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1. Introduction
Let A denote the class of functions of form

f(z):z+ianz", (1.1)

which are analytic in the open unit disk={z:z[OC and |z|<1}, andS denote the

subclass ofA consisting of all function which are univalentlih The class of functions
with positive real parfP plays a significant role because of the fact thany simple
subclasses of the class of univalent functionsbeacompletely characterised in terms of
analytic conditions by using this concept. This inaied Janowski to define the class

P(A B).
Definition 1.1. [4] Let P(A B), where —1< B < A<1, denote the class of analytic
1+ Az

functions p defined on U with p(0)=1 and p(z)<1+B , Where < denote
2

subor dination.

. .1+ Az . , ,
The linear transformatlo?_—B maps the circl¢ z|=r onto the circle on the real line
+ bz

1-Ar 1+ Ar
1-Br '1+Br

segmen{ j as diameter. Also a functiop(z) [l P(A, B) maps the open
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disc U, (0<r <1) univalently onto the open disc
_1-ABr’| _(A-B)r
1-Bx?| 1-B%? [
Kanas and Wisniowska [5,6] generalized the paratstdimainQ = {a): Re{(u} >|lw- 1|}
and introduced the conic domai?,, k=0 and studied it comprehensively. This
domain is defined as
Q, :{u+iv: u>ky(u-1)> +v2}..
The functions which play the role of extremal fuos for conic regions are given by

w

Q, (A B) ={w:

1+i IoglJ”/Z 2 k=1
Ve 1-Vz)' ’

sinhz[(% arccok) arctarhv z} 0<k<1, (1.2)

R(2)= 1+

1-k?

u(2)
21 sin| —22_ [ 21 5 ax |+ 21 , k>1,
ke-1 [(2R(t) V1-x*V1-(tx) k-1

where u(z) :Z_—\/t ,t(0,1)z0U and z is chosen such thdt = cos ﬂ :
1-Vtz 4R(t)

R(t) is the Legendre’s complete elliptic integral ofethirst kind and R'(t) is
complementary integral oR(t) , [5, 6].
If p,(2)=1+9,z+..., thenitis shown in [6] that from (1.2) one cavé

8(arcosk)?
—nz(l—kz) , O0<k<1,
5 = % k=1, (1.3)
n2
L k>1
A(K2 -1Vt (1+1)RA(t) 7

Noor and Malik [8] introduced the class of funasop(z) k — P[ A, B] which take all
values from the domaif, [A B], -1<B< A<1, k=0 where

_1-AB[_ A—B}

Q[A B] = {w:‘w 1_g? | g

Definition 1.2. Afunction p(z) issaidtobeintheclass k—P[A, B], if and only if,
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(A+1)p(2) - (A-1)
(B+1)p (29 -(B-1)
where p, (2) is defined by (1.2) and4 B< A< 1.

Jackson[3] at the beginning of the twathticentury studied consequences. The key
concept is theg -derivative operator defined as follows:

p(2) <

Definition 1.3.
f(2)- (92

0,f(2) { 2(1-q)
f'(0), z=0, 0<qg<l1.

, 2%0, (1.4)

Equivalently (1.4), may be written & f (z) =1+ Z:zz[n]q%zn"l, z# 0 where
1-q"

[n], = . Note thatagy — 1, [n], - n.

using the concept afj -derivative with conic domains we define the follow :

Definition 1.4. Afunction f(z) JA issaidtobeintheclass k—ST[A B,q], k=0,
-1<B< A<l1, 0<qg<1],ifandonlyif,

B-1) 2,1 (2) 2,1 (2)

f(2) _
2,1 ’
(B +1)fq(z()z) ~(A+1)

- (A-1)

f(2) ok
20, (2)

(B +1)W _(A+1)

(B-1) -(A-1)

U

or equivalently,
20,f(2)
f(2)
Definition 1.5. Afunction f(z)JA issaidtobeintheclass k—UCV[A,B,q],
k>0, -1<B<A<1, 0<qg<1,ifandonlyif,
0,\20,f(z
(B—l) Q( q ( ))
0,1(2)

0,(20,f
(|3+1)“((3 fq(z()z))

Ok-P[A, B]. (1.5)

(B_l)aq(zaqf(z))
9,1(2) | -

aq(quf(z))_(A+1) :
2,1 (2)

-(A-1)
> Kk
-(A+1)

-(A-1)

0

(B+1)

or equivalently,
d,(2,1(2)
2,f(2
It can be easily seen that
f(z2)Dk-UCV[AB,q] - 70,f(2) Ok~ ST[A B,q]. (1.7)

Ok -P[A,B]. (1.6)
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We need the following lemma to prove our main itssu

Lemmal.l [8] Let g(z)=1+) " c,z" OP[A B]. Then

(A-B)I4|
,

|c, [ n=1,

where 9, is defined by (1.3).

2. Main results
Theorem 2.1. Afunction f A and of the form (1.1) isintheclass k— ST[ A, B,q], if
it satisfies the condition

S{2(k + 1)1, ~1)+|[n], (B +1)- (A+1) } 1, [<|B - Al, 2.1)

n=2
where-1<B< A<1,0<qg<landk=0.
Proof: Assuming that (2.1) holds, then it suffices towhlbat

(2 20,f(2)
(B-l) —-(A-1) (B-1) —-(A-1)
k (()) -1-0 5 f (()) <1.
‘(B 1) (@ ~(A+1) (B+1)—a e —(A+1)
We have
2, 1 2, f
‘( -1) ()Z)—(A—l) (B-1) (()Z)—(A—l)
-1-0
(2) f(2)
B+1 A+1 B+1 A+1
‘()()(+) (+) ()(+)
- |(B 1)20,1(2)-(A-1)f(2)
< (k+ \(B+1)za f(2)-(A+1)f (2)
—2ka1 f(2)-20,f(2) |
(B+1)zaqf(z)—(A+1)f(z)\
S (a-[rl)a,z ‘
=2(k+1 n=2
(B-A)z+>{n],(B+1)-(A+1)a,z"
S -[ri, lla, |
<2(k +1) _n=2

IB-AI-ZI[n]q(B+1)-('°~+1)IIan |
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The last expression is bounded above by 1 if

Z{Z(k +1)([n], ~D+|[n](B+1)-(A+1) Ha,I<IB- A
n=2
and this completes the proof.
As g - 1, we have following result proved by Khalida Inyédor and Sarfraz Nawaz

Malik [8].
Corallary 2.1. Afunction f [JA and of theform (1.1) isintheclass k —ST[A, B], if it
satisfies the condition

Z{Z(k +1)(n-1)+|n(B+1)-(A+1) |}|an [<|B-A], (2.2)
n=2
where-1<B< A<l andk >0.
Asq -1, A=1, B=-1, we have following result, proved by Kanas and Mé&/ska
[6].
Corollary 2.2. A function f [JA and of the form (1.1) is in the class k—ST , if it
satisfies the condition

oo

>{n+k(n-1)}|a,|<1, k=0, (2.3)
n=2
As - 1, for the parametric valueA=1-2a, B=-1 0<a <1, we have the
following result, proved by Shams et al. [10].

Corallary 2.3. A function f [JA and of the form (1.1) is in the class D(k,a), if it
satisfies the condition

S{nk+1)-(k+a)}la,|<1-a, k=0. (2.4)
n=2
Special choicesA=1-2a, B=-1 andk=0, asq - 1 yield the following
result, proved by Silverman [11].

Corollary 2.4. A function f OA and of the form (1.1) is in the class S'(a), if it
satisfies the condition

i(n—a)lan|<1—0/, O<a<l. (2.5)

n=2

Theorem 2.2. A function f [JA and of the form (1.1) isin the classk ~-UCV[ A, B, (],
if it satisfies the condition

> Il {20+ 1), -0+, (B +1) - (A+D) I3, I<|B- A, 26)

where-1<B< A<1,0<qg<landk=0.
The proof follows by using Theorem 2.1 and (1.7).

Theorem 2.3. Let f(z)Ok—-ST[A, B,q] and of the form (1.1). Then, for n> 2,
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. 1|8, (A-B)-2([j], -1
l_l 2([j +1],-1)
where 9, is defined by (1.3) an@<q<1.
Proof: By definition (1.4) for f (z) Ok — ST[ A, B,q], we have
20,f(2)
f(2)

then we have

; AR

= p(2), where p(2) J[ A, B],

20,1(2) = £ (2 p(2),
which implies
Z+Zw:[n]qanzn = (z+ianz”}(1+ icnz”].
Equating coefficients o£" on bo:lq_zsides, we have -
(- =Sa 0. &=t

This implies that
n-1

]q _1 j=1

allc;l,  a=1.

Using Lemma (1.1), we get

|a, s Ig([l (]A B) S ZI a, =1 (2.8)

Now we prove that
LAIGSLNS 1|6, (A-B)-2([j],-1)B]

a |

2([n], -1) l_l 2([j +1],-1)
We proof (2.9) by the |nduct|on method.

For n=2, from (2.8), we have

(2.9)

2([2],-1)
From (2.7), we get
< |9 1(A-B)

& @,

For n=3, from (2.8), we get

16, 1(A-B)
2k Sy &) 0

Also from (2.7), we derive

19 (A=B)[, o (A=B)|
2([2], -1)
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|5 [(A-B) |4 (A-B)-2([2], ~1)B|

NS

2([2], -1) 2([3], -1)
L181(A-B) [0 1(A-B)+2(12],-1)|B| _|5 |[(A-B)(|4I(A-B)
- 2(21,-1) 2([3],-1) C2(8],-0) ( 2(2,-1) )
Let the hypothesis be true for=m.
From (2.8), we have
|am|<|5|(A B)ZI a =1. (2.10)

2(Iml, -1) £
from (2.7), we have
(o (A-B)-2(], -8 _ 2 {o(A-B)+2([{],~1)

S E 2, [ 2+,
By the induction hypothesis, we have
EAIGEL S 1|5, (A-B) +2((j], 1)
2([m], -1) |_l 2(j+1,-1y)
Multiplying both sides byw_ (A~ B)+2([m] _1) we get
2([m+1],-1)
m [5(A-B)+2(([1,-1) _ |8, 1(A-B) 14 1(A= B)+2([m] —1)Z|
I= 2(j+1],-1)  — 2(Im],-1) 2([m+1], -
_ 15 1(A-B) |5 |(A-B)Y
- 2([m+1], —1){2([m] -1) 4 Zla | Zla '}

. 18.1(A-B) 13 1(A-B)
2([m+1] {laml Zl } 2([m+1], - Zl
Hence
m |5(A-B)+2(i],-1) _ |5, |(A-B)
] 2(0j+1],-1) 2([m+1], —1)2'

which shows that the inequality (2.9) is true for m+1, and the result is true.
As q - 1, we have following result proved by Khalida Inyébor and Sarfraz Nawaz

Malik [8].
Corallary 2.5. Let f(z)Ok—ST[A,B] and of the form (1.1). Then, for n> 2,
219, (A-B)-2jB
IanISrl| YT |, (2.11)
= 2(j+1)
where 9, is defined by (0.3).
As g - 1andforA=1, B=-1, we have the following result,
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Corollary 2.6. A function f [JA and of the form (1.1) is in the class k—ST , if it

satisfies the condition
n-2 |5 + J|
la K [1=—", n=2, (2.12)
[

which is the coefficient inequality of the class— ST introduced by Kanas and
Wisniowska [6].
As q - 1andforA=1-2a, B=-1 with 0<a <1, we get the following result,

Corallary 2.7. A function f [JA and of the form (1.1) is in the class D(k,a), if it
satisfies the condition
2 |0,(1-a)+ |
<M=, n=2, 2.13

|a, | H i (2.13)
which is the coefficient inequality of the claS®(k,a), introduced by Shams et al.
[10].
As g - 1, andk =0, thend, = 2 and we get the following result, proved by Janawsk
[4].

Corollary 2.8. A function f A and of the form (1.1) is in the class S*[A, B], if it
satisfies the condition
2 \(A-B)-jB
|a,1|s|_!K_—)J|, n=2, -1<B<A<1l. (2.14)
1= +1

For A=1-2a , B=-1 with 0<a <1, k=0 and asq -1, we get the
following result.

Corollary 2.9. A function f OA and of the form (L.1) is in the class S (@), if it
satisfies the condition
n
(i-2a)

|an|sJ:(nT)!, n=2. (2.15)

Theorem 2.4. Let f(z) Dk —-UCV[A,B,q] and of the form (1.1). Then, for n>2,
1 n|a,(A-B)-2([j],~1)B
[nl, %- 2([j+1l,-1)

whered, is defined by (1.3) an@<q<1.
Proof: The proof follows immediately by using Theorem arid (1.7).

la, I : 18)

As g - 1, we have following result proved by Noor and M4Bk
Corollary 2.10 Let f(z)Ok—-UCV[A, B] and of theform (1.1). Then, for n= 2,
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1219, (A-B)-2jB
ni- 2(j+1)
where 9, is defined by (1.3) an@<q<1.

(2.17)
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