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Abstract. The present paper deals with various curvature tensors of the type (0,4) in an 
almost para norden contact metric manifold. In this paper, after defining almost para 

norden contact metric manifold I have defined Mn
∗

 and  Mn
∗∗manifolds and the form of 

curvature tensor of the type (0,4) in this manifold. Several useful theorems on these 
manifolds have also been derived. 

Keywords: C∞
-manifold, almost para norden contact metric manifold, curvature tensor. 

AMS Mathematics Subject Classification (2010): 53A45 
 
1. Introduction 
Consider a differentiable manifold Mn of differentiability class C∞ . Let there exist in 

Mn  a vector valued C∞ - linear function Ф, a C∞ - vector field  η  and a C∞ -one form ξ  

such that  

(1.1)  ( ) ( )2 X X Xξ ηΦ = − +  

(1.2)        0η =  

(1.3)  ( ) ( ) ( ) ( ), ,G X Y G X Y X Yξ ξ= − +  

Then the set  ( ), , ,Gη ξΦ  satisfying (1.1) to (1.3) is called an almost para norden contact 

metric structure and Mn  equipped with an almost para norden contact metric structure 

will be called an almost para norden contact  metric structure manifold. 
It is easy to calculate in  
(1.4)

   
( ) 1ξ η =      

(1.5) 
  

( ) 0Xξ =     

and             
(1.6)        ( ) ( ),G X Xη ξ=        
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Definition 1.1: A C∞ -manifold Mn , satisfying 

(1.7)
        

( )D X def XXη = Φ  

will be denoted by Mn
∗  

In Mn
∗ , we can easily show that 

(1.8)     ( ) ( ) ( ) ( ) ( ),`D Y X Y D XX Yξ ξ= Φ =  

where 
(1.9)     ( ) ( ) ( ), , ,` X Y def G X Y G X YΦ =  

 

Definition 1.2: A C∞ -manifold Mn , satisfying 

 (1.10)   ( ) ( ) ( ) ( ), ,` Y Z G Y Z Y Zξ ξΦ = −  

will be called M n
∗∗  -manifold. Also in M n

∗∗
we have 

(1.11)  ( )( ) ( ) ( ) ( ) ( ), , , ,K X Y Z G Y Z X G X Z Yξ ξ ξ= − −    
From (1.11) we have 
(1.12)  ( ) ( ) ( ), , , ,K X Y Z G Y Z X G X Z Y= − −    

(1.13)  ( ) ( ) ( ), 1 ,K Y Z n G Y Z= − −  

(1.14)
   

( ) ( ) ( ), 1Ric X n Xη ξ= − −  

Also in M n
∗∗

, the following results can be obtained 

 (1.15)  ( ) ( ) ( )[ ( ) ( )], , , , , , ,`K X Y Z U G Y Z G X U G X Z G Y U= − −
 

 (1.16)  ( ) ( ) ( ) ( ), , , ,`K Y Z G Y Z Y Zη η ξ ξ= − +    

 (1.17)  ( ) ( ) ( )[ ( ) ( ), , , , ,`K X Y Z G Y Z X G X Z Yη ξ ξ= − −   
( )( ), ,K X Y Zξ=  

 (1.18)
   

( ) ( ) ( )[ ( ) ( )], , , , ,`K Y Z U G Y Z U G Y U Zη ξ ξ= − −
 

 (1.19) 
    

( ) ( ) ( )[ ( ) ( )], , , , ,`K X Z U G X U Z G X Z Uη ξ ξ= − −
 

 (1.20)      ( ) ( ) ( )[ ( ) ( )], , , , ,`K X U Z G Z U X G X Z Uη ξ ξ= − −
 

 (1.21)
   

( ) ( ) ( )[ ( ) ( )], , , , ,`K X Z U G Z U X G X U Zη ξ ξ= − −
 

 From (1.13), we have 

 (1.22)
   

( ) ( ), , 0Ric X Y Ric X Y+ =  

 (1.23)    ( ) ( ) ( ) ( ) ( )[ ], , 1Ric X Y Ric X Y n X Yξ ξ= + −  

We shall consider in M n
∗∗

 tensors , , ,` ` ` `1 2 3 4W W W W of type( )0,4  defined by [1,2,3,4,5]. 

(1.24) ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]1
, , , , , , , , , ,` `1 1

W X Y Z U def K X Y Z U G X U Ric Y Z G Y U Ric X Z
n

+ −
−
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(1.25)   ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]1
, , , , , , , , , ,` `2 1

W X Y Z U def K X Y Z U G X Z Ric Y U G Y Z Ric X U
n

+ −
−

 

(1.26)
  ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]1

, , , , , , , , , ,` `3 1
W X Y Z U def K X Y Z U G Y Z Ric X U G Y U Ric X Z

n
+ −

−
 

(1.27)
  

( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]1
, , , , , , , , , ,` `4 1

W X Y Z U def K X Y Z U G X Z Ric Y U G X Y Ric Z U
n

+ −
−

 
It is obvious that for an empty gravitational field characterized by ( ), 0Ric X Y = , 

the above four tensors are identical. 
Since ̀ 1W  and ̀ 2W are skew-symmetric in X and Y therefore, breaking ` 1W  and ̀ 2W  

into symmetric and skew-symmetric parts with respect to Z and U , we get  
 

(1.28)  ( ) ( ) ( )1
, , , , , , , , ,` ` `1 1 12

X Y Z U def W X Y Z U W X Y U Zβ +  
 

( ) ( ) ( ) ( ) ( )1
, , , ,

2 1
G X U Ric Y Z G Y U Ric X Z

n
= −− 

 
( ) ( ) ( ) ( ), , , ,G X Z Ric Y U G Y Z Ric X U+ − 

 
(1.29) 

  ( ) ( ) ( )1
, , , , , , , , ,` ` `1 1 12

X Y Z U def W X Y Z U W X Y U Zα − 
 

( ) ( ) ( ) ( ) ( ) ( )1
, , , , , , ,` 2 1

K X Y Z U G X U Ric Y Z G Y U Ric X Z
n

= + −− 
 ( ) ( ) ( ) ( ), , , ,RicG X Z Ric Y U G Y Z X U− +   

(1.30)  ( ) ( ) ( )[ ( ) ( ) ( )1
, , , , , , ,` 2 2 1

X Y Z U def G X Z Ric Y U G Y Z Ric X U
n

β −−
 

( ) ( ) ( ) ( ), , , ,G X U Ric Y Z G Y U Ric X Z+ − 
 

(1.31)        ( ) ( ) ( ) ( ) ( )[1
, , , , , , , ,` `2 2 1

X Y Z U def K X Y Z U G X Z Ric Y U
n

α + −   

( ) ( ) ( ) ( ) ( ) ( )], , , , , ,G Y Z Ric X U G X U Ric Y Z G Y U Ric X Z− − +  

Since ̀ 3W  and ̀ 4W are skew-symmetric in Z and U , therefore, breaking ` 3W  and 

` 4W  into symmetric and skew-symmetric parts with respect to X and Y , we get  

(1.32)  ( ) ( ) ( )1
, , , , , , , , ,` ` `3 3 32

X Y Z U def W X Y Z U W Y X Z Uβ + 
 

( ) ( ) ( ) ( ) ( )1
, , , ,

2 1
G Y Z Ric X U G Y U Ric X Z

n
= −− 

 
( ) ( ) ( ) ( ), , , ,G X Z Ric Y U G X U Ric Y Z+ − 

 
(1.33) 

  
( ) ( ) ( )1

, , , , , , , , ,` ` `3 3 32
X Y Z U def W X Y Z U W Y X Z Uα −  

 
( ) ( ) ( ) ( ) ( ) ( )1

, , , , , , ,` 2 1
K X Y Z U G Y Z Ric X U G Y U Ric X Z

n
= + −− 
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( ) ( ) ( ) ( ), , , ,G X Z Ric Y U G X U Ric Y Z− +   

(1.34)  ( ) ( ) ( ) ( )1
, , , , ,` 4 2 1

X Y Z U def G X Z Ric Y U
n

β − 
  

( ) ( ) ( ) ( )2 , , , ,G X Y Ric Z U G Y Z Ric X U− + 
 

 (1.35)     ( ) ( ), , , , , ,` `4 X Y Z U def K X Y Z Uα ( ) ( ) ( ) ( ) ( )[ ]1
, , , ,

2 1
G X Z Ric Y U G Y Z Ric X U

n
+ −−  

 
2. ` 1W -Curvature tensor 

Theorem 2.1. In Mn
∗∗ , we have  

(2.1a)  ( ) ( ) ( ) ( ) ( ), , , 2 , ,` 1W X Y Z G Y Z X G X Z Yη ξ ξ= − −  
 ( ), , ,` 1 X Y Zα η=  

(2.1b)  ( ) ( ) ( ) ( ) ( ), , , 2 , ,` 1W Y Z U G Y Z U G Y U Zη ξ ξ= − −  
 ( ), , ,` 1 Y Z Uα η=  

(2.1c)  ( ) ( ) ( ) ( ), , , 2 ,` 1W Y Z G Y Z Y Zη η ξ ξ= − +  
 ( ), , ,` 1 Y Zα η η=  

Proof: Replacing U by η  in (1.24), we get 

(2.2)
   

( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]1
, , , , , , , , , ,` `1 1

W X Y Z K X Y Z G X Ric Y Z G Y Ric X Z
n

η η η η= + −
−

 
Using (1.6), (1.13) and (1.17) in the above equation, we get 

(2.3)
   

( ) ( ) ( ) ( ) ( ), , , 2 , ,` 1W X Y Z G Y Z X G X Z Yη ξ ξ= − −  
 Replacing U byη  in (1.29), we get 

(2.4)
  

( ) ( ) ( ) ( ) ( ) ( ) ( )[1
, , , , , , , , , ,` `1 2 1

X Y Z K X Y Z G X Ric Y Z G Y Ric X Z
n

α η η η η= + −−
 

( ) ( ) ( ) ( )], , , ,G X Z Ric Y G Y Z Ric Xη η− +
 Using (1.6), (1.13), (1.14) and (1.17) in the above equation, we get 

(2.5)  ( ) ( ) ( ) ( ) ( ), , , 2 , ,` 1 X Y Z G Y Z X G X Z Yα η ξ ξ= − −  
 From (2.3) and (2.4), we get (2.1a). 

Replacing X byη  in (1.24), we get 

 (2.6)
        

( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]1
, , , , , , , , , ,` `1 1

W Y Z U K Y Z U G U Ric Y Z G Y U Ric Z
n

η η η η= + −
−

 
Using (1.6), (1.13), (1.14) and (1.18) in the above equation, we get 

(2.7) 
 

( ) ( ) ( ) ( ) ( ), , , 2 , ,` 1W Y Z U G Y Z U G Y U Zη ξ ξ= − −  
 Replacing X byη  in (1.29), we get 

(2.8) ( ) ( ) ( ) ( ) ( ) ( ) ( )[1
, , , , , , , , , ,` `1 2 1
Y Z U K Y Z U G U Ric Y Z G Y U Ric Z

n
α η η η η= + −−
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   ( ) ( ) ( ) ( )], , , ,G Z Ric Y U G Y Z Ric Uη η− +
 Using (1.6), (1.13), (1.14) and (1.18) in the above equation, we get 

(2.9) ( ) ( ) ( ) ( ) ( ), , , 2 , ,` 1 Y Z U G Y Z U G Y U Zα η ξ ξ= − −  
 From (2.7) and (2.9), we get (2.1b). 

Replacing X byη  in (2.1a) and using (1.4) and (1.6), we get (2.1c). 

 
Theorem 2.2. In nM ∗∗ , we have  

(2.10a) ( ) ( ) ( ) ( ) ( ), , , 2 , ,` 1W X Z U G X U Z G X Z Uη ξ ξ= − −  
 (2.10b) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ], , , , , , 2 , ,` `1 1Z W Y U U W Y Z G Y Z U G Y U Zξ η η ξ η η ξ ξ− = −

 (2.10c) ( ) ( ) ( ) ( ) ( ) ( ) ( ), , , , , , , , , 4 , ,` ` `1 1 1W X Z U W X Z U W X U Z G Z U X G X Z Uη η η ξ ξ  + + = − −
 Proof: Replacing Y by η  in (1.24), we get 

(2.11)
  

( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]1
, , , , , , , , , ,` `1 1

W X Z U K X Z U G X U Ric Z G U Ric X Z
n

η η η η= + −
−

 
Using (1.6), (1.13), (1.14) and (1.19) in the above equation, we get (2.10a). 
Replacing Z byU  in (2.1c) and multiplying by ( )Zξ , we get 

(2.12)
  

( ) ( ) ( ) ( ) ( ) ( )], , , 2 ,` 1W Y U Z Z G Y U Y Uη η ξ ξ ξ ξ= − +
 Multiplying (2.1c) by ( )Uξ , we get 

 (2.13) ( ) ( ) ( ) ( ) ( ) ( ), , , 2 ,` 1W Y Z U U G Y Z Y Zη η ξ ξ ξ ξ= − +  
 Subtracting (2.13) from (2.12), we get (2.10b). 

Replacing Y by U  and U byη in (1.24), we get 

 (2.14)
  

( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]1
, , , , , , , , , ,` `1 1

W X U Z K X U Z G X Ric U Z G U Ric X Z
n

η η η η= + −
−

 
Using (1.6), (1.13) and (1.20) in the above equation, we get 

(2.15) 
   

( ) ( ) ( ) ( ) ( ), , , 2 , ,` 1W X U Z G Z U X G X Z Uη ξ ξ= − −  
 Replacing Y byZ , Z by U  and U byη in (1.24), we get 

(2.16)      ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]1
, , , , , , , , , ,` `1 1

W X Z U K X Z U G X Ric Z U G Z Ric X U
n

η η η η= + −
−

  

Using (1.6), (1.13) and (1.21) in the above equation, we get 

(2.17)     ( ) ( ) ( ) ( ) ( ), , , 2 , ,` 1W X Z U G Z U X G X U Zη ξ ξ= − −  
 Adding (2.10a), (2.15) and (2.17), we get (2.10c). 

 

Corollary 2.1. In nM ∗∗ , we have  

(2.18a)  ( ) ( ), , , , , , 0` `1 1W X Y Z W Y Z Uη η− =
 (2.18b)  ( ) ( ), , , , , , 0` `1 1W Y Z W Y Zη η η η− =

 (2.18c)  ( ) ( ) ( ), , , , , , 0` `1 1W Y Z U W Y Z Uη η ξ η− =
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Proof: Barring X , Y  in (2.1a) and Z , U in (2.1b) and using (1.5), we get (2.18a).  
Barring Y  and Z  in (2.1c) separately and adding them, we get (2.18b) due to (1.5) and 
(19). Barring Z  in (2.1c) and multiplying by ( )Uξ  and using (1.5), we get 

(2.19)
   

( ) ( ) ( ) ( ), , , 2 ,` 1W Y Z U G Y Z Uη η ξ ξ= −  

Barring Z in (2.1b) and using (1.5), we get 
(2.20)

   
( ) ( ) ( ), , , ,` 1W Y Z U U G Y Zη ξ= −

 
Subtracting (2.20) from (2.19), we get (2.18c). 
 
Theorem 2.3. In Mn

∗∗ , we have  

(2.21a)  ( ), , , 0` 1 Y Zβ η η =
 (2.21b)  ( ), , , 0` 1 X Y Zβ η =
 (2.21c)  ( ), , , 0` 1 Y Z Uβ η =
 Proof: Replacing X and U  by η  in (1.28), we get 

(2.22)
   

( ) ( ) ( ) ( )[ ( ) ( )1
, , , , , , ,` 1 2 1
Y Z G Ric Y Z G Y Ric Z

n
β η η η η η η= −−

 
( ) ( ) ( ) ( ), , , ,G Z Ric Y G Y Z Ricη η η η+ − 

 Using (1.6), (1.13) and (1.14) in the above equation, we get (2.21a). 
Replacing U byη  in (1.28) and using (1.6), (1.13) and (1.14), we get (2.21b). 
Replacing X byη  in (1.28) and using (1.6), (1.13) and (1.14), we get (2.21c). 
 
Corollary 2.2. In Mn

∗∗ , we have  

(2.23a)  ( ) ( ) ( ) ( ) ( ) ( )2 , , , , , , 2 , ,` `1 1X Y Z W X Y Z G Y Z X G X Z Yβ η η ξ ξ  + = − −
 (2.23b)  ( ) ( ) ( ) ( )2 , , , , , , 2 ,` `1 1X Y Z W X Y Z G X Z Yβ η η ξ+ =

 Proof: (2.1a) and (2.1b) yield (2.23a). 
 Barring X  in (2.23a) and using (1.5), we get (2.23b). 
 
Conclusion: In the present paper we have investigated the different properties on 
curvature tensor of the type (0,4) in the almost para norden contact metric manifold. The 

main results from the analysis of the paper are  in Mn
∗∗  , the tensor ̀ 1W and ` 3W are 

identical so that all the results for ` 1W -curvature tensor will also hold for ` 3W –curvature 

tensor. Similar results can be obtained by considering ` 2W and ̀ 4W .  
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