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Abstract. Based on the two-stage traditional supply chain model, which is composed of a 
manufacturer and a retailer, we introduce the online price parameter and online-offline 
sales volume proportion parameter, thus forming a two-stage supply chain conclude 
online and offline distribution channels under a stochastic demand environment. With the 
use of game theory, the interaction between the manufacturers and retailers can be 
observed. When contact parameters are satisfied, a coordination of the two-stage supply 
chain with online distribution channels can be realized through the rebate and penalty 
contract. Finally, we verify the availability of the contract by numerical calculating. 
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1. Introduction 
Supply chain is a chain of interests made up of different economic entities. The 
coordination of supply chain members is the foundation of supply chain stability. But, to 
pursuit the maximization of self-interest, the choice of the members in supply chain may 
conflict with the overall benefit of the supply chain, which lead to a certain degree of 
damage for the whole profits of supply chain. In order to coordinate the profit conflict 
between individual and whole in the supply chain, the supply chain contract has become 
an important means. Since Pasternack [1] early put forward the theory of supply chain 
contract, it had been developed rapidly in many directions. Bresnahan [2] studied the 
wholesale price contract from the perspective of economics in the case of deterministic 
demand. Yu etc. [3] proposed a wholesale price contract with anti-sudden events. Yang 
etc. [4] discussed the origin and development process of supply chain contract research, 
and established several basic mathematical models of typical supply chain contract. In the 
literature [5], researchers studied that, when the demand was associated with both effort 
factors and prices, the supply chain coordination can be achieved when introducing 
rebate and penalty strategy, and they also gave the model optimization method. 

Pu, etc. [6] found that the rebate and penalty contract could coordinate the supply 
chain effectively, making the upstream suppliers to supply on time. Liu, etc.[7] proposed 
resource-sharing  contract theory based on rebate and penalty strategy service system . 
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Xu, etc. [8] designed the difference repurchase contract based on the rebate and penalty 
strategy, and proved the contract could coordinate the supply chain model that existed 
customer returns. The literature [9-10] examined the coordination of the rebate and 
penalty contract on the closed-loop supply chain of emergency. Yang, etc. [11], studied 
that, when the market demand was uncertain, the coordination of supply chain can be 
achieved under the introduction of rebate and penalty contract in the two-stage return 
policy model. 

All studies mentioned above mainly studied the coordination mechanism of the 
traditional two-stage supply chain. However, with the "Internet +" era, more and more 
manufacturers work on both online sales and offline sales. In order to adapt to the change 
of the market, it is necessary to increase the online sales channel in the traditional supply 
chain model. Although the researches on the traditional two-stage supply chain model are 
becoming more mature at present. 

Based on the [4], this paper obtains a two-stage supply chain model with online 
sales channel, considering the introduction of the online sales proportion parameter and 
the online sales price parameter in the two-stage supply chain model. And it proved that 
the combination of traditional channel and online sales channel can enhance the overall 
profit of the two-stage traditional supply chain system. It demonstrated that using the 
contract of rebate and penalty can achieve the maximization of the benefits and the 
coordination of supply chain with online sales channel. Finally, a numerical example is 
given to show that the reasonable choice of contract parameters can realize the win-win 
of the members in supply chain without affecting the total profit of the supply chain 
system. 

 
2. Model description 
Considering one manufacturer and one retailer in the two-stage supply chain system, the 
manufacturer provides a single product to the retailer. The retailer's market demand is 
random and the retailer has only one chance to order before the selling season begins. 
According to the LF (Leader-Follower Game) game theory, the manufacturer is the 
leader and the retailer is the follower. The manufacturer will provide the retailer with a 
set of contract parameters, and the retailer determines the optimal product order quantity 
according to the contract parameters. 

Assuming that the manufacturer is over-producing according to the order quantity 
provided by the retailer and is selling the excess part online, the manufacturer and the 
retailer are not only cooperative relationship, but also are certain competitive relationship. 
Assuming that the retail price of the unit product is p , and the online sales price is dp . 
The ratio of the excess production produced by the manufacturer and the order quantity 
ordered by the retailer is α , and the production cost of per unit product is c , and the 
wholesale price of the unit product provided by the manufacturer to the retailer is ω  , and 
the order quantity of the product is Q  . Then we can construct a two-stage supply chain 
model with online sales channel. As shown in Fig. 1. 

Before we build the model, we give the following basic assumptions for the two-
stage supply chain model: (i) market demand is random; (ii) the members of the supply 
chain is completely rational, that is, to maximize their own interests as the goal; (iii) the 
supply chain information is completely symmetrical; (iv) the members of the supply 
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chain are risk-neutral; (v) online sales price will be greater than the wholesale 
price )( ωpd > , otherwise the retailer will order through the online sales channel. 

 

 
Figure 1: The two-stage supply chain with online sales channel  

 
3. Supply chain coordination 
3.1. Decentralized decision 
When a two-stage supply chain model with an online sales channel is under decentralized 
decision, the manufacturer and the retailer trade through a wholesale price contract. The 
manufacturer provides a wholesale price to the retailer, and the retailer determines the 
order quantity before the start of sales season. At this time, the members aim at 
maximizing their own interests, and they will inevitably ignore the overall benefits of the 
supply chain system. 

Assuming that the order quantity before the start of sales season is Q , and the excess 
production quantity formulated by the manufacturer is Qα , and the wholesale price of the 
unit product is ω , and the online sales price of the unit product is dp , and the production 

cost of per unit product is c . For the manufacturer, the income from the retailer is Qω , 
the income from online sales is Qαpd , and the production cost to be paid is Qαc )( +1 , so 
the manufacturer's expected profit is 

.)( QαcQαpQω dm +−+=∏ 11                                       (1) 

Assuming the retailer's expected sales volume is )(QS , then ∫−=
Q

dxxFQQS
0

)()( , 

where )(xF  is the distribution function of the market demand x . After the retailer's sales 
season, assuming the expected value of the unsold products` quantity is )(QI , and the unit 
product`s loss of the retailer from excess order is ec , and the unit product’s loss of the 
retailer from out of stock is uc . After the sales season, the residual value of the unit 
product that is not sold is ν  , and then the retailer's expected profit is 

.)()()()( QωQLcQIcQIνQpS ueR −−−+=∏ 1  
So, we can get 

.)()()( µcQνcωQSνccp ueueR −−+−−++=∏ 1                          (2) 
Since the expected profit of the supply chain system is the sum of the expected profits of 
the manufacturer and the retailer, the profit of the supply chain system is 

111 RmT ∏+∏=∏  
.)()()()()( QαcQαpQLcQIcQIνQpS due +−+−−+= 1  

Then, we can get 
.])([)()( µcQαpνcαcQSνccp udeueT −−−++−−++=∏ 11                 (3) 
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In particular, when the online-offline sales ratio α  and the online sales price dp  are 
equal to zero, the model is the traditional channel supply chain model under decentralized 
decision. Meanwhile, under the traditional channel model, the profit of the manufacturer 

0m∏ , the profit of the retailer 0R∏ , and the profit of the supply chain system 0T∏  can be 
obtained. 

Therefore, under the decentralized decision-making, the retailer aims to maximize 
their own profit, and determine the order quantity of product, we can get the following 
proposition 1. 

 
Proposition 1. [4] When the two-stage supply chain with online sales channel is under 
decentralized decision, the retailer's expected profit 1R∏  is the concave function of the 
order quantity Q , and the optimal order quantity of the retailer is 

.










−++
−+= −

νccp

ωcp
FQ

ue

u1                                                  (4) 

where )·(1−F  is the inverse function of )(xF . 
 
3.2. Centralized decision 
Under centralized decision-making, manufacturer and retailer would form a strategic 
alliance to maximize system profit. 

At this time, the income from the supply chain system through offline sales is )(QpS , 
and the income earned through online sales is Qαpd . After the sales season, the income 
from the remaining products that are not sold is )(QIν , and the cost of production that the 
supply chain system needs to pay out is Qαc )( +1 . Taking into account the loss caused by 
the shortage of products and the loss of the remaining products that were not sold after 
the sales season, the expected profit function 2T∏  of the supply chain system can be 
obtained as follows:  

.)()()()()( QαcQαpQLcQIcQIνQpS dueT +−+−−+=∏ 12  
Then, we can get 

.])([)()( µcQαpνcαcQSνccp udeueT −−−++−−++=∏ 12                  (5) 
Under the centralized decision-making, manufacturers and retailers are equivalent to 

a whole. Then, the optimal order quantity of products can be given by the following 
proposition 2. 

 
Proposition 2. When the two-stage supply chain with online sales channel is under 
centralized decision, the expected profit 2T∏  of the supply chain system is the concave 
function of  Q . Then, the optimal order quantity 2TQ  of the supply chain system is 

.
])([











−++
−−−+= −
νccp

αcpccp
FQ

ue

du
T

1
2                                         (6) 

Proof: From (5), we can get 

],)([))()(( αpνcQαcQFνccp
dQ

d
deue

T −−++−−−++=∏
112  
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.)()( 0
2

2
2

<−++−=∏
Qfνccp

dQ

d
ue

T  

Obviously, the expected profit  2T∏  of the supply chain system is the strictly concave 
function of the order quantity Q . So the optimal order quantity 2TQ  of the supply chain 
system should satisfy 

.02 =∏
dQ

d T  

So, we can get 

.
])([

)(
νccp

αcpccp
QF

ue

du
T −++

−−−+
=2                                          (7) 

Therefore, according to (7), under the centralized decision, it can be obtained that the 
optimal order quantity of the two-stage supply chain system with online sales channel is 

.
])([











−++
−−−+

= −
νccp

αcpccp
FQ

ue

du
T

1
2  

 
Remark 1. Compared with the system profit of the two-stage supply chain under the 
centralized decision in [4], the online sales part is added, and the optimal order quantity is 
obtained when the system profit is maximized. 
 
Remark 2. In the absence of any incentive measures, the two-stage supply chain with the 
online sales channel cannot achieve the maximal profits. 
 
3.3. The rebate and penalty contract 
By comparing (4) and (6), we find that the optimal order quantity of the retailer is less 
than the order quantity when the system profit is optimal. In order to achieve the optimal 
profit of the system, we need to take measures to encourage the retailer to increase 
product order quantity.  Applying the rebate and penalty contract to the two-stage supply 
chain system with online sales channel, we assume that the sales target provided by the 
manufacturer to the retailer is T . After the sales season, if the number of products sold 
by the retailer exceeds T , for the excess part, the manufacturer will give the retailer 
rebate τ  according to the unit product. If the number of products sold by the retailer do 
not exceeds T , the penalty is also τ . 

For the manufacturer's profit, applying the rebate and penalty contract to the supply 
chain system of decentralized decision-making, in addition to its income Qω  from 
retailers, and its income Qαpd  from online sales and the cost of production Qαc )( +1 , It is 
also required to deduct the reward ])([ TQSτ −  that the retailer has exceeded the sales 
target. When the expected sales volume )(QS  is greater than the sales target T , it 
indicates that the manufacturer needs to reward the retailer. When the desired sales 
volume )(QS  is less than the sales target T , it indicates that the manufacturer will punish 
the retailer. Thus, the manufacturer's expected profit under the contract is 

.)(])([ QαcTQSτQαpQω dm +−−−+=∏ 1                                (8) 
Similarly, the expected profit of the retailer under the contract is 

.])([)()()()( QωTQSτQLcQIcQIνQpS ueR −−+−−+=∏  
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Then, we can get 
.)()()( µcQνcωQSντccp ueueR −−+−−+++=∏
                          

(9) 
Since the expected profit of the supply chain system is the sum of the expected profits of 
the manufacturer and the retailer, the system profit of the supply chain under the contract 
is 

RmT ∏+∏=∏  
  .)()()()()( QαcQαpQLcQIcQIνQpS due +−+−−+= 1  

Then, we can get 
.])([)()( µcQαpνcαcQSνccp udeueT −−−++−−++=∏ 1               (10) 

 
Proposition 3. In order to maximize the profits of the supply chain system and achieve 
the coordination of supply chain under the rebate and penalty contract, the contract 
parameters },{ Tτ

 
and related parameters need to satisfy the following conditions 

.
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Proof: From (9), we can get 

),())()(( νcωQFντccp
dQ

d
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R −+−−−+++=∏
1  

.)()( 0
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Qfντccp
dQ

d
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Obviously, R∏
 
is the strictly concave function for the order quantity Q . At this time, the 

optimal order quantity of the retailer under the contract is satisfied 
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(11) 

Similarly, from (10), the optimal order quantity TQ  of the supply chain system under the 
contract is satisfied 

.
])([

)(
νccp

αcpccp
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ue

du
T −++

−−−+=  

Then, we can get 
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(12) 

At this time, to maximize the profit of the supply chain system,  TQ
 
should satisfy =TQ

 

RQ= . So, we can get 

.
)())((

νccp

αpνcαccτνccpαpαcc
ω

ue

deued

−++
−−+++−++−+

=

               

(13) 

Obviously, to achieve the supply chain coordination, the wholesale price ω  should 
satisfy cω > , and from (13), we can get 
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Taking (14) into the retailer's profit function (9), there are 

.Tτµc
νccp

τ

νccp

τνccp
u

ue
T

ue

ue
R −

−++
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−++
+−++

=∏                       (15) 

 
Then, the manufacturer's profit is 

.RTm ∏−∏=∏  
So, we can get 

.Tτµc
νccp

τ

νccp

τ
u

ue
T

ue
m +

−++
−∏

−++
−=∏

                            

(16) 

From (15), when ])[(
)(

µcττνccp
νccpτ

T uTue
ue

+∏+−++
−++

< 1 , 0>∏R . From 

(16), when 
νccp

µc
T

ue

uT

−++
+∏

> ,  0>∏m .Therefore, if the rebate and penalty contract 

can be used to achieve the coordination of supply chain, then sales target T  should 
satisfy 

].)[(
)(

µcττνccp
νccpτ

T
νccp

µc
uTue

ueue

uT +∏+−++
−++

<<
−++
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Remark 3. (15) and (16) show that through the rational selection of parameters, you can 
achieve the system profit distribution among the supply chain members. 
 
4. Numerical examples 
Through the proposition 3, we can see that the profit of the supply chain system is 
affected by dp , ω , α , and τ   in different degrees. By changing the parameter τ , T , the 
profit of supply chain system can be coordinated and the profit of the system can be 
distributed between the retailer and manufacturer. And it can ensure that the profit of 
each member in the supply chain under the contract is greater than that without the 
contract, to realize the coordination of the whole supply chain. 

In order to facilitate the analysis and calculation, assuming that the market demand 
x  satisfies the uniform distribution on the interval ],[ ba , then the probability density 

function of the market demand x  can be expressed as 
ab

xf
−

= 1
)( , the distribution 

function =)(xF
ab

ax

−
− , then the inverse function of the distribution function is:

 
=− )(xF 1    

)( abxa −+ , expectation 
2

ba
µ

+= , variance 
12

2
2 )( ab
σ

−= , then, a  and b  can be 

expressed as: σµa 3−= ,  σµb 3+= . 
Assuming that the market demand satisfies the uniform distribution, in the numerical 

example, 35=p , 5=c , 2=ec , 2=uc , 3=ν , 100=µ , 40=σ , 30=dp , ω  10= , 
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and 080.=α . From (13), we can get 126=τ . It can be obtained that, through 
proposition 3, if the rebate and penalty contract can achieve the coordination of the 
supply chain, the sales target T  needs to satisfy 5119294 .. << T . The Fig. 2 shows 
three cases’ profit which include the supply chain of traditional channel, the two-stage 
supply chain with the online sales channel of the decentralized decision and the chain 
with the online sales channel of using rebate and penalty contract of manufacturers, 
retailers and supply chain systems change with the sales target T . 

 
 

Figure 2: The impact of changes in sales targets on profits 

Through Fig. 2, we can get that, the system profit under the contract of the two-stage 
supply chain with the online sales channel is always greater than the profit under the 
decentralized decision, and greater than the profit of traditional channel supply chain also. 
In the two-stage supply chain with online sales channel under the contract, the 
manufacturer can determine the sales target according to the market situation, to achieve 
the distribution of profits between the retailers and the manufacturers. We can get that the 
manufacturer's profits will increase with the increase of sales target, but the retailer's 
profit will decrease when the two-stage supply chain with online sales channel is under 
the contract. However, in order to achieve the coordination of the supply chain, it is 
required that the profits of the members under the contract should not be lower than the 
profits obtained under the decentralized decision. Therefore, the sales target T  needs to 
satisfy mR xTx << . At this time, Rx

 
satisfies 1mm ∏=∏  and mx  satisfies 1RR ∏=∏ . In 

this case, according to calculation result, T  can only be 102 to achieve the coordination 
of supply chain. 
 
5. Conclusions 
This paper proposed a two-stage supply chain model with online sales channel, and the 
system profit of the two-stage supply chain with online sales channel is better than that of 
the traditional channel supply chain under the decentralized decision-making. How to 
apply the rebate and penalty contract to realize the coordination of supply chain is also 
discussed, and proved that the contract parameter can maximize the profit of the supply 
chain in a certain range. Meanwhile, we got that on the basis of satisfying the profit 
maximization of the supply chain system, the profit of the manufacturer and the retailer 
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can be improved at the same time by further restraining the contract parameter. In the 
future, we can consider the market demand under the fuzzy environment or information is 
not completely symmetrical and more complex market demand situation. 
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