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Abstract. In this paper, we prove some common fixed point theorem for occasionally
weakly compatible maps in intuitionistic fuzzy metric spaces satisfying implicit relation.
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1. Introduction and preiminaries

The notion of fuzzy sets was introduced by Zadeh [18].Since then; to use this concept in
topology and analysis many authors have expansively developed the theory of fuzzy sets
and applications. Atanassov [6] introduces the notion of intuitionistic fuzzy sets by
generalizing the notion of fuzzy set by treating membership as a fuzzy logical value
rather than a single truth value. For an intuitionistic set the logica value has to be
consistent (in the sense 4 (x) + y,(x) <1), where p,(x) and y,(x) denotes degree of
membership and degree of non-membership, respectively. All results which hold of fuzzy
sets can be transformed intuitionistic fuzzy sets but converse need not be true.

Alaca et al. [1] using the idea of intuitionistic fuzzy sets, they defines the notion
of intuitionistic fuzzy metric spaces as Park [15] with the help of continuous t-norm and
continuous t-conorm as a generalization of fuzzy metric space due to Kromosil and
Michaek [12]. Further, they introduced the notion of Cauchy sequences in an
intuitionistic fuzzy metric spaces and proved the well-known fixed point theorems of
Banach [7] and Edelstein [8] extended to intuitionistic fuzzy metric spaces with the help
to Grabiec [9]. Al-Thagafi and Shazad [3,4] introduced the notion of occasionally weakly
compatible (owc) maps and gave some remarks on owc maps in metric spaces.

Definition 1.1. [2]A 5-tuple (X,M,N,* ,¢) is said to be an intuitionistic fuzzy metric

space if X is an arbitrary set,* is a continuous t-norm,< is a continuous t-co norm and
M,N are fuzzy setson X2 x [0, ) satisfying the following conditions:

()M, y,t) + N(x, y, t) <1foral x,ye Xand t > 0;

(i) M(x,y,0) =0foradl x,y € X;

@[y M(x,y,t)=1foral x,y € Xandt >0, if and only if
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X=Y,;
(V) M(x,y, t) = M(y, x,t) foral x,y € Xand t > 0;
(V) M(x, y, )x M(y,2,5) < M(x,7,t +s)
foral x,y,ze X ands, t>0;
(vi) for al x, ye X, M(x, Y, -): [0,0) = [0,1] isleft continuous;
(vii) limy_,,M(x, y,ty=1for al x,y e Xand t > 0;
(Viii) N(x,y, Q) =1fordl x,y € X;
(ixX) N(x,y,t)=0foral x,y e Xandt >0, if and only if
X=Y;
(X) N(x, ¥, ) =N(y, x, t) fordl x,y € Xand t > 0;
(xi) N(x, ¥, 1) ©N(y, z, 9= N(x,z,t + s)
foral x,y,ze X ands, t>0;
(xii) for dl x, ye X, N(x, y, -): [0,00) — [0,1] isright continuous,
(xiii) lim,,N(x, y,t) =0fordl x,y e Xand t > Q;
Then (M, N) is cdled an intuitionistic fuzzy metric on X. The function M(x, y, t) and
N(X, vy, t) denote the degree of nearness and degree of non-nearness between x and y with
respect tot, respectively.

Remark 1.1. [2] In intuitionistic fuzzy metric space X, M(X, Y, ) is non decreasing and
N(X, y, ) isnonincreasing for all x, y € X.

Example 1.1. [1] Let (X, d) be a metric space. Define t-norm ax b = min {a, b} and t-

conorm a < b = max {a, b} and let My and Ng be fuzzy sets on X?x [0,00) defined as
follows:

dxy)

t+d(xy)

My (X, Y, t)=m,Nd(x,y, t) =

Then (X, My, Ng,*, ¢©) is an intuitionistic fuzzy metric space induced by the metric d is
called the standard intuitionistic fuzzy metric space. It is obvious that N(x, y, t) = 1-M(X,
Y 1).

Definition 1.2. [11] A point x € X is caled a coincidence point of a pair of self mappings
(A, S) defined on a non-empty set X iff Ax=Sx. we shall call w = Ax = Sx, a point of
coincidence of A and S.

Definition 1.3. [3,4] Two self maps f and g of a set X are called occasiondly weakly
compatible iff thereis apoint xe X which is coincidence point of f and g at which f and g
commute.

Lemma 1.1. [11] Let X be aset and A and S are occasionaly weakly compatible self
mappings on X. If A and S have a unique point of coincidence w = Ax = Sx, then w isthe
unique common fixed point of A and S.

2. Implicit relation

Let Mg be the set of al real-valued continuous functions ¢ and  : [0,1]° - R,non-
decreasing in the first argument and satisfying the following conditions;

(F) ¢(uulluu)=0=>u=1;
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(F) ¢(u,l,u,l,ul)=0=>u>1;
(F3) ¢(u,u,u,,1,1) >0=>u=>1;
(Fs) Y(u,u,00,uW) <0=>u<0;
(F5) ¥(u,0,u0,u0)<0=u<0;
(F6) ¥(u,u,u,0,00) <0=u<0;foralu=0.
In this paper, we prove some common fixed point theorems in intuitionistic fuzzy
metric space for occasionally weakly compatible mappings satisfying implicit relation.
Our results generalize the recent result of Manro et al. [13, 14].

Theorem 2.1. Let A, B, Sand T be four self-mappings of an intuitionistic fuzzy metric
space (X, M, N, *, 0) satisfying the following conditions:
forany x, y € X, ¢, ¥ € Mg and for al t > 0,such that
M(Ax, By, t), M(Sx, Ty, t), M(Sx, Ax, t), -
¢ {M(Ty, By, t), M(Ax, Ty, t), M(By, Sx, t)} -
N(Ax, By, t), N(Sx, Ty, t), N(Sx, Ax, t), )
“’{N(T B } = )
y, By, t), N(Ax, Ty, t), N(By, Sx, t)
If the pairs (A, S) and (B, T) are each occasionally weakly compatible, then A, B, S and
T have aunique common fixed point.
Proof: Since the pairs (A, S) and (B, T) are each occasionally weakly compatible there
exists x, y € X such that Ax = Sxand By = Ty.
We assert that Ax = By. Otherwise by equation (i), we have
{M(Ax, By, t), M(Ax, By, t), M(Ax, Ax, t),} > 0:
M(By, By, t), M(Ax, By, t), M(By, Ax,t)) —
{N(AX, By, t), N(Ax, By, t), N(Ax, Ax, t),} <0
V1N(By, By, t), N(Ax, By, t), N(By, Ax, ) J =
Thisgives
M(Ax, By, t), M(Ax, By, t), 1, >0
¢ { 1, M(Ax, By, t), M(By, Ax, t)} -
N(Ax, By, t), N(Ax, By, 1), 0, <
"’{0, N(Ax, By, t), N(By, Ax, t)} =
Using implicit relations (F,) and (F4), we get
M(Ax, By, t) = 1 and N(Ax, By,t) < 0.
Hence M(Ax, By, t) = 1 and N(Ax, By, t) = 0.
Therefore, Ax =By and S0 AXx = Sx =By =Ty.
Moreover, if thereis another point v € X, such that Av = Sv, then using (i) we obtain
{M(AV, By, t), M(Av, Ty, t), M(Sv, Av, t),} >0
¢ M(Ty, By, t), M(Av, By, t), M(By, Av,t)) —
{N(AV, By, t), N(Av, Ty, t), N(Sv, Av, t),} <0
VIN(Ty, By, t), N(Av, By, t), N(By, Av, ) = =~

Thisgives
M(Av, By, t), M(Av, By, t), M(Av, Av, t), )
¢ {M(By, By, t), M(Av, By, t), M(By, Av, t)} -
N(Av, By, t), N(Av, By, t), N(Av, Av, t), <
M {N(By, By, t), N(Av, By, t), N(By, Av, t)} =5
Thus
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{M(AV, By, t), M(Av, By, t), 1,} > 0:
¢ 1, M(Av, By, t), M(By,Av,t)) —
{N(AV, By, t), N(Av, By, t), 0,} <
0,N(Av,By,t), N(By,Av,t)) =
Using implicit relations (F;) and (F4), we get
M(Av,By,t) = 1 and N(Av, By, t) < 0.
Hence M(Av,By,t) =1 and N(Av,By,t) =0
Therefore Av =By =Sv =Ty.
Therefore Av = By and w = Ax = Sx is the unique point of coincidence of the pair (A, S).
By lemma 1.1, w isthe only unique common fixed point of the pair (A, S).
Similarly, there existsaunique point z € X suchthat z=Bz =Tz
Suppose that w=z.Using (i), we have
M(Aw, Bz, t), M(Sw, Tz, t), M(Sw, Aw, t), > 0:
¢{ M(Tz, Bz, t), M(Aw, Tz, t), M(Bz, Sw, t) } -
{N(AW, Bz, t), N(Sw, Tz, t), N(Sw, Aw, t),} <0
N(Tz, Bz, t), N(Aw, Tz, t), N(Bz, Sw,t) ) =

Thus
{M(W, z,t), M(w, z, t), M(w, w, t),} > 0:
¢ M(z,z,t), M(w,z,t),M(z,w,t) } —
{N(W, z,t),N(w, z,t), N(w, w, t),} <0
N(z,z,1t),N(w,z,t),N(z,w,t) ) =
Thisgives

M(w,z,t), M(w, z,t), 1, )
¢ {1, M(w, z,t), M(z, w, t)} = 0;
N(w,zt),N(w,z1),0,
v {O, N(w, z,t),N(z,w, t)} =0
Using implicit relations (F;) and (F4), we get
M(w,z,t)= 1 and N(w,z)< 0.
Hence M(w,z,t) = 1 and N(w,z,t) = 0.
Therefore w = z is the unique common fixed point of A, B, Sand T.

Corollary 2.1. The result of Theorem 2.1 remains true if we replace the inequality (i) of
Theorem 2.1 by any one of the following conditions:

(i)

M (AX,By,t)Z ¢ (mln {M(SXI Ty: t)' M(SXI AXI t)' M(TY; BYI t)})

M(Ax, Ty, t), M(By, Sx, t)

N(Sx, Ty, t), N(Sx, Ax, t), N(Ty, By, t)})
>
NGBy v (max {2 N S NS G
for al x, yeX, where ¢, y:[0, 1]—-[0,1] is increasing and continuous function such
that ¢(t) >tand y(t) <tfor dl te(0,1)
(if)
. (M(Sx,Ty,t),M(Sx,Ax,t),M(Ty,By,t)
M(Ax,By,t) min
f o(Hdt > ¢ f { M(Ax,Ty,t),M(By,Sx,t) }(p (dt
0 0



Common Fixed Points of Occasionaly Weakly Compatible in Intuitionistic Fuzzy Metric
Space

and
N(SX.Ty.t),N(Sx,AX.t),N(Ty,By.t)}

N(Ax,By,t) max N(Ax,Ty,t),N(By,Sxt
f oDt <y f P s e(Dde
0 0

where ¢, y:[0, 1]-[0,1] isincreasing and continuous function such that ¢(t) >t and y(t)
<tfor al te(0,1) and ¢: R* - R* isasummable, Lebesgue integrable function satisfies 0
< [So(s)ds<1,foral 0<e<l.

By setting A = B in Theorems 2.1, we derive the following corollary for three mappings.

Corollary 2.2. Let A, Sand T be three self-mappings of an intuitionistic fuzzy metric
space (X, M, N, *, 0) satisfying the following conditions:
for any x, yeX, ¢, Y € Mg and for al t > 0,such that
{M(Ax, Ay, 1), M(Sx, Ty, t), M(Sx, Ax, t),} > 0
¢ M(Ty, Ay, t), M(Ax, Ty, t), M(Ay, Sx,t)) —
{N (Ax, Ay, t), N(Sx, Ty, t), N(Sx, Ax, t),} <
v N(Ty, Ay, t), N(Ax, Ty, t), N(Ay, Sx,t) ) =

If the pairs (A, S) and (A, T) are each occasionally weakly compatible, then A, Sand T
have a unique common fixed point.
Finally, by setting A =B and S=T in Theorems 2.1, we get the following corollary.

Corollary 2.3. Let A, S be two self-mappings of an intuitionistic fuzzy metric space (X,
M, N, *, ¢) satisfying the following conditions:
forany x, y € X, ¢, ¥ € Mg and for al t > 0,such that

M(Ax, Ay, t), M(Sx, Sy, t), M(Sx, Ax, t),

¢{ } > 0;
M(Sy, Ay, t), M(Ax, Sy, t), M(Ay, Sx, t)
{N(AX, Ay, 1), N(Sx, Sy, t), N(Sx, Ax, t),} <
N(Sy, Ay, t), N(Ax, Sy, t), N(Ay, Sx,t) ) =

If the pairs (A, S) occasionally weakly compatible, then A, S have a unique common
fixed point.

Remark 1.2. The purpose of this paper is to prove some general common fixed point
theorem for occasionally weakly compatible mappings satisfying implicit relations in
intuitionistic fuzzy metric space which generalizes several results from the literature. Our
results generalize several fixed point theoremsin following respects.
@ The class of spaces is widened from the class of metric space to the class of
intuitionistic fuzzy metric spaces.
(b) The class of implicit relations is aso enriched significantly as it requires
merely one condition to satisfy.
(© The condition on completeness/compactness of the space is completely
relaxed.
(d) The condition of property (E.A.) / weak compatibility is weakened to
occasionally weakly compatible.
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(e The condition of surjectivity of the mappings is completely relaxed.
Consequently the condition of the required containment of the ranges of the
involved mappingsis not essential.

()] The condition of continuity of the involved mappingsis also relaxed.
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