Journal of Mathematics and | nformatics
Vol. 8, 2017, 19-24

ISSN: 2349-0632 (P), 2349-0640 (online) Journalof
Published 11 July 2017 Mathematics and
WWW. I esear chmathsci.org i

DOI: http://dx.doi.org/10.22457/jmi.v8a3 Inforﬂ

Resear ch on Oscillation Propertiesfor a Classof the
Second-order Mixed Partial Difference Equations

Hui-li Ma' and Hai-xia Wang?

'College of Business, Northweat Normal University, Lanzhou-730070, Lanzhou, China
E-mail: mahuili@nwnu.edu.cn
2CoIIege of Mathematics and Statistics, Northweat Normal University, Lanzhou-730070,
Lanzhou, China.
“Corresponding author. E-mail: whx1249864076@163.com

Received 15 June 2017; accepted 6 July 2017

Abstract. This paper mainly investigatesthe oscillation property of the second-order mixed
partia difference equation

pum+2,n + um,n+2 + um,n + qum+a,n—r = 0’
where g,7 areintegersand g >0,7 >0, with 0—-7—-2=0, m,n are non-negative

integers, p and q are nonzero constants. And in this paper we describe its oscillatory
behavior via envel ope theory.
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1. Introduction

Partial difference equations arise from the study of molecular orbits, mathematical physics

problems and the numerical difference approximation problems[1-3]. The investigation of

the asymptotic behaviors and oscillations of partial difference equations has attracted more

and more attention, see [4-7]. In particular, in [8], Yuan and Liu applying the envelope

theory have studied the behavior of oscillation for the following partial difference equation
Upiom Uy mee ¥ AU, HbU, o +cu =0,

where a,b,c arereal numbersand m,n arenonnegativeintegers. Later in[9], Y uan and

Liu investigated the behavior of oscillation for the first-order mixed 2D discret convention
system

,m+2 n+l,m ,m+1

pum+1,n + qum,n+1 - um,n + rum—a,n—r = O’
where p,q,r arerea numberswith p®+q®+r®#0, m,n are non-negative integers

and g, arenonzerointegerswith o7 <O0.

However, up to now, few paper investigated the oscillation of the second-order
mixed partial difference equations. Therefore, in this paper, we will apply envelope theory
to investigate the oscillation property for the following partia difference equation
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= O,

1)
where o,7 are red numbers and g >0,7 >0, with 0c-7-2=0, m,n are non-
negative integers, p and g are nonzero constants.

pum+2,n + um,n+2 + um,n + qu

m+o,n-1

2. Preliminaries
In this section, we give some definitions and lemmas which will be used later.

Definition 1. A solution of (1) is a real double sequence {u,, .} which is defined for
m=0, Nn=>0 and satisfies (1).

Definition 2. A solution {u,, .} of (1) is said to be eventually positive (or negative) if
Upnn >0 (or u, <0 ) for large numbers m and n. Itis said to be oscillatory if it is

neither eventually positive nor eventuadly negative. (1) is called oscillatory if al of its
nontrivial solutions are oscillatory. We need the following lemmato discuss the oscillation
property of (1).

Lemma 1. [10] The following statements are equivalent
(i) Every solution of equation (1) is oscillatory;
(i) The characteristic equation of (1)
pA2+/,12+1+qAa,U_T :0
has no positive roots.  The following lemmais a powerful tool in this paper.

Lemma 2. [11] Suppose that f(Xx,y),g(X,y) and v(x,y) are differentiable on
(—00,+00) X (—00,+0) . Let [ be atwo-parameter family of lines defined by the equation
f(A, )x+9(A, 1)y =Vv(A, ),
where A and u are parameters. Let = be the envelope of the family I . Then the
equation
f(A, wa+g(A, )b =v(A, x)
hasnoreal rootsif and only if thereisnotangent lineof 2 passing through the point (a,b)
in xy-plane.

3. Main results
In this section, some necessary and sufficient conditions for the oscillation properties of al
solutions of (1) are established.

Theorem 1. Let 0=21,7=21,0-7-2=0. Every solution of (1) oscillates if and only
if p<0,9>0, and

-2 +2 -2 2
d—2 97 +pf D150
(T+2)q (r+2)q
Proof: The characteristic equation of (1) is
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pA* + p? +1+ A7 =0, )
for o=1+2,
pA + L2 +1+ g =0,
lete A=Cu,C>0,
H*(C™2q+C*p+1) +1=0, 3)
(2) has no positiverootsif and only if (3) has no positive roots, that isto say,

C™?q+C%p+1=0
istrueforever. Set
f(C)=C™q+C?p+1.

Let
f(C)=0,
we can get
T _ _Zp
C(r+2)9q’

substitute C; = into fZ(C), and combinewith p<0, we get
q

f(C,) =—2p(r+1)+2p=-2pr >0.
Therefore, f(C) hasthe unique minimum value
2p [7F -2
R P

f(Cy) = o[—
)= ) (r+2)0q
according to Lemma 1, the proof is completed.

2
]* +1>0,

Theorem 2. Let 0=1,71=21,0-1—-2>0. Every solution of (1) oscillatesif and only
if
()p=20,9=0, or

(o-1-2) o T

—_T — 2 —_ 22

(yp<0, q>A2°772 ° R
o2

Proof: The characteristic equation of (1) is
pA + 12 +1+gA° " =0,
Set
f(p,q,A,IU): p/]2+'uz+1+q/]a'u—r:0’ (4)
according to the envelop theory, the points of the envelope of the two-parameter family of
planes defined by (4) satisfy the following equations

f(y,Ap) =pA+ 2 +1+gl7u" =0,
f,(y,A, ) =2pA+qoA” u =0, (5)

21



Hui-li Maand Hai-xia Wang

— -r-1 —
f,(O6Y, A1) =2u—qmu X =0,
where A >0 and x> 0. Eliminating the two parameters A and x from (5), we get
X <0 and the equation of the envel ope

(o-1-2) g T

y= 20-1-2) 2 (-x)2r?2

0‘%
(o-1-2) g2 1
oy __(0-1-2) ? (-x) *71?
X o2 ’
g
(o-1-2) g4 T
0’y _(0-2)(o-1-2) 2 (-X) 2 r?
o o2 '
20

2
Since x<0, y>0, ?<0, %>O, further more |imy._. Y=+ ,
X X

lims.o- Y=0. Hence, y isa positive and strictly concave function on (+c,0). Thus

we can easily see that (1) is oscillating, when the point (p,q) is verticaly above the
(o-1-2) o T

2A0-7-2) * (-p)?r?

envelope S orinthefirst quadrant, namey, p<0, q>

Nl

o
or p=0,q=0.Lemmaz2impliesthe statement of this theorem.

4. llustrative examples
In this section, we give some examplesto illustrate the results obtained in Section 3.

Example 1. Consider the partial difference equation

-u +u +u__+u =0
m,n m+3,n-1 (6)

from (6), wehave p=-1, q=1 and g = 3,7 =1, such that

] +p[——-—]"+1>0 and o-7-2=0, according to Theorem 1,
(T+2)q (T+2)q
every solution of (6) is oscillating. The oscillatory behavior of (6) is demonstrated by
Figure 1.

m+2,n m,n+2

a

Example 2. Consider the partia difference equation

“Unizn FUnniz F U Ui = 0 (7)
from (7), wehave p=-1, q=1and 0=4,7=1, suchthat
(o-1-2) g T
-7 — 2 - 212
9> i 5 Coz and o-1-2>0, according to Theorem 2, every
o?
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solution of (7) isoscillating. The oscillatory behavior of (7) is demonstrated by Figure 2.

Example 3. Consider the partid difference equation

2u +u m,n + 2um+5 n-1 =0 (8)
from (8), we have p=2, =2 and o0=5,7r=1, such that p=0,q=0 and
o -1-2>0, accordingto Theorem 2, every solution of (8) isoscillating. The oscillatory
behavior of (8) is demonstrated by Figure 3.

m+2,n m, n+2
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Figurel: p=-1,9=1,0=3,71=1 Figure2: p=-1,9=1,0=4,1r=1

Figure3: p=2,q=2,0=5r1=1
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