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Abstract. This paper mainly investigates the oscillation property of the second-order mixed 
partial difference equation  

 0,=,,2,2, τσ −+++ +++ nmnmnmnm quuupu  

where τσ ,  are integers and 0>0,> τσ , with 02 ≥−−τσ , nm,  are non-negative 
integers, p and q are nonzero constants. And in this paper we describe its oscillatory 
behavior via envelope theory. 
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1. Introduction 
Partial difference equations arise from the study of molecular orbits, mathematical physics 
problems and the numerical difference approximation problems [1-3]. The investigation of 
the asymptotic behaviors and oscillations of partial difference equations has attracted more 
and more attention, see [4-7]. In particular, in [8], Yuan and Liu applying the envelope 
theory have studied the behavior of oscillation for the following partial difference equation  

 0,=,1,1,2,2, mnmnmnmnmn cubuauuu ++++ ++++  

where cba ,,  are real numbers and nm,  are nonnegative integers. Later in [9], Yuan and 
Liu investigated the behavior of oscillation for the first-order mixed 2D discret convention 
system  

 0,=,,1,1, τσ −−++ +−+ nmnmnmnm ruuqupu  

where rqp ,,  are real numbers with 0222 ≠++ rqp , nm,  are non-negative integers 

and τσ ,  are nonzero integers with 0<στ . 
 However, up to now, few paper investigated the oscillation of the second-order 

mixed partial difference equations. Therefore, in this paper, we will apply envelope theory 
to investigate the oscillation property for the following partial difference equation  
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 0,=,,2,2, τσ −+++ +++ nmnmnmnm quuupu
                           (1)

 

where τσ ,  are real numbers and ,0>0,> τσ with ,02 ≥−−τσ nm,  are non- 
negative integers, p and q are nonzero constants. 

 
2. Preliminaries 
In this section, we give some definitions and lemmas which will be used later.   
 
Definition 1. A solution of (1) is a real double sequence }{ ,nmu  which is defined for 

0≥m , 0≥n  and satisfies (1).   
 
Definition 2. A solution }{ ,nmu  of (1) is said to be eventually positive (or negative) if 

0>,nmu  (or 0<,nmu  ) for large numbers m  and n . It is said to be oscillatory if it is 

neither eventually positive nor eventually negative. (1) is called oscillatory if all of its 
nontrivial solutions are oscillatory. We need the following lemma to discuss the oscillation 
property of (1).   
 
Lemma 1. [10] The following statements are equivalent 

(i) Every solution of equation (1) is oscillatory; 
(ii) The characteristic equation of (1)  

 0=122 τσ µλµλ −+++ qp  
has no positive roots.  The following lemma is a powerful tool in this paper.   
 
Lemma 2. [11] Suppose that ),(),,( yxgyxf  and ),( yxv  are differentiable on 

),(),( +∞−∞×+∞−∞ . Let Γ  be a two-parameter family of lines defined by the equation  

 ),,(=),(),( µλµλµλ vygxf +  

where λ  and µ  are parameters. Let Σ  be the envelope of the family Γ . Then the 
equation  

 ),(=),(),( µλµλµλ vbgaf +  
has no real roots if and only if there is no tangent line of Σ  passing through the point (a,b) 
in xy -plane.  

 
3. Main results 
In this section, some necessary and sufficient conditions for the oscillation properties of all 
solutions of (1) are established.   
 
Theorem 1.  Let 0=21,1, −−≥≥ τστσ . Every solution of (1) oscillates if and only 

if 0,>0,< qp  and  
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Proof: The characteristic equation of (1) is  
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 0,=122 τσ µλµλ −+++ qp                                            (2) 

 for 2= +τσ ,  

 0,=1 222 ττ µλµλ −++++ qp  

 let 0>,= CCµλ ,  

 0,=11)( 222 ++++ pCqCτµ                                          (3) 

(2) has no positive roots if and only if (3) has no positive roots, that is to say,  

 0122 ≥+++ pCqCτ  
is true forever. Set  

 1.=)( 22 +++ pCqCCf τ  
 Let 

 0,=)(CfC′  

we can get 

 ,
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substitute 
q

p
C

2)(

2
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−
τ

τ  into )(CfC′′ , and combine with 0,<p  we get 

 0.>2=21)(2=)( 0 ττ pppCfC −++−′′  

 Therefore, )(Cf  has the unique minimum value 
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according to Lemma 1, the proof is completed.  
 

Theorem 2.  Let 0>21,1, −−≥≥ τστσ . Every solution of (1) oscillates if and only 
if 

(i) 0,0, ≥≥ qp  or  

(ii) 0<p , 
2
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Proof: The characteristic equation of (1) is  

 0,=122 τσ µλµλ −+++ qp  
 set  

 0,=1=),,,( 22 τσ µλµλµλ −+++ qpqpf                        (4) 

according to the envelop theory, the points of the envelope of the two-parameter family of 
planes defined by (4) satisfy the following equations  

),,,( µλyxf  0,=1= 22 τσ µλµλ −+++ qp  

),,,( µλλ yxf  0,=2= 1 τσ µσλλ −−+ qp                                     (5)  



Hui-li Ma and Hai-xia Wang 

22 
 

        ),,,( µλµ yxf  0,=2= 1 στ λτµµ −−− q  

where 0>λ  and 0>µ . Eliminating the two parameters λ  and µ  from (5), we get 

0<x  and the equation of the envelope  
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Since 0<x , 0>y , 0<
x
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, further more +∞−∞→ =lim yx , 

0=lim 0 yx −→ . Hence, y  is a positive and strictly concave function on ,0)(+∞ . Thus 

we can easily see that (1) is oscillating, when the point ),( qp  is vertically above the 

envelope S  or in the first quadrant, namely, 0<p , ,
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or 00, ≥≥ qp . Lemma 2 implies the statement of this theorem.  
  

4. Illustrative examples 
In this section, we give some examples to illustrate the results obtained in Section 3.   
 
Example 1. Consider the partial difference equation  

 0=13,,2,2, −+++ +++− nmnmnmnm uuuu
                             (6)

 

from (6), we have 1,= −p  1=q  and 1=3,= τσ , such that  
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q  and 0,=2−−τσ  according to Theorem 1, 

every solution of (6) is oscillating. The oscillatory behavior of (6) is demonstrated by 
Figure 1. 

Example 2. Consider the partial difference equation  
 0=14,,2,2, −+++ +++− nmnmnmnm uuuu

                            (7)
 

from (7), we have 1,= −p  1=q  and 1=4,= τσ , such that  
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 and 0,>2−−τσ  according to Theorem 2, every 
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solution of (7) is oscillating. The oscillatory behavior of (7) is demonstrated by Figure 2. 
 
Example 3. Consider the partial difference equation  

 0=22 15,,2,2, −+++ +++ nmnmnmnm uuuu
                                (8)

 

from (8), we have 2,=p  2=q  and 1=5,= τσ , such that 00, ≥≥ qp  and 

0,>2−−τσ  according to Theorem 2, every solution of (8) is oscillating. The oscillatory 
behavior of (8) is demonstrated by Figure 3. 

  

Figure 1: 1=3,=1,=1,= τσqp −  Figure 2: 1=4,=1,=1,= τσqp −  

 

 
Figure 3: 1=5,=2,=2,= τσqp  
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