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Abstract. New fuzzy graphs can be obtained from two giverzyugraphs using different
types of fuzzy graph product. In this paper, werdefnodular, homomorphic, box dot
and star fuzzy graph product and determine theedegf vertices of these new fuzzy
graphs.
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1. Introduction

Fuzzy graphs are very rich topic of applied math@sacomputer science, social
sciences, medical sciences, engineering, etc. Fgiaph was introduced by Rosenfield
in 1975. Fuzzy graphs can be used in traffic ljgioblem, time table scheduling etc. Lots
of works on fuzzy graphs have been done by Sam&ata,Rashmanlou, Nagoor Gani
[10-32] and many others. The operations union,, jGiartesian product and composition
on two fuzzy graphs were defined by Mordeson antyH@]. Later, Nirmala and Vijaya
[11] determined the degree of vertices in the nexey graphs obtained from two fuzzy
graphs using the operations Cartesian, tensor, algpnoduct and composition on two
fuzzy graphs. Here, We have defined modular, hommphio, box dot and star fuzzy
graph product and proved some theorems relateddb gpe of fuzzy graph product.
Modular and homomorphic graph product were prengefiin case of crisp graphs. We
have defined them in case of fuzzy graphs. Boxaamt star fuzzy graph products are
newly defined fuzzy graph products. In general, tegree of a vertex in modular,
homomorphic, box dot and star graph product of twazy graphs Gand Gcannot be
expressed in terms of the degree of vertices,cdirtd G. Here, we have determined the
degree of the vertices in the new fuzzy graphsims of the degree of vertices of the
participated fuzzy graphs in the said product gjgmna using some certain conditions.

2. Preliminaries

Definition 2.1. A fuzzy graph G€o, ) is a pair of functions together with underlying
vertex set V and underlying edge set E wheré— [0,1] and p: V x V — [0,1] such that
wu,v)< o(u) A o(v) for all u,v €V. Here o(u) A o(v) indicates the minimum among
o(u) ando(v).
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Definition 2.2. The degree of a vertex u in a fuzzy graph(&s) is denoted by d (u)
and defined as d (U,VDx .+, 1(u, v).

3. Product of fuzzy graphs

Cartesian product of fuzzy graphs

Let G1= (071,14) andG,= (o5, u,) be two fuzzy graphs with underlying vertex sétand
V, and edge set$, andE, respectively. Then Cartesian product 6fandG, is a pair of
functions 6, X 0y, u; X 1) with underlying vertex set % Vo= {(u;, vq):u, €
V; and v; € V,}and underlying edge sét; X E,= {((uy,vq) (Uz,v)):uy=u,, v4v, €
E, oru;u, € E;,v;=v,} with

(01 X 03) (ug, v1)=01(u;) A 05(v4), whereu, € V; andv; € V,.

(1 X p)((ug,v1)(uz,v2)) = 01(ug) A pz(v1ve), ifuy=u, andvyv, € Es.

= (uguy) A oy(vy), if uyu, € Ejandvy=v,.

Tensor product of fuzzy graphs

Let G;= (04, 11) andG,= (o,,u,) be two fuzzy graphs with underlying vertex sétsand
V, and edge setB,andE, respectively. Then tensor product @f; andG, is a pair of
functions 6, @ o,y @ up) with underlying vertex s&t @ V, = {(uy,vq):u, €

V; and v; € V,} and underlying edge set E; ® E, = {((uy,v1)(uz,v,)):u u, €

E;,v1v, € Ez} with (07 ® o) (uq,v1) =04(uy) A 0,(v4), whereu; € V;andv, € V,.

(1 ® p2)((ug,v1)(uz,v2))= Ha(uguz) A pap(vyvy), ifugu, € E;andvy v, € Es.

Normal product of fuzzy graphs

Let G;= (0q,14) andG,= (0,,1,) be two fuzzy graphs with underlying vertex sétsand
V, and edge sef8,andE, respectively. Then normal product d; andG, is a pair of
functions @5 o o,,14 o up) with underlying vertex setV; oV, ={(uy,vq):u; €
V; and v; € V,} and underlying edge set E; o E; = {((uy,v1)(uy,v3)):u;=u,,v;v, € E,
oru,u, € E;,v;=v, oru,u, € E; ,v;v, € E,} with

(o1 ° 0y) (u1,v1) =04(uy) A oy(v1), whereu; € V; andv, € V,.

(11 © B2)((ug,v1)(uz,v2))= 01(us) A pa(v1vy), if uy=u, andvyv;, € Es.

= p1(uguz)A 0y(vq), if uju, € E; andv,=v,.

=y (uguz) A pp(vyevy), if uyu, € E; andvyv, € E,.

4. New products of fuzzy graphs

4.1. Modular product of fuzzy graphs

Definition 4.1. Let G;= (o4, K1) andG,= (o,,u,) be two fuzzy graphs with underlying
vertex setsV; andV, and edge set; andE, respectively. Then modular product @f;
andG, is a pair of functionsa ® o,, 1, @ u,) with underlying vertex séf; @ V, =
{(uy,vq):uq € V; and v; € V,} and underlying edge set E; @ E, = {((uy,v1)(u,,v,)):
u,u, € E;,vqyv, € E;oruyu, € E;,v;v, € E,} with

(01 @ 03) (uq,v1) =01(ug) A oz(vy), whereu; € V;andv; € V,.

(M1 © p2)((ug,v1)(uz,v2))= Ha(uguz) A pa(vyvy), ifusu, € E;andvy v, € Es.

=041 (u A o1(uy) A o,(vq) A 0y(vy), ifugu, € E; andvyv, € E,.
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Figure4.1: Modular fuzzy graph product:&® G,

Theorem 4.1. The modular product of any two fuzzy graphs isimgafuzzy graph.

Proof: Let G;= (o4,1) andG,= (o5, 1,) be two fuzzy graphs with underlying vertex sets
V; andV, and edge setB; andE, respectively. We want to prove that their normal
product G; o G,= (07 © 04,144 © 1) With underlying vertex seV; @ V, and edge set
E, o E, is again a fuzzy graph. Letug(v;) (uy,v,)) € E; ¢ E,. From definition, it
follows that

(M1 © p2)((ug,v1)(uz,v2))= pa(usuz) A po(vivy), if ugu, € Ejandvyv; € E,.

< 01(uy) Aoy (uy) A oy(vy) A o,y(v), asG, andG, are fuzzy graphs.

=(01 ® 03)(u1,v1)A(01 © 02)(uz, v2)

(M1 © p2)((ug,v1)(uz,v2))= 01(us) Aoy(uz) Aoz(vy) Aoy(vy), if uu, € E; and
V1V, € Es.

=(01 @ 02)(u1,v1)A (01 © 02)(uz, V)

Thus, (11 © p2)((u,v1) (u2,v2)) < (07 @ 03) (u1,v1) A (01 © 02) (uz,v2)

This shows that the modular product of any two yugaphs is again a fuzzy graph.

Theorem 4.2. The modular product of any two strong fuzzy graghsgain a strong

fuzzy graph.

Proof: Let G;= (o4,14) andG,= (o,, u,) be two strong fuzzy graphs with underlying
vertex setd/; andV, and edge sef§; andE, respectively. We want to prove that their

modular product; @ G,= (0; ® o0y, u; ©® Wu,) with underlying vertex séf; © V, and
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edge setE, @ E, is again a strong fuzzy graph. Lei () (u,,v,)) € E; ® E,. From
definition, it follows that

(11 © H2)((ug,v1)(uz,v2))= M1 (ugup) A pp(vyvsy), if uyu, € E; andvyv, € Es.

= 0, (u)A o1(uy) A oz(vq) Aoy(vy), asG, andG, are strong fuzzy graphs.

=(01 ® 02)(u1,v1)A (01 ® 02)(uz, v2)

(M1 © p2)((ug,v1)(uz,v2))= o01(u) Aoi(uz) Aoy(vi) Aoa(vz), if uju, € E;and
V1V, € E; =(01 @ 02)(u,v1)A (01 @ 0)(uy, v2).

This shows that the modular product of any tworgjréuzzy graphs is again a strong
fuzzy graph.

4.1.1. Degree of avertex in Modular fuzzy graph product

Let G;= (071,14) andG,= (o,,u,) be two fuzzy graphs with underlying vertex sétsaand
V, and edge sets; andE, respectively. Then degree of a vertew,(v,) in their modular
fuzzy graph product d¢, @ g,(u;,vy)

=X 1, u,€E; and vy vy€ E, M1 (U1 U2)A pp (V1V3) +

ZuluzeEl and v,v,¢E, 01 (up)Ao1(uz)A oz(vi)A 02(v2)

=Xu,u,€E; and v, vy E, 1 (U1U2)A pz (v1v2), if both fuzzy graphs are complete.

= upek; b (Upup) if gy < pjp.

= dcl(u1)

dg,®6,(U1,v1) =Xv,v,eE, M2 (V1V3), ifboth fuzzy graphs are complete apd< ;.

=dg, (v1)

us 0.1 0.3
0.2 u 0.6
o 5“ v
0.2 0.2 L 0.2
uj
0.4
Gl G2
0.2 0.2

{urw) (u1,v2)

{us,vi) (us,v2)
0.4 0.4

Figure 4.2: Modular fuzzy graph product;& G,
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Here, u; < u,. Then degree of the verten,(v;) in the modular fuzzy graph product
Gl @ Gzz dGl ® Gz(ul,vl) =0.1+0.2 =dG1(u1).

Corollary 4.1. LetG,= (o4,14) and G,= (o5, 1) be two complete fuzzy graphs with
underlying vertex set¥,; andV, and edge sefs; andE,respectively. Let MV, |=n,V,|=m.
Then the vertex s&f @ V, of the new fuzzy graph produced from modular fugeph
product, contains mn vertices. gt ={uy,uy, .....,u,} andV,= {vy, v,, ....., vy }. Here,
the vertex se¥; @ V,of the new fuzzy graph contains the vertices

(ug,v1), (g, v2),...,(U1, Vi ),

(uz,v1),(uz,v2 ),..r( Uz, Vin),

(unvvl )a(unaVZ)i"'!(un'Vm)'

If the fuzzy graphsG; andG, be complete, then the number of possible edges in the

modular product; ® Gzis%. Take one vertexu§, v;). It may not be adjacent to

{(m-1)+(n-1)} vertices and similar incident occurscase ofnn vertices. Considering the
non-adjacency between any two vertices for only time, the total number of edges in

G1 ® GZ=mn(mn—1)—{(n;)—l)+(n—1)}mn.
us 0.1 0.3
0.2 uz 0.e
0 5\!1 ".u.}
0.2 0.2 ’ 0.2
usy
0.4
Gy Gy
0.2 0.2
{TTRUT] (s, va)

(us,v1) [{TERTFY!
0.4 0.4

Figure 4.3: Modular fuzzy graph product;& G,

Here,V;|=n=3,V,|=m=2.Then the number of edges in the modular figraph product
_ mn(mn-1)—{(m-1)+(n-1)}mn _ 6(6-1)—{(3-1)+(2—-1)x6 _ 30-18 _
G1® G,= ; = . ==,—=6.
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u u; v L}
‘0.1 0.1 0.2 0.4 0.2 0.5
Gl GZ
(uzva) (u,vz)

(uzv) (uz,vz2)

Figure 4.4: Modular fuzzy graph product;® G,

Here,V;|=n=2,V,|=m=2. The number of edges in the modular fuzzply@roduct G
G.= mn(mn-1)—{(m—-1)+(n—-1)}mn _ 4(4—-1)—-{(2-1)+(2-1)}x4 _ 12-8 _ 2
2= 2 B 2 T2 T &

4.2. Homomor phic product of fuzzy graphs

Definition 4.2. Let G;= (04,)1) andG,= (o5, 1) be two fuzzy graphs with underlying
vertex setsV; andV, and edge sef, andE, respectively. Then homomorphic product
of G; andG, is a pair of functionso(; ¢ o5, u; ¢ u,)with underlying vertex séf; o V, =
{(uy,vq):uq € V; and v; € V,} and underlying edge set E; ¢ E; = {((uq,v4)
(uy,vz))u=u, ,v,v, € Eyor uyu, € E; \vyv, € E,} with

(01 ¢ 03) (uq,v1) =04(uy) A 02(v4), whereu; € V; andv, € V,.

(11 0 u2)((u1,v1)(uz,v2))= 01 (uy) A pp(vyvy), if uy=u, andvy v, € E,.

= Wy (uux)A o,(vi)A 0,(vy), if uyu, € Ejandvyv, € E,.

0.8
65 ui 0.1 u: 0.3 0.7 Vi 0.4 vz
0.1
0.2 0.5 0.6
us
0.4 0.9
1G Gy
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0.2
{wy,wi) o {uvs) 0.2 [usvs)
0.2 0.2 0.2
0.3

.

0.3 {uzvz) 0.3 (uzva)
0.3 0.3 0.3
0.4

Y sl

fusv) 94 (uw) 04 (usw)
0.4 0.4 0.4

Figure 4.5: Homomorphic fuzzy graph product &G,

Theorem 4.3. The homomorphic product of any two fuzzy graphagain a fuzzy graph.
Proof: LetG;= (o4,11) andG,= (o,,u,) be two fuzzy graphs with underlying vertex sets
V; and V, and edge setE;andE, respectively. We want to prove that their
homomorphic produdt, ¢ G,= (07 ¢ 05,114 ¢ W) With underlying vertex séf; o V, and
edge seE; o E,is again a fuzzygraph.Letu{,v;) (u,,v,)) € E; ¢ E,. From definition,
(11 © B2)((ug,v1)(uz,v2))= 01(u1) A pa(v1vy), ifu;=u; andvy v, € E,.

< 01(uy) Aoy(uy) Aoy(vy) Aoy(vy), asG, is a fuzzy graph and, =u,.
=(01 ¢ 02)(uy,v1) A (07 © 02)(uz, v2)
(kg © H2)((u1,v1)(uz,v2))= a1 (uruz) A 02(vi)A 02(v2), if uyu, € E; andvyv, € E,.

< 01(upA o1(uy) A oy(vy) A oy(vy), asGy is a fuzzy graph.
=(0 ¢ 02)(uy,v1)A(01 ¢ 03)(uz, v2)
Thus, (11 © p2)((ug,v1) (u2,v2)) < (04 © 03) (ug,v1) A (07 © 03) (uz,v2)
This shows that the homomorphic product of any fuzzy graphs is again a fuzzy
graph.

Theorem 4.4. The homomorphic product of any two strong fuzzgpirs is again a
strong fuzzy graph.

Proof: Let Gi= (04,)1) andG,= (o,,1,) be two strong fuzzy graphs with underlying
vertex setsV; andV, and edge sef8,andE, respectively. We want to prove that their
homomaorphic produdh; ¢ G,= (04 ¢ 04,4 © Ky) With underlying vertex séf; o V, and
edge sef; ¢ E, is again a strong fuzzy graph. Letiy(§;) (uy,v,)) € E; ¢E,. From
definition, it follows that

(11 © K2)((ug,v1)(uz,v2))= 01(u1) A pa(vyvy), if uy=u, andvyv, € E,.

= 01(uy) A oy(uyz) A oy(vy) A oy(vy), asG, is a strong fuzzy graph.
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=(01 @ 02)(uy,v1)A (01 © 03)(uz, v2)

(g © o) ((ug,v1)(uz,v2))= e (uguz) A oy(vq) A oy(vy), if uju, € Ejandvyv, € E,.

= 04(uy) Aoy (uy) A oy(vq) Aoy(vy), asG; is a strong fuzzy graph.

=(01 ¢ 02)(uy,v1)A (01 © 02)(uz, v2)

This shows that the homomorphic product of any strong fuzzy graphs is again a
strongfuzzy graph.

4.2.1. Degree of a vertex inhomomor phic fuzzy graph product

Let G;= (04, 14) andG,= (o,,u,) be two fuzzy graphs with underlying vertex s#&sand
V, and edge sets and E,respectively. Then the degree of a vertexy{;)in
homomorphic fuzzy graph produgt ¢ G,= dg,. g, (u1,v1)

=X, =u, and vy v,€ B, 01 (WA P (Vva)+

ZuluzeE1 and v,v,2E, M1 (uyuy) Aoy (v)A oy (vz)

:Zu1=u2 and v;v,€ E; 01 (ul)/\ Ha (V1V2),if sze Complete-

=D, =u, 01(U1), ifog < po.

Here, summation is taken ovey(u;) whenv,v, € E,. If G,be complete, then the term
o1(uy) occurs here|-1) times. Thereforelg . g,== (V2|-1)o1 (uy).

0.8
D“z'“ 0.1 u: 0.3 0.7 vy 0.4 Wy
0.1
0.2 0.5 0.6
("}
0.4 0.0
G G,
0.2
[ 0.2 {uwa) 0.2 {uaws)
0.2 o.2 0.2
0.3
fuzwi) 0.3 [{TERYFS] 0.3 {wzwa)
L 8= 3 0.3 0.3
/—-—"—F—L\\
[{TERTEY ] 0.4 (s ) 0.4 (s vs)
0.4 0.4 0.4

Figure 4.6: Homomorphic fuzzy graph product GG,

Here, the fuzzy graplt, is complete. Now, the degree of the vertex,«;) in the
homomorphic fuzzy graph product &G, =0.2+0.2= (3-1X%0.2= (V,]-1)o, (u,).
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Corollary 4.2. LetG;= (04,144) and G,= (o,,1,) be two fuzzy graphs with underlying
vertex setsV, andV, and edge set€,andE,respectively. Let V;|=m,V,|=n.Then the
vertex setV; o V,of new fuzzy graph produced from homomorphic fugegph product,

contains mn vertices. Léf; ={u;,uy,.....,uy} and V,= {vy, vy, .....,v,}. Here, the
vertex sef; o V, of the new fuzzy graph contains the vertices
(ul'vl)! (ullVZ)! """ !(uli Vn )1

(u2'vl)!(u2'v2 )!"'!( Uz, Vp )a

(U, vy )Ug,Va), ... U, V).
If G,be complete, then from the first row, any two \@&¥$ can be chosenPH(-lnz_—l) ways.

Similar incident occurs for m rows. Therefore, tbhtal number of edges in;&6G,=mx
n(n-1) _ mn(n—-1)

2 2
0.5 0.1 0.6
0.4 0.1 0.5 Vi vz
uy 0,2
- 0.3 0.3
ol 0.3 '
us3
0.6 b = -
0.9 1
1G G,

0.2
@_'53 *'E.. &) 0.3 o) .
{ugwy) 0.1 (83 " {us,v) ___-‘““?i_gs )
‘%,_/Qzﬁ’ __‘_..-"’, '
0.2

Figure 4.7: Homomorphic fuzzy graph product GG,

Here, the fuzzy graph s complete. [y\=3=m and |¥|=4 =n. Then the total number of

edges in the homomorphic fuzzy graph product
mn(n—-1) 3%x4(4—1) 3x4x3

Glo ng 2 = 2 =" -18.
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4.3. Boxdot fuzzy graph product

Definition 4.3. Let G;= (04,144) andG,= (o,,u,) be two fuzzy graphs with underlying
vertex setsV; andV, and edge sef8; andE,respectively. Then box dot graph product
of G; and G, is a pair of functionsof [:] 0,14 [[1 1) with underlying vertex set
V; OV, = {(uy,vq): u; €V; and v; € V,} and underlying edge set E; [ E, =

{((ug,v1) (uy,vy))u;=u,,vqv, € E, oruju, € E;,vyv, € E,} with

(01 B 03) (uq,v7) =04(u;) A o,(v1), whereu; € V; andv, € V,.

(1 B p2)((ug,v1)(uz,v2))= 01(u) Aoz (vi)A 05(vy), if uy=u, andvyv, € E,.

(1 B m2)((ug,v1)(uz,v2))= pa(uguz) A o2(vi)A 02(v2), if uyu, € Ejandvy v, € Es.

(0.3) 0.4}
0.2 0.3
] &
0. >
{.:5} Vi v
ui
G Gz

0.z

[LTER Y

vl

Figure 4.8: Box dotfuzzy graph product;&] G,

Theorem 4.5. The box dot graph product of any two fuzzy graghagain a fuzzy graph.
Proof: Let G;= (o4,14) andG,= (o,,u,) be two fuzzy graphs with underlying vertex sets
V; andV, and edge set$;, andE,respectively. We want to prove that their box dotgraph
productG, [[1 G,= (o, [ 04,141 [ pp) with underlying vertex séf; [[1V, and edge set
E, [[1E,is again a fuzzy graph. Letuf(v,) (u,,v,)) € E; [JE,. From definition, it
follows that

(1 BT m2)((ug,v1)(uz,v2))= 01(u1) A 02(v1) Aoz(vy),if uy=u, andvyv, € E,.

= 01(ug)AA 01 (uz)AA 02(v)A 02(v2)
=(01 [ 02)(uy,v4)A (01 [ 02)(uz, v2)

(1 [T u2)((ug,v1)(uz,v2))= iy (uguz)A 05(v4)A 05(v2), if ugu, € E; andvyv, € E,.

< o1(u)A o1(uy) A o,(vy) A oy(vy), asG, is a fuzzy graph.
=(01 [ 02)(ug,v1)A (01 [ 02)(uz, v2)
Thus,(iy [ p2)((ug,v1) (u2,v2)) < (01 [ 03) (ug,v1) A (01 [ 03) (uz,v2)
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This shows that box dot graph product of any twazjugraphs is again a fuzzy graph.

Theorem 4.6.The box dot graph product of any two strong fuzemphs is again a strong
fuzzy graph.

Proof: Let G;= (o4,11) andG,= (o,,u,) be two strong fuzzy graphs with underlying
vertex setsV; andV, and edge set8; andE,respectively. We want to prove that their
box dot graph produdt; [-] G,= (o7 [ 05,14 [ pp) with underlying vertex sef; [-]1V,
and edge setE; [[1E, is again a strong fuzzy graph. Let({;) (u,,v,)) € E; [-] E,.
From definition, it follows that

(1 B p2)((ug,v1)(uz,v2))= 01(u1) A 02(v1)A 02(v4) , ifu;=u,and v, € Es.

= 01(ug) A 01(uz) A oz(v1)A 02(v2)

=(0y [ 02)(ug,v1)A(o1 [ 02)(uz, v2)

(11 BT 12)((ug,v1)(uz,v2))= e (uguz)A 05(vi)A 02(v2), ifugu, € Ejandry v, € E,.

= 0. (u)A o;(uy) A o,(vq) A oy(v,), asG, is a strong fuzzy graph.

=(o1 [ 02)(uy,v1)A(0y [ 02)(uz, v3)

This shows that the box dot graph product of ang strong fuzzy graphs is again a
strong fuzzy graph.

4.3.1. Degree of vertex in box dot graph product

Let G;= (04, 1) andG,= (o4, 1) be two fuzzy graphs with underlying vertex séts
andV, and edge sefs; andE, respectively. Then degree of a vertexn,(v,) in box dot
fuzzy graph produdt; [ G,=dg, i, (u1,v1)

:Zu1=u2 andv,v, € E, 0q (ul)/\ 03 (Vl) A 02 (V1)+

ZuluzeEl andvyv, ¢ E; M1 (u1u2)/\ 03 (Vl)/\ 03 (VZ)

=, =u, 01 (U)X, u,ek, M1 (Uuy), ify; < o, ando; < o,

Here, summation is taken owgfu;) wherv,v, € E,. If the membership values of all
edges ofs, are zero, then, (u;) occurs ({;|-1) times. Thereforel;, ¢, (u1,v1)

= (V2]-1)o1 (uy) +dg, (uq).

(02) 03
Tu 0.1 (il
,-6.? !.gz?l
. .
W Vi vz
u3
(0.4)
G G2
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0.3 {uavz)

Figure 4.9: Box dot fuzzy graph product,&] G,

From figure, we see that < o, ando; < o,. The degree of the vertex,(v,) in the
box dot fuzzy graph produ& [-] G,= ds, @ G2(ul,vl) =0.2+0.2+0.1= (2-1x 0.2 +

0.2+ 0.1) = (V2|-1) 04 (ug) +dg, (uy).

4.4, Star fuzzy graph product

Definition 4.4. Let Gy= (04,11) andG,= (o,,u,) be two fuzzy graphs with underlying
vertex setsV; andV, and edge sefs andE, respectively. Then star graph product 6f
and G, is a pair of functions of * o,,1; * u,) underlying vertex setV; *V, =
{(uy,v1):u; €V; and v; € V,} and underlying edge set E; * E; = {((uy,v4)
(uy,vz))uy=u,,vyv, € E, oruqu, € E; v;v, € E;} with

(01 * 03) (ug,v7) =04(uy) A 0,(vy), wherey; € V; andv, € V,.

(11 * H2)((ug,v4)(uz,v2))= 01(ug) A 02(v4) A oy(v1), if uy=u, andv,v, € E,.

= g (U u)A py(vyvy), if uyu, € Ejandvyv, € E,.

©.3) ©4)
~in 0.1 TH] .
0.4) @.5
—_ -

D; W 0.2 W

et

0.5}

G G,
0.3 ©.3
{Gi,v1) (urvz)

Figure 4.10: Star fuzzy graph product;&s,
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Theorem 4.7. The star graph product of any two fuzzy graphg@raa fuzzy graph.
Proof: Let G,= (04, 1i4) andG,= (o,,1,) be two fuzzy graphs with underlying vertex sets
V; andV, and edge set8, andE, respectively .We want to prove that their star graph
productG, * G,= (04 * 05,11 * 1) With underlying vertex sét;*V, and edge sdi;* E,
is again a fuzzy graph. Let(v;) (u,,v,)) € E;*E,. Then from definition,
(1 * u2)((ug,vq)(uz,v2))= 01(ug) A oz(v1) A oz(vy), if uy=u, andv,v, € E,.
= 01(u)AA 01 (u)A 05(v1)A 02(v2)
=(0q * 02)(ug,v1)A(07 * 02)(uz, vy)
(Mg * p2)((ug,vq)(Uz,v2))= uy(uguz)A pp(vyvy), ifugu, € Eq andvyv, € E,.
< 01(uy)A 01 (uy) Aoy(vy) Aoy(v,), asGyand G, are fuzzy graphs.
=(o1 * 02)(uq,v1)A(oy * 02)(uz, v2)
Thus,(uy * uz)((uq,v1) (Uz,v2)) < (071 * 03) (ug,vy) A (01 * 03) (Uz, v2)
This shows that the star graph product of any tway graphs is again a fuzzy graph.

Theorem 4.8. The star graph product of any two strong fuzzypbgis again a strong
fuzzy graph.

Proof: Let G;= (o4,11) and G,= (o,,u,) be two strong fuzzy graphs with underlying
vertex setsV; andV, and edge set, andE,respectively. We want to prove that their
star graph produdt;*G,= (o * 04, 14 * Uy) With underlying vertex sét; * V, and edge
set E{*E, is again a strong fuzzy graph. Letu{f;) (u,,v,)) € E;*E,. Then from
definition, it follows that

(1y * H2)((ug,ve)(uz,v2))=01(ug) A 02(v4) A 0z(vy), if uy=u, andvyv, € E,.

= 01(u1) A oy () 02(vi)A 02(v2)

=(01 * 02)(u1,v1)A (01 * 02)(uz, vz)

(g * u2)((ug,ve)(uz,v2))= pi(uguz) A pp(vyvz),ifugu, € Ejandvy v, € E;.

= 01(u)A 01(uy) Aoy (vy) Ao, (vy), asGiand G, are strong fuzzy graphs.

=(07 * 02)(u1,v1)A (01 * 02)(uz, v3)

This shows that the star graph product of any tisong fuzzy graphs is again a strong
fuzzy graph.

4.4.1. Degree of avertex in star fuzzy graph product

Let G= (o4,141) andG,= (0,,1,) be two fuzzy graphs with underlying vertex s&sand
V, and edge set, andE, respectively. Then degree of a vertex,(v,) in their star
graph productdg_ ., (us,v1)

:ZuluzeEl andvyv, € E; H1 (u1u2)/\ H2 (V1V2)+

Zu1=u2 andv,v, ¢ E, 01 (A oz(vy) Aoz (vy)

= dGl*Gz(ulivl)i .

=X, u,ek,; M1 (u1u3),ifG;be complete and p; < .

=dg, (uy)

dg,«6, (U1, V1)=Xv, v, e E, M2 (V1V2) , ifG,be complete and, < ;.
=dg,(v1)
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Figure4.11: Star fuzzy graph product;&s,

Here, both fuzzy graphs are complete ppek p,.Then degree of the verten,(v;) in
the star fuzzy graph product’@, =dg, ., (11,v1)=0.1= dg, (uy).

5. Conclusion

In this paper, we have determined the degree ofghtices in G G,, Gyo G, and G[-]

G, and G*G, in terms of the degree of vertices of &d G under some certain

conditions and illustrated them with examples aiglires. We have proved some
theorems related to modular, homomorphic, box ddtstar fuzzy graph product. In case
of modular and homomorphic fuzzy graph product,haee developed some formulas
under some certain conditions to determine the munob edges in the new graphs in
terms of the number of vertices of the participatezizy graphs in the said product
operations. These formulas will play important releen the fuzzy graphs are very
large. All these will be helpful in studying var®unew properties of modular,

homomorphic, box dot and star graph product offieay graphs in future.
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