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1. Introduction

In 1976, Jungck proved some common fixed pointrgy@s for commuting maps
which generalize the Banach contraction princigiewther this result was
generalized and extended in various ways by seeetthiors. On the other hand
Sessa [5] introduced the concept of weak commutiatand proved a common
fixed point theorem for weakly commuting maps. 1986, G.Jungck[1]
introduced the concept of compatible maps whicinge general than that of
weakly commuting maps. Afterwardsngck and Rhoades [4] introduced the notion
of weakly compatible and proved that compatible snape weakly compatible but not
conversely.

The purpose of this paper is to prove a commordfp@nt theorem for four self maps in
metric space using weaker conditions such as weaklynpatible mappings and
associated sequence related to four self maps.

2. Definitionsand Preliminaries
Definition 2.1. [1] Two self maps S and T of a metric space (X,d) aid 0 be

compatible mappings if lim d(STxn,TS<n)=O whenever{x} is a sequence in X
n - oo

such thatlim Sx, =lim Tx, =t for sometd X .

n- oo n- o

Definition 2.2. [4] Two self maps S and T of a metric space (X,d) aie ® be weakly
compatible if they commute at their coincidencenpdie., if U =Tu for some
uld X thenSTu=Tau.
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Definition 2.3. [9,11] Suppose P, Q, S and T are self maps of a metraeéad) such
that S(X) 0 Q(X) and T(X) O P(X) . Now for any arbitrary, 0 X , we have
S, OS(X) O Q(X)so that there is a [ X such that Sx, = Qx,and for thisx, there is
a point X, 0 X such thatTx, = Px, and so on. Repeating this process to obtain a
sequencgy,} in X such thaty,, = Px,, =TX,,;and y,,, ,=QxX,, ;= X, for n=20.
We shall call this sequence an associated sequérgeelative to the four self maps
P,Q,SandT.

LemmaZ2.4. Let P, Q, S and T be self mappings of a metricspaal) satisfying

S(X) 0 Q(X) and T(X) U P(X) (2.4.1)
d(Sx,Px)
and d(S(,Ty)s[cmﬁm}d(Ty,Qy) (2.4.2)

for all x,yin X, whereo, = 0,a+p<1.
Further if X is complete,then for any X X and for any of its associated sequence
{¥n} = {% T, X, TXy.... Xy T, 1, ...} relative to four self maps, converges to

some point in X.
Proof: From (2.3) and (2.4.2) , we have

d(yzn ’ y2n+1) = d (TXZh—r S(Zh)
= d(S(Zn ’TX2n—1)

d(SX,5 . PXyp )
< |:0’ + ,31+ d(Px,, ,szn_l):|d(TX2n—1'QX2n—1)

dVanet Vo) }
=| g+ p—rar Il \q(y y, )
|: 1+d(y2n’y2n—1) ’ o

Sad(YanYon-d) * BA(Y 2.0y 5) iMplies
(1_ ﬁ)d (y2n ’ y2n+1) < ad (y2n—1' y2n) SO that

a a
d(yzn ) y2n+1) < md(ym—l’ y;h) =hd (ym— 11y 2 )a whereh =m .
Thatis,d § Yores )N Gy ¥ ). (2.4.4)
Similarly, we can provehatd(Ya.1: Yone2) S NA(Ya, Vi D - (2.4.4)
Hence, from( 2.68 anfl 2.6.4 , we get
d(y,, Vo) <hd(Y, 1, ¥,) S0PA (Y, 0 Yot) S oeeee <h'd §,y,) - (2.4.5)

Now , for any positive integer p we have
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d(Yo Ve p) S AVar Vo) + A Vers Vo) + ovvene A §ps Yooy )
<h'd(y,, Y,) +h"™d(Ye, Yy) + onee +h™*d , y,)
=(h"+h™+ ... +h"P U ()
=h"@+h+h +.....+h* 0, Y, )

n

< d(y,,y,) - 0 as n- o ,since he.

1-h
Thus the sequendgy} is a Cauchy sequence in X. Since X is complete ,sequence
{y} converges to some point z in X.

Remark 2.5. The converse of the above Lemma is not true. iBh#t P,Q,S and T are
self maps of a metric spa¥,d) satisfying (2.4.1) , (2.4.2) and even if for aryin X

and for any of its associated sequence conveligesthe metric spa¢®,d) need not be
complete.

Example 2.6. Let X =(0,1) withd(x,y)=|x-y]| for x,yOOX . Define the self maps
S,T,Pand Qon X by

E i1‘0<xs—1
X=Tx= ; L 2 ,
— if=<x<1
3 2
1-x if0<xs1
Px=Qx = 1 1 2
= if —=<x<1
3 2
12 . 1 1
ThenS(X)=T(X)=<{=,—; whileP(X)=0Q(X)=|=,1 — 5
(X) (){23} ()Q()[Zju{g}

ClearlyS(X)OQ(X)and T (X )OO P (X). It is also easy to see that the sequence

X, TX, Xy, TXg, . Xy, TX g4 4,....CONVEIGES te;u. Also the inequality (2.6.2) holds for
a,B=0,a+ <1. Note that (X, d) is not complete.
Now we generalize the result of Sharma et al. énftlowing section.

3. Main result
Theorem 3.1. Let P,Q,S and T be self maps of a metric spaog) such that

S(X) 0 Q(X)and T(X) O P(X) (3.1.1)
d(Sx,Px)
d(Ty) < [a + ﬁ—1+ g (PX,Qy)}d(Ty,Qy) (3.1.2)
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for all x,y in X wherea,p = 0,0+p<1.

one of S(X) and T(X) is closed subset of X (3.1.3)
and the pairs (S,P) and (T,Q) are weakly compatible A3

Further if there is poinky 0 X and an associated sequer

S, X, Xy, TX5..... X, TX 5, 1..0f Xy relative to four self maps P, Q, Sand T

converges to some poiatl X , (3.1.5)
then z is a unique common fixed point of P,Q,S &nd
Proof: From (3.1.5), we have

X, —» z andTx,,,; - zasn - o .
Let S(X) be a closed subset of X. TrEnS(X).
Now, since SK P Q X ), there exists &l sticht z = Qu

(3.1.6)

So by (3.1.2), we have

0(Se. Tuy<| 0+ p3%0. P )

T+d(Px,.Qu) U )

Letting n - o , we obtain
d(zTu)<[a +0]d(Tu,z)
@ {zTu)< ¢zTu) ,acontradictiomsea < 1

Thus we have Tu = z.

Hence Qu=Tu=2z.
Since the pair (T,Q) is weakly compatible mappirwe have TQu = QTu and so that
Tz =Qz.

Again from (3.1.2), we get

d(Sx,, ,Px,, )

d(&,,, T2)<| a +ﬁ1+d(Px2 %)

d(Tz,Qz)

Letting n — o and using Tz = Qz , we obta
d(z,Tz)<0, a contradiction .

Thus we have Tz = z.
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SinceT X O P K ), there exists dX  suchthatz=Pv.
Hence from (3.1.2) ,we get
d(Sv,Pv)

d(Sv,Tz) < [a + ,6’1+ d(Pv.Q2)

}d(Tz,Qz)

Using Tz = z , we obtain
d(Sv,z) <0, a contradiction .
Thus we have Sv==z.
Hence Sv=Pv =1z

Since the pair (P,S) is weakly compatible mappimgshave SPv = PPv and sottBa = Pz

Now from (3.1.2), we get
d(S,T2) =d(S,2)

S[a y d(Sz,Pz)

1+d(Pz,Qz)}d(Z’QZ)

<0, a contradiction.

Thus we have Sz = z.
Thereforesz = Pz=Qz=Tz =z, showing thatzis a common fixed point of P,Q,S and T.

Uniqueness: Let z and w be two common fixed points of P,Q,S @and’hen we have
z=S2=Pz=Qz=Tzandw=39v=Pw=Qw=Tw.

Using (3.1.2) , we get
d(Sz,Pz)
1+d(Pz,Qw)
d(z,w) <0, a contradiction.

Thus we havel(z,w) =0and so thatz=w.
Hence z is a unique common fixed point of P,Q,SH&nd

d(SZ,TW)S[a'+,6’ }d(TW,QW) implies

Remark 3.2. It is easy to verify that the self mappings P,Qtf8l & defined in the
example (2.6) satisfy all the conditions of the dieen (3.1) . It may be noted tha%' is
the unique common fixed point of P, Q, Sand T.
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