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Abstract. Although the Fuzzy Analytic Hierarchy Process ig dfulti-Criteria Decision
Making techniques, it does not consider the rditgbof information. The Z-number
contains both uncertain variable and its reliapilivhich has been applied to uncertain
environment including decision making, risk asses#iminear programming etc. In this
paper, a new method of Multi Criteria Decision Makibased on Z-number and Fuzzy
Analytic Hierarchy Process is proposed, where treduation of each alternative with
respect to each criterion is described as a Z-nuniuding both the evaluation and its
reliability from evaluators. Finally, a practicalxample illustrates the steps and
effectiveness of the method.
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1. Introduction
In the real world, risk assessment is ubiquitousweler, due to the uncertainty of
information, to the risk assessment has broughatgekallenges. Therefore, how to
correctly assess the risk level has become a Ipit for everyone to study. There are
many models and tools to solve this problem, siiprabability, game theory, utility
function and so on. In 1970, Zadeh and Bellmanfifs} proposed the fuzzy decision
making model. From then on, many researchers hakged out an in-depth study on
Fuzzy Multi Criteria Decision Making (FMCDM) [2]. bkt studies show that when
uncertainty is not probabilistic, it is rather impise or even vague. In some cases,
uncertainty arises because of the vagueness ofingean linguistic terms in people's
natural language, fuzzy linguistic approach [3, et

Fuzzy Analytic Hierarchy Process (FAHP) [4] is amgoehensive evaluation
method combining fuzzy comprehensive evaluation amalytic Hierarchy Process
(AHP) [5], which has wide application in system lexaion, efficiency evaluation and
system optimization. It is a combination of quaiita and quantitative evaluation model,
generally first determine the set of factors udimg chromatographic analysis, and then
use fuzzy comprehensive evaluation to determinereéselts. Fuzzy method is in the
hierarchy method, if the two are integrated withlreather, will improve the reliability of
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evaluation results. For example, in 2010, Khadearnhdi [6] used FAHP as an effective
decision-making method, which could consider dédfercriteria in the pre-known basic
relevant conditions to make the appropriate selactn 2015, Mardani et al [7] summed
up the combination methods of fuzzy set [8] and MCBystematically, as well as the
applications and methods of the FMCDM techniques.

In 2011, Zadeh proposed the Z-number theory [9jckvinelates to the issue of
reliability of information. It is an ordered paif fuzzy numbers and has two components,
Z = (A, B). The first component, A, is a restrigtion the values which a real-valued
uncertain variable, X, is allowed to take. The s&kccomponent, B, is a measure of
reliability of the first component. And A and B atescribed in a natural language. It is a
new concept which has more power to describe tlogvladge of human being and will
be widely used in the decision analysis. Howeuers not treated as general numbers
because which is much simpler to compute with gdrmaurmbers than with Z-numbers.
Fundamentally, Z-number is a step that formalibesability of people to make rational
decisions in an environment of uncertainty. Comgavéh the traditional fuzzy number
[10], Z number has a stronger ability to describe knowledge of human. Recently,
Bingyi et al. [11] proposed a method to solve thebfem of FMCDM by using Z-
number. In order to convert Z-numbers to explicimivers for the calculation of the
decision making, the method requires that the tampmonents of Z-numbers should be
the triangular fuzzy numbers [12].

In this paper, we propose a method of FMCDM based#AHP and Z-number
(Z-FAHP). Finally, we illustrate an example to darthe steps and effectiveness of the
Z-FAHP. And we use the data from Nezarat et al].[13

This article is organized as follows. The secondt [itroduces some basic
concepts and definitions that will be used follogvsection. In third part, we propose the
Z-FAHP and give its procedure in detail. In foupidrt, we give an example of using the
Z- FAHP. Lastly, we present conclusions and futlirection.

2. Preliminaries
2.1. Fuzzy set, fuzzy numbersand Z-number
Definition 2.1.1. A fuzzy set [14]A is defined on aX may be given as:

A={(X L) uA(R [0, 1], X X @)
where £,(X) is a continuous mapping froR to the closed intervd0,1]. It is the
membership function oAA. The value ofy,(x) describes the degree of belongingness
of xO X in A [15].

Definition 2.1.2. The Triangular Fuzzy Numbers (TFN) [12] & (A—TFN) is one of
the many membership functions 8f. A—TFN is defined aga, b, c). The parameter
a gives the maximal grade gf,(X) . The parameteb andc are the lower and upper

bounds which limit the field of the possible evdioa [16]. The TFN has linear
representations on its left and right side suchiteanembership function can be defined
as:
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(x-a)/(b-d a< x b

Ha(X)=3(c=x/(c-B b x c whered b 2
0 otherwise
The A—TFEN is shown in Figure 1.
Yl

r a

Figure 1. Triangular fuzzy numbers

There are a number of operations on TFN, whichd&scribed in detail [12].
According to the needs of the model, the articlalslevith following three
operations. To this end, we define two TFA and B by the triplets
A=(a,h,q) andB=(a, b, c). Details as follow:

Addition:
A+B=(ata,Qh+h ¢+ ¢ 3)
Multiplication:
AB=(al&, Qih, ¢lg) (4)
Inverse:
(a,b,6)"=(@1/¢,1/h,1/4a) (5)

Here = is approximately equal to.

Definition 2.1.3. A Z-number [9] is an ordered pair of fuzzy numbefs; (A B). It is
associated with a real-valued uncertain in variable with the first componentA,
playing the role of a fuzzy number restrictidR(x), on the values whiclX is A,

where A is a fuzzy set. The second compondi,is referred to as a measure of
reliability for the first component.

2.2 Fuzzy analytic hierarchy process (FAHP) [17]

The conventional AHP method is incapable of hamggdtime uncertainty and vagueness
involved in the mapping of one's preference to aace number or ratio. The major
difficulty with classical AHP is its inability in mpping human judgments. It uses both
gualitative and quantitative variables.

Although the AHP is to capture the expert’'s knowledthe traditional AHP is still
cannot reflect the human thinking style. In the panison of alternatives, it uses an
accurate value to express the thought of decisiakem and the results of AHP are
subjectively influenced by experts and so on. Ttvesdahese problems, FAHP was
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developed. FAHP provides decision makers with iatiejudgements rather than a fixed
value.

2.3 Converting Z-numbersto crisp numbers
To convert a Z-number on outcomes and probabilitiés can assume a Z-number,
Z =(A, B) where

A={(X LA (AR O[0,1], X X
and

B={(x #s( )| 4:( ¥ L[0,1], X1 X .
Here i, =(a,,b,¢) and i4; = (a,,b,, c,) are TEN. More details see [11].
1) Converting the describing reliabilit{B) of A into a crisp number.

In order to converB into a crisp number, we use the method proposedlitdzadeh et
al [18].

IxyB(x)dx
q=——
J s (9 dx
wherej denotes an algebraic integration. Now we can des&-number as

Z=(Aa) (7)
2) Convert weighted Z-number to regular fuzzy number
Add the weight of theB to the A. Weighted Z-number can be denoted as

Z ={(x (D) | (3 =Va, X0 R ®)

where Z is also denoted

(6)

Z=WaaabJao 9)

So far, a Z-number has been converted to a crisphat

3. Z- FAHP mode

Although FAHP provides a good reference value fecision-makers, it still has
ambiguity in language description and can't respovell to the evaluators' natural
language, fuzzy linguistic approach and so on. Emer appears to be a good solution to
this defect. Therefore, we choose the advantagesAbfP and Z-number respectively.
Combining them together to form a new method, wiécalso called Z- FAHP. Specific
steps are as follows:

1) Construction of the detailed hierarchy of the peoil

The hierarchy is constructed taking all the critesub-criteria and alternatives specific to
the research problem. The hierarchy is structurath the top (performance evaluation of
technical institutions) through the intermediateels (main and sub-criteria on which
subsequent levels depend) to the bottom levellighef technical institutions).

2) Constructing a pair wise comparison matrix

Once the hierarchy was established and a serigsiastions were asked to direct pair
wise comparisons, each expert performed a pair @asgarison. Assuming expert gives
his or her opinion as follows:

A=(a,h,q) B=(a,h,¢)
66



A Model of Based on Z-number and Fuzzy Analyticridiehy Process

where A and B are TFN.
The expert’s opinion can be described to a Z-nuraber

Z=(AB)=[(a,h, 6).(a, b, ¢)]

Firstly, according to the Eqg. 6, we can conv8rto a crisp humber. Secondly, we add
the weight ofB to the A according Eq. 7.

Z=(Aa)=[(a,h, g).a]
Thirdly, convertZ = (A,a) to a crisp number according Eg. 8 and Eq. 9.

Z=(Waa,NJahJag)

Finally, we can construct a pair wise comparisonrimaccording firstly to thirdly with
all expert’s opinion.

3) Applying Z into FAHP.

4. An example of application Z- FAHP
Many factors lead to unpredictable and uncertamditmns in the process of tunneling.
Underground construction will not only be accompdrby dangerous but also affect the
engineering economy. If the decision-makers useropgr methods will result in
unimaginable losses. Therefore, it is a hot topicscholar how to properly assess the
level of risk in the mechanized tunneling. Hamidréezarat et al. [13] by contribution
of experienced technicians and use of geologicatlysteight levels of risks are
considered. They use FAHP to assess the leveslofarid get good results. On the basis
of their research, we add the concept of Z-numbeimntprove the reliability of the
evaluation.

According to Nezarat et al. [13]. we can make therdnchical structure of
geological risk problems in Figure 2.

‘ Ranking of the geological risk in mechanized tunneling ‘

Ability in response Impact of risk on cost,

. Uncertainty(C3 ‘ . . ‘ Likelihood of risk (C
to the risks (C,) ‘ 5s) time and quality (C,) L
= = »n %)
g g & 2 £ Z = 2
= 7] o = o a 5 o
fe) o [¢] [ o —a ag
" o o = ag ag
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5} Z. o =< a3 o 5 ©
2 =} —_ =] ~ — o, =
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Figure 2: Hierarchical structure of the problem

Step 2: Each expert gives his or her opinion about deciganable with Z-number
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Table 1. Z-number weight of decision variable

Z - numbe weight A B

of dedsion variable a b c a b o
C 1 1 1 0.8 0.9 1
G, 1 3 5 0.75 0.875 1
G 1 2 4 0.8 0.9 1
C, 1 1 3 075 | 0875 | 1

Step 3: Convert Z-number to a crisp number
a) ConvertB into crisp number according Eq6
Table2: a of each decision variable value

the value ofa C C, C, C,

a 0.9 0.875 0.9 0.87¢

b) Convert weighted Z-number to regular fuzzy numleeoading Eq9.

Table 3. Fuzzy weight of decision variable

Fuzzy weight ¢ a b (o
decision variable
C 0.94868: 0.94868: 0.94868:
C, 0.93541¢ 2.80624 4.67707
C, 0.94868: 1.89737 3.7947:
C, 0.93541¢ 0.93541¢ 2.80624

Step 4: Construct the paired comparison matrix

According to the criteria of the paired comparisoatrix in AHP, we can complete
the paired comparison matrix.

Table 4: Fuzzy pair-wise comparison of decision variable

(o C, C, C,
a b C a b C a b (o a b c
G| 1 1 1 |0.20]034|1.01|025| 05| 1 |0.34|1.01|1.01
C,|094|281|468| 1 1 1 | 094|187 |3.74|1.87|3.74| 5.61
C,|095|190|3.79|025| 05| 1 1 1 1 | 095|285 4.74
C,|094|094|281|0.15|0.24|047|0.21|035/1.05| 1 1 1

Step 5: Normal weight of decision variable
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In the text, we use the extent FAHP [15]. In [19)aBg, D. Y. introduced the
“Applications of The Extent Analysis Method on FyzxHP.”

a) After the formation of the Pair-wise comparison mnxaof weight vectors to
be determined using fuzzy analytic hierarchy, tlacudation of the not
normal weights of decision variable using the mdtbbNezarat, Hamidreza,
Farhang Sereshki, and Mohammad Ataei [13]. Thelteesre shown in
Table 5.

Table 5: Normal weight of decision variable
decision variable C, C, C, C,
Not normal weight of
decision variable

0.384 1 0.832 0.479

b) Let the weight vectors normalize.

Table 6: Normal weight of decision variable
decision variable C C, C, C,
Not normal weight of
decision variable

0.142 | 0.371 | 0.309 | 0.17€

Step 6: Normal weights of all criteria
We can calculate normal weights of all criteriahngite[® to stefb(see Table 7).

Table 7. Normal weights of all criteria

Criteria Normal weighi
A 0.124 0.14E 0.144 0.122
A, 0.10¢€ 0.10t 0.13 0.15¢€
A 0.14¢ 0.16:5 0.109 0.112
A, 0.136 0.13¢€ 0.137 0.084
A 0.152 0.181 0.11 0.12¢
A 0.121 0.09 0.11% 0.132
A 0.119 0.08¢ 0.113 0.131
A 0.094 0.091 0.142 0.134

Step 7. Synthesize the solution for the ranking of geatagirisks in the problems of
mechanized tunneling.

We have gotten the Normal weight of decision vdeiadnd normal weights of all
criteria from sted to ste@®. Now we can find the global weight of all criteria
multiplying the global weight of each decision adlie with the global weight of each
criterion, respectively, and adding the resultiagues in Table 8.
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Table 8. Coefficient matrix of pair-wise comparisons anting of each criterion.

Weight Cl S G S Sum
0.142 0.371 0.309 0.17€
A 0.124 0.14t 0.144 0.122 0.137¢
A 0.10¢ 0.10t 0.13 0.15¢ 0.122€
A 0.14¢ 0.16% 0.109 0.11¢ 0.134¢
A, 0.136 0.13¢€ 0.137 0.084 0.127¢
A 0.15¢ 0.181 0.11 0.12¢ 0.1457
A 0.121 0.09 0.11¢ 0.13¢ 0.109¢
A 0.119 0.08¢ 0.115 0.131 0.109¢
A 0.094 0.091 0.142 0.134 0.114¢

From Table 8, we can see that the ranking of risk&lobal tunnel with Z-FAHP in
Global tunnel. Mix ground condition4,) and Swelling of rock &) have the same risk

level. Clogging of clay &, ) is higher thanA,. And Gas emission 4, ) has higher rank
than A,. Squeezing f) has the highest risks. The second is Water infldy). And
the third is Face tunnel instability”;). All in all, the rank of geological risks with Z-

FAHP is(A>A>A>A> A> A> A= A). Clearly, we get the different result

compared to Nezarat, Hamidreza, Farhang Sereshki, Mohammad Ataei [13].
Therefore, we can use different methods accordirdjfterent scenes and concerns. And
we can also take into account Generalized Dodeeddauzzy Numbers Using Incentre
of Centroids [19] to rank risks.

5. Conclusion

This paper introduces the FAHP based on Z-numbkighwenhances the reliability of
traditional FAHP. The general FAHP doesn't takepimbnsideration the reliability of
information effectively. Z-number is a new notiomshmore ability to describe the
uncertain knowledge. In one way, two componenthefZ-number are grouped together
to convert it into a traditional fuzzy number. Thea use FAHP to solve the problems of
MCDM. Through example we can see that the resul-BAHP is different from FAHP.
The concept of Z-number is developing, which hdlsastong way to become mature. In
the future, it will be applied to the problems abma decision making.
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