1
(/Tx O/TY) :/Txv-
In this casexd XY, we havex # ab foranyald X andb0Y.
If x=uv for someu,v N, then we have,

(Ax o A )(x) =sup {min' {A, (u), A, (V)}}

= s_|d {min' {0, O}}
0
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1., =0.
In all the cases, we have
(Ay 0 A, )(X) = Ay (X) for all xOIN.
Thus, A, oA, = A,,.
(2) LetaldN. Supposeald1 X nY. Thenall X andallY, Thus we have,
(A N A)(@) =min'{A(a), A, (a)} =min{1,1} =1

Ay =1

Supposeall X nY. Thenall X andallY.

Hence,

(A, N A)(@) =min'{A,(a), A (a)} =min {0, 0} =0
A, =0.

XnY

Thus we getd, n A, = A, .

() A, O, = A,y

Let xOON, Supposexd X [IY. Thenx=a(b+c)—-ab;ald X andbOY,cOY

A, OA)(X¥) = sup  {min'{A,(a), A} = sup' {1,1} =min{1,1} =1, and
x=a(b+c)-ab x=a(b+c)-ab

Ay =1

In the casex 0 X [V, If x# a(b+c)—ab for somexdN. Then we have, ., = 0.

similarly,

1,01, =0.

Lemma3.5. Let | be a subgroup ofN,+), | is a bi-ideal ofN if and only if/TI is an

i-v fuzzy bi-ideal of N.
Proof: Assume thatl is a bi-ideal ofN .

(/T| O/TN O/T|)m (/T| o/TN D/TI)SA_I

Now(4, o Ay e A) n (4 o Ay OA) O Ay 0 Ay
0A i (Sincel is a bi-ideal ofN )

=AnA =A.

Therefore,}_lI is an i-v fuzzy bi-ideal oiN .

Lemma 3.6. Let A and &7 be two i-v fuzzy bi-ideal of a near-riny. Then A 07 is
an i-v fuzzy bi-ideal ofN.
Proof: Let A and 7 be a i-v fuzzy bi-ideals oN .

59



V.Vetrivel and P.Murugadas

((/T D,L_J)O/TN o(/T DIL_’)) n ((/T D,L_’)O/TN D(/T Dﬁ)) s (/TO/TN O/T) n (/TO/TN D/T) <A
Similarly,

((1om)eA,-(10m) n ((A0R) -4, (1 0r)) < (72, - 7) 0 (o2, O) < 12
Therefore,((/T D,L_{) oAy ° (/T D,U)) N ((/T D,U)O/TN D(/T D,U)) <A 04

Thus A O . is an i-v fuzzy bi-ideal oN .

4. Prime, strongly prime and semi-primel-V fuzzy bi-ideals

Definition 4.1. An i-v fuzzy bi-idealA of a near-ringN is called a prime i-v fuzzy bi-
ideal of N, if for any i-v fuzzy bi-idealsfz,iv of N, fHo7 <A implies Z<A or
V<A,

Definition 4.2. An i-v fuzzy bi-ideal A of a near-ringN is called a strongly prime
fuzzy bi-ideal of N, if for any i-v fuzzy bi-idealsfz,i7 of N, (FoV)OW o)< A
implies Z<A orv < A.

Definition 4.2. An i-v fuzzy bi-ideal Z of a near-ringN is said to be idempotent if
g=pop=p.

Definition 4.3. An i-v fuzzy bi-idealA of a near-ringN is said to be a semi-prime i-v
fuzzy bi-ideal of N, if 7o 1= * < A implies Z< A for every i-v fuzzy bi-ideaj of
N.

Proposition 4.4. Every strongly prime i-v fuzzy bi-ideal of a nedmg N is a prime i-v
fuzzy bi-ideal of N.

Proof: Let A be a strongly prime i-v fuzzy bi-ideal of a nefmgr N. Now let M,V be
two i-v fuzzy bi-ideals ofN such thatfzo < A. Then (7o) O o ) < A. Thus by
hypothesis,i7 < A or 7 <A. Hencel is a prime i-v fuzzy bi-ideal oN.

Proposition 4.5. Every prime i-v fuzzy bi-ideal of a near-riniy is a semi-prime i-v
fuzzy bi-ideal of N.

Proof: Let A be a prime i-v fuzzy bi-ideal of a near-rifg. Now let M be any i-v
fuzzy bi-ideal of N such thatfzo i< A. Then by hypothesigi< 1. Hence A is a
semi-prime i-v fuzzy bi-ideal oN .

Remarks 4.6. Every i-v fuzzy prime bi-ideal oN is semi-prime. But every i-v fuzzy
semi-prime bi-ideal ofN is not prime.

Consider the i-v fuzzy bi—idealg,[( andv of N given by
Let N ={0,1, 2} be a set with two binary operations as follows,
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+ 0 1 2 . 0 |1 |2
0 0 1 2 0 |0 |0 |O
1 1 0 1 1|0 |1 |1
2 2 1 0 2 |0 |1 |2

(1)(0)=[0.7,0.80  (1)(1)=[0.6,0.65 (1)(2)=[0.4,0.5]
(7)(0)=1[1,1] (1)(0)=[0.7,0.75  (1)(0)=[0.7,0.75
(7)(0)=[0.7,0.75 (7)(1) =[0.64,0.65  (7)(0)=[0.3,0.37

Clearly, A is an i-v fuzzy semi-prime bi-ideal. Then
(f-v)(0)=[0.7,0.75_ (z2-V)(1) =[0.5,0.5 (#-V)(2)=[0.3,0.35

MoV <A but neitherﬂs)_l nor 7 <A . HenceA is not a prime i-v fuzzy bi-ideal of
N.

Lemma4.7. Product of two i-v fuzzy bi-ideals o is an i-v fuzzy bi-ideal oiN.
Proof: Let A and 7 be two i-v fuzzy bi-ideals oN. We have to show thdid o 77) is

an i-v fuzzy bi-ideal ofN . Let (A o m)(x—Yy) = A(@(x—Yy)) = A{min'(Z X, F(y))}
(as td is ai-v fuzzy bi-ideal ofN ).
= A{min' (X)), A{min'(Z )}
=min{(AeA(X, (A a)(y)}
Therefore, (A o Z)(x=y) 2 min{(A o A(R, (A= @)(y)}
(i) Aoy o(Aef)n(Aef)e A O(Aop) =
[(Ao@)oA oA n(Aom) oA, OA]H
S[(/TO/TN o/TN o) n (Ao Q) O/TN D/T)]ﬂS[(/TO/TN ) n(/TO/TN o/TN Nas<Aop

Hencej_loﬁ is a i-v fuzzy bi-ideal of near-rinf\ .

5. Irreducible and strongly irreducible |-V fuzzy bi-ideals

Definition 5.1. An i-v fuzzy bi-idealA of near-ringN is said to be an irreducible i-v
fuzzy bi-ideal of N, if for any i-v fuzzy bi-idealsfz andv of N, gy =] implies
A=A oriv=A.

Definition 5.2. An i-v fuzzy bi-ideal A of near-ring N is said to be a strongly
irreducible i-v fuzzy bi-ideal ofN, if for any i-v fuzzy bi-idealsfi and V' of N,

AOvV<A impliesg<A orv<A.
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Proposition 5.3. Every strongly irreducible semi-prime i-v fuzzyidieal of a near-ring
N is a strongly prime i-v fuzzy bi-ideal dfl.

Proof: Let A be a strongly irreducible semi-prime i-v fuzzyitheal of a near-ring\.
Let f7,7 be any i-v fuzzy bi-ideals ofN such that (Zo?)OWom)<A. As
(FOV)e(@Ov)=(E0v)* <(@ev) and (E0OV)o(EOV)=(EOV)*<(Ven),
implies (Z0OV)? < (fovV)OWom)<A. So gV <A, as A is a semi-prime i-v
fuzzy bi-ideal of N. Thus either< A or 7 < A, becausel is a strongly irreducible i-
v fuzzy bi-ideal ofN. HenceA is a strongly prime i-v fuzzy bi-ideal df.

Theorem 5.4. Let A be an i-v fuzzy bi-ideal of a near-rify with A(a) =a where
aldN and a J[0,1]. Then there exists an irreducible i-v fuzzy bi-idga of N such

that A <7 and f7(a) = a .

Proof: Let X ={V:Vis an i-vfuzzy bi-ideabf N ,v(a)=a andA <V}, then
X # @(non-empty), asl 0 X. The collectionX is a partially ordered under inclusion.
If Y ={F:7 is ani-v fuzzy bi-ideal of Ny, § Fa and <v, foralldl} is any
totally ordered subset oiX, then [,V is an i-v fuzzy bi-ideal ofN such that
A <0, 7, . Indeed, ifa,b,xON, then

(0.7 @-b) =, ¥ (a-b)
2, (7.(a) OV, (b)) (aseacly, is ani-v fuzzy bi-ideal ofN ).
= (DiDI v (a)) D(DiDI Z (b))
= (DiDI 'Z)(a) D(DiDI 'Z)(b)
and (DiDI '7)(ab) =0y ('7| (ab))
>, (v (a) Oy, (b)) (as eachy, is ani-v fuzzy bi-ideal ofN ).
= (00 % @) 0(04 7% ()
=(0.7)@0(0,7)®)
Now ([, 7;) (axb) = O, (7 (ax))
> [, (7,(a) Oy, (b)) (as eacty; is an i-v fuzzy bi-ideal ol ).
- (Dim Z (a)) D(DiDI Z (b))
= (DiDI ‘7.)(3-) D(DiDI 'Z)(b)
Hence [0, 7, is an i-v fuzzy bi-ideal ofN. As A <¥ for all idI. This implies

A<0 . Also

a7

= (DiDI 'Z)(a) =Uyvi(a)=a.
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Thus 0O, 7, 00X and U, V; is an upper bound of . Hence by Zorn's lemma, there

exists an i-v fuzzy bi-ideajy of N which is maximal with the properlyTs,L_l and
H(a) =a. Now we show thatZ is an irreducible i-v fuzzy bi-ideal oN . For this,
suppose that for any i-v fuzzy bi-idegls, &z, of N, we havez;, L7, = fi . This implies
H<p and <[, We claim thatZz=/ or f=M,. On contrary, suppose that
H#z @ and g # f,. This impliesfg< g, and < f,. So fz(a) #a and i, (a) Z a,

as i(a) =a. Hence(f, U n,)(a) = g(a) Ua,(a) # a. Which is a contradiction to the
fact that 7 (a) Uf,(a) = f(a) =a. Hence eitherz =g, or i =M, Thus fZ is an
irreducible i-v fuzzy bi-ideal oiN .

Theorem 5.5. For a near-ring\ , the following assertions are equivalent:

(1) AoA = A for every i-v fuzzy bi-ideal ol .

(2) pOv =(f-v) (W o g) for all i-v fuzzy bi-idealszi andv of N .

(3) Each i-v fuzzy bi-ideal oN is i-v fuzzy semi-prime.

(4) Each proper i-v fuzzy bi-ideal di is the intersection of irreducible semi-prime i-v
fuzzy bi-ideals ofN which contain it.

Proof:

(1)=(2): Let Z andV be two i-v fuzzy bi-ideals ol . Then by Lemma 3.6/ IV is

also an i-v fuzzy bi-ideal of N. Thus by hypothesis, we have
HOv =(uOv)e(uOv) < tov . Similarly HUOV <Vopl. Implies
LUV <(ev)dWom). Now oV andVo i, being products of two i-v fuzzy bi-
ideals of N, are i-v fuzzy bi-ideals oN . Also (fZoV) O(V o f7) is an i-v fuzzy bi-ideal
of N, by Lemma 3.6. Thus by hypothesis, we have
(aev)OWem)=((Hov)OWeom)o((aoV)UWVem)s(HoV)e(Vel)=HoVe
asv o =V (by hypothesis)

SHoA ol asv <A

U (asy is an i-v fuzzy bi-ideal oiN ).

Similarly (V) OW o) <v. Thus(ev)OWen) < u0v .

Hence(fzov)OWopu) = v

(2)=(3): Let &7 be ai-v fuzzy bi-ideal oN such that1? < [ for any bi-ideal ofA of
N . Then by hypothesisd =A OA =(AoA)O0(AcA)=AcA =A%< ]

This implies A < . Thus A is semi-prime i-v fuzzy bi-ideal oN. Hence every i-v
fuzzy bi-ideal ofN is semi-prime.

(3)= (4): Let A be a proper i-v fuzzy bi-ideal dfi and{)Ti: i1} be the collection of
all irreducible i-v fuzzy bi-ideals ofN such thatA < A for all i0l. This implies
A <0, A. Let aON then by Theorem 5.4, there exists an irreduciblefiizzy bi-
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ideal A, of N such thatd <A, and A(a)=A_(a). This implies A, O{A:iOl} .
Thus O, A <A,. So O,A(@<A,(@=A(a) for all aON. This implies
O, A <A. Hence [, A =A. By hypothesis, each i-v fuzzy bi-ideal & is semi-
prime. Thus each i-v fuzzy bi-ideal ™ is the intersection of all irreducible semi-prime
i-v fuzzy bi-ideals ofN which contain it.
(4)=(1): Let A be an i-v fuzzy bi-ideal olN . Then by the definition of i-v fuzzy bi-
ideal we haved2 =101 <. Also A2 =101, being the product of two i-v fuzzy bi-
ideals of N is an i-v fuzzy bi-ideal ofN . Then by hypothesisi? = [1_, A, where each

i1 7y
A is an irreducible semi-prime i-v fuzzy bi-ideal bf such thatd*< A for all i 01 .

This implies A < A for all i01 because eacil, is a semi-prime i-v fuzzy bi-ideal of
N ThusA <. A =A% Henced?=A,

(]I

Therefore, A oA = A.

Proposition 5.6. Let each i-v fuzzy bi-ideal of a near-riny is idempotent. Then the
following assertions for a i-v fuzzy bi-ideal 8 are equivalent:

(1) A is strongly irreducible.

(2) A is strongly prime.

Proof:

(1)= (2): Let each i-v fuzzy bi-ideal of a near-riny is idempotent andl be a
strongly irreducible i-v fuzzy bi-ideal olN . Suppose thafi andV be two i-v fuzzy bi-

ideals of N such that(fZo V) O o 1) < A. By Theorem OV = 1oV OV o 1< A.
Implies either &7 < Aorv<A, asi is strongly irreducible. Sd is strongly prime i-
v fuzzy bi-ideal ofN .

(2)= (1): Suppose/ is a strongly prime i-v fuzzy bi-ideal dfl . Let 7 andv be any
i-v fuzzy bi-ideals of N such that ZOV<A. By Theorem 5.5
(FoV)O@Wom)=pu0v <A, so (@evV)O@om)<A. Implies either Z<A or
V<A, asd isa strongly prime i-v fuzzy bi-ideal dfl. Thus A is strongly irreducible.

Theorem 5.7 Each i-v fuzzy bi-ideal of a near-rinyl is strongly prime if and only if
each i-v fuzzy bi-ideal ofN is idempotent and the set of i-v fuzzy bi-ideals is
totally ordered by inclusion.

Proof: Suppose that each i-v fuzzy bi-ideal of near-rgis strongly prime, then each i-
v fuzzy bi-ideal of N is semi-prime. Thus by Theorem 5.5 each i-v fuaizigeal of N

is idempotent. Now we show that the set of i-v fubkideals of N is totally ordered by
inclusion. For this lettZ and V' be any two i-v fuzzy bi-ideals o . Then by Theorem
55, (Hev)OWon)=u0Ov, implies (Zov)OW o)< uOv. As each i-v fuzzy
bi-ideal of N is strongly prime, so ig/[JV . Thus eitherd< v or v < gv. If
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a< v, implies g<v and ifv < g v, impliesV < [i. So the set of i-v fuzzy bi-
ideals of N is totally ordered by inclusion.
Conversely, assume that each i-v fuzzy bi-ideaNofs idempotent and the set of i-v
fuzzy bi-ideals ofN is totally ordered by inclusion. Let be an arbitrary i-v fuzzy bi-
ideal of N and 7,7 be any i-v fuzzy bi-ideals oN such that(zzov) OV o i) < A.
By Theorem 5.5 00 = (f1ov) O o 1) < A implies g0V < A...(G)
Since the set of i-v fuzzy bi-ideals ®&f is totally ordered by inclusion. So eithgr< v
or V< /4, implies eitherg v =g or gUv =v. Then (i) implies eitherz< A or
V<A,
Theorem 5.8. If the set of i-v fuzzy bi-ideals of a near-riny is totally ordered by

inclusion, then each i-v fuzzy bi-ideal ™ is idempotent if and only if each i-v fuzzy
bi-ideal of N is prime.

Proof: Suppose each i-v fuzzy bi-ideal & is idempotent. Letd be a arbitrary i-v
fuzzy bi-ideal andfz,V be an i-v fuzzy bi-ideals oN such thatfzo7 < A . Since the
set of i-v fuzzy bi-ideals oN is totally ordered by inclusion, so eith@<V or V < [i.

If <V theniofi<ioV <A, implies I<A as A is semi-prime by Theorem 5.5.
If V<M thenVoV <ioV <A, implies7 <A asA semi-prime by Theorem 5.5. So
each i-v fuzzy bi-ideal oN is prime.

Conversely, Suppose that every i-v fuzzy bi-idegfaN is prime. Since every prime i-v

fuzzy bi-ideal of N is semi-prime. So by Theorem 5.5, each i-v fuzizidbal of N is
idempotent.

Theorem 5.9. For a near-ringN the following assertions are equivalent:
(1) Set of i-v fuzzy bi-ideals of a near-rig is totally ordered by inclusion.
(2) Each i-v fuzzy bi-ideal oN is strongly irreducible.

(3) Each i-v fuzzy bi-ideal oN is irreducible.

Proof:

(1)= (2): Let A be an arbitrary i-v fuzzy bi-ideal oN and /7,7 be i-v fuzzy bi-
ideals of N such thatz O < A. Since the set of i-v fuzzy bi-ideals & is totally
ordered by inclusion, so eithgr <V or V < fi. Thus eitherz OV = 7 or g0V =V,
implies eitherz< A or v < A.

(2)= (3): Let A be an arbitrary i-v fuzzy bi-ideal oN and /7,7 be i-v fuzzy bi-
ideals of N such that 7 OV = A...()

Thus 7= A andv = . (i) implies 7OV <A. Soi<A or V<A, asA is strongly
irreducible. Hence eithez=A or 7 = 1.
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(3)= (1): Let 7 andV be two i-v fuzzy bi-ideals oN Then by Lemma 3.6 7 LV
is also i-v fuzzy bi-ideal ofN Also gUv =gV, implies either z= v or
V=paUv. Thusi<sv orv < [

10.
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